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Abstract

This thesis contains two parts. Both of them have the same thema— anisotropy.

In the first part, I study various problems of partial differential equations with
a so-called anisotropic Laplace (or Finsler Laplace) operator, which has profound
background both in the theory of anisotropic and nonhomogenous media and in
Finsler or Minkowski geometry. We start with an overdetermined boundary value
problem. It is proved that the only domain such that the PDE admits a solution
must be a Wulff shape. We also study the properties of the first eigenvalue of
the anisotropic Laplacian. Our result is two folds. One is a Brunn-Minkowski
type inequality. The other is Payne-Weinberger type optimal anisotropic Poincaré
inequality. The last chapter in this part will be devoted to a complete blow-up
analysis of anisotropic Liouville equations in two dimensions. We establish a Moser-
Trudinger type inequality. Then the Brezis-Merle type compactness-concentration
phenomena is studied. Finally, we get some partial existence result.

The second part of this thesis concerns some interesting geometric problems in-
corporating with the anisotropy. We first establish the fundamentals in Minkowski
geometry and then focus on the anisotropic Minkowski problem. It is a problem
of prescribing the anisotropic Gauss-Kronecker curvature for a closed strongly con-
vex hypersurface in Minkowski space as a function on its anisotropic normals. In
conclusion, we completely solve the anisotropic Minkowski problem.
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Introduction

In a long historical work [Wul901], Wulff considered a variational problem of an
anisotropic geometric functional in the physical model of crystal growth. He stated
without proof that among closed convex hypersurfaces with constant enclosed vol-
ume, the so-called Wulff shape minimizes the anisotropic surface energy. His work
initiated lots of works on the theory of phase transitions, in particular in the case
of anisotropic and nonhomogenous media.

On the other hand, such anisotropy appears naturally in a wide class of geometry—
Finsler geometry. Finsler geometry appeared originally in the habilitation thesis by
Riemann in 1854 and had been developed by Finsler in his thesis in 1918 [Fin1918].
A typical and important example of Finsler geometry is Minkowski geometry, which
was named after Minkowski. He initialed the study of Minkowski geometry since
the fundamental work [Mil897].

In the last couple of decades, many mathematicians contribute on such topics of
anisotropy, aiming to extend the phenomenon in isotropic theory and Riemannian
geometry to that in anisotropic theory and Finsler or Minkowski geometry. Such
extensions sometimes require new development on the techniques since the structures
in anisotropic theory and Finsler or Minkowski geometry are more complicated. The
aim of this thesis is to investigate many interesting phenomenon of the anisotropy,
including analytic and geometric aspects.

The first part of this thesis is devoted to study various problems of elliptic PDEs
associating with a special Laplace operator, which is referred to as anisotropic Lapla-
cian or Finsler-Laplacian. It becomes one of the most natural and important oper-
ators in both anisotropic theory and Finsler geometry. We will use the terminology
“anisotropic Laplacian” in the whole thesis.

For simplicity, we focus on PDEs on a normed space (R™, F'), which is the simplest
example of Finsler manifolds, so-called Minkowski space. The interest of anisotropic
Laplacian lies on its nonlinearity, which turns out to be the major difference from
the standard Laplacian A on R™. Nevertheless, as we will see, many results with
respect to A can be extended to the anisotropic Laplacian.



Given a norm F' on R", the anisotropic Laplacian is defined by

Qu=Y g (0w = 35 (5 (57) 7).

When F(¢) = |¢] = (301, |&]?)Y2, the anisotropic Laplacian Q = A, the usual
Laplacian. In general, the anisotropic Laplacian is a quasilinear elliptic operator of
divergent type. It appears in the Euler-Lagrange equations which involve functionals
containing the expressions [, F(Vu(z))?dz, which is in fact the Dirichlet energy of
u in Minkowski space.

Anisotropic Laplacian is closely related to a convex hypersurface in R™, which is
called the Wulff shape (or equilibrium crystal shape) of F'. As we said at the first
beginning, the study of the Wulff shape was initiated in Wulff’s work [Wu1901] on
crystal shapes The Wulff shape W is the unique minimum (up to translations) of
the surface energy |, a0 (v)dH"! among regular domains 2 with constant enclosed
volume. (see e.g. [Ta78, BM91, FM91]).

In Chapter 1, we will state some fundamental properties of the anisotropic Lapla-
cian and the Wulff shape. Besides that, the anisotropic mean curvature and the
convex symmetrization will be introduced, which are the fundamental concepts and
tools to investigate the anisotropic Laplacian.

The second part of this thesis is devoted to some study of geometry of convex
hypersurfaces in Minkowski spaces. In Minkowski geometry, we are always given a
Minkowski norm F'. The Wulff shape plays the role in relative geometry as the stan-
dard sphere in classical Euclidean geometry. A Riemannian metric G is well defined
as Hess(1F?) in R", which varies from point to point. In turn, the most natural
Riemannian metric for a hypersurface in the Minkowski space is the restriction of
GG. The anisotropic normal of a hypersurface M is defined as the map from M to
the Wulff shape. Also we are able to define the anisotropic second fundamental form
for a hypersurface in Minkowski spaces. A detailed description of this will be con-
tained in Chapter 6. With the well defined anisotropic geometric quantities, we can
study many geometric problems. However, due to the geometric complications, such
problems are more difficulty to settle. We will focus on an anisotropic Minkowski
problem as an example.

In the following, we shall briefly introduce the major contents in this thesis.
Overdetermined PDE with anisotropic Laplacian (Work in [Xial])

In a seminal paper by Serrin [Se71], the author considered for a connected



bounded domain €2 € R", the following boundary value problem:

Ay = —1 in{
u = 0 ondQ (0.1)
IVu| = ¢ ondQ

for a positive constant c. He proved that if the problem (0.1) admits a C? solution,
then 2 is necessarily a ball and the solution is radial symmetric. Since then, lots of
results appeared to give other characterizations of the ball by PDEs with different
operators. All these operators have in common that they are constituted by the
Euclidean norm of Vu. We wonder if there is an anisotropic counterpart of such
results. In other words, we want to characterize the Wulff shape by PDEs with
operators constituted by the norm associated with that Wulff shape. This is the
case. In Chapter 2, we shall study the overdetermined boundary value problem
with anisotropic Laplacian:

Qu = —1 1inQ
u = 0 ond2 (0.2)
F(Vu) = ¢ ondf2

for a positive constant c.
We will prove the following

Theorem 0.1. Let F : R" — [0,+00) be a norm of class C*(R™\{0}) and F? is
strongly convex in R"\{0}. If the overdetermined boundary value problem (0.2) has
a weak solution in a connected bounded domain €2 C R™ with sufficiently smooth
boundary OS2, then up to translation and scaling, 0S) is of Wulff shape.

As mentioned above, when F'(§) = |£|, the Wulff shape is just the unit sphere
and = A. In this case Theorem 0.1 is just the classical result of Serrin [Se71].

Serrin [Se71] employed the moving plane method, initialed by Alexandrov, to
prove the classical result for F' the Euclidean norm. This method has subse-
quently been used in many further symmetry results for elliptic equations. See
e.g. [GNN79, CL91a]. A short proof was presented by Weinberger [We71]. This
is the first successful attempt to use an associated P -function. By using some
integral identities and the maximum principle, he shows that the Hessian matrix
of u is a multiple of the identity, which leads to the conclusion. There have been
many generalizations of Serrin’s work to more general equations. For instance, the
overdetermined problem with a possibly degenerate elliptic operator was studied
in [FGKO06, FaK08, GL89, Ph88]. See also [BNSTO08| for an overdetermined prob-
lem for fully nonlinear operators. In these works they all gave a characterization
of ball or sphere by an overdetermined problem of certain elliptic equation. The
approaches mostly rely on some modifications of that of Serrin or Weinberger. Par-
ticularly, in [FGKO06, FaK08], besides the use of P-function and a Pohozaev identity
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as Weinberger, the authors looked at a geometric quantity of every level set of the
solution, the mean curvature. They proved that the mean curvature for all level sets
is constant. By a classification result due to Alexandrov, they were able to claim
the boundary, which itself is a level set, must be a sphere.

Since the anisotropic Laplacian and Wulff shape are both closely related to the
anisotropic mean curvature (See Chapter 1), we are able to utilize the geometric
approach to prove Theorem 0.1. By using the Pohozaev identity, the maximum
principle on a suitable P-function and an interpretation of the anisotropic mean
curvature of level sets by the operator (), we show that the anisotropic mean cur-
vature of any level set of u is constant. A recent result of He et al. in [HLMGO09],
which generalizes the classical Alexandrov Theorem, implies that every level set has
Whulff shape.

We should mention that, Theorem 0.1 was also obtained by Cianchi and Salani
in [CiSa09]. However, the technique of their proof was different.

Green’s function of anisotropic Laplacian (Work in [Xia3])

Green’s function for Laplace operator plays a quite important role in analysis of
PDE. It is well known that every Green’s function can be decomposed into a singular
part and a regular part. The singular part can be explicitly represented, which is
just the fundamental solution of Laplace equation. Moreover, Green’s function offers
a formula, which is called Green’s representation formula, to represent the solutions
of Poisson equations.

In Chapter 3, we will study the Green’s function for anisotropic Laplacian. Such
study is motivated by a recent work by Ferone and Kawohl [FeK09], where they
constructed the fundamental solutions for the anisotropic Laplacian,

1
—2— IOg(FO(vI))v for n = 2,
I'(z) = "

—F2)*™, 2.
W@y ()", forn >

In [FeK09], the authors asked whether there exists Green’s function for the anisotropic
Laplacian. We give an affirmative answer to this.

Theorem 0.2. Let F : R" — [0,+00) be a norm of class C*(R™\{0}) and F? is
strongly convez in R"\{0}. Then there exists a unique function G(-,0) € CH*(Q\{0})
with [VG| € LY(Q) and G/T € L>*(Q), satisfying

—QG(-,0) = & nQ

G(-,0) = ¢ on 09,

where ¢ € L N WH2(Q). Moreover, G =T + g with g € C°(Q) satisfying

lim (F ()" Vg(z) = 0

r—r
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Theorem 0.2 will offer an efficient tool when we do blow-up analysis of PDE with
the anisotropic Laplacian. However, the Green’s representation formula cannot hold
for the anisotropic Laplacian, due to its nonlinearity.

First eigenvalue of anisotropic Laplacian (Work in [Xia2, Xiad4])

Let € be a smooth bounded domain in R™ and v be the outward normal of
its boundary 0€2. The first eigenvalue \; of the anisotropic Laplacian () is defined
by the smallest positive constant such that there exists a nonconstant function u
satisfying

—Qu=Mu inQ (0.3)
with the Dirichlet boundary condition
u =0 on 0f2 (0.4)
or the Neumann boundary condition
(Fe(Vu), vy =0 on 09. (0.5)

We call A\; the first Dirichlet (Neumann resp.) eigenvalue and u the first Dirichlet
(Neumann resp.) eigenfunction . Denote them by AP ( AV resp.) and u? ( u®
resp.). Here (F(Vu),v) = > | Fe,(Vu)v’ and v = (v}, .-+ ,v™). (0.5) is a natural

Neumann boundary condition for the anisotropic Laplacian. When F(§) = ||,
(Fe(Vu),v) = 5.

The first Dirichlet (Neumann, resp.) eigenvalue can be formulated as a varia-
tional problem by

Jo F*(Vu)dx

D(Q) = inf
AP() = int { [

0¢uem®%m}. (0.6)

Jo F2(Vu)dz

AN(Q) = inf
¥(@) =t { T

o%uewwmy/

e = o} . (0.7)

From the theory of the direct method in the calculus of variations, we easily see
that AP(Q) (AY(Q) resp.) can be attained by some u? (u™resp.), which is the weak
solution of (0.3) with the Dirichlet (Neumann resp.) boundary condition. Moreover,
we can say more about the first Dirichlet eigenfunction u”. Since replacing u? by
|uP| does not change AP, we can assume that u” is nonnegative. Furthermore, in
[BFKO03], the authors showed that the first Dirichlet eigenfunction u” is unique,
positive and log-concave.



Our investigation includes two folds. One is to establish a Brunn-Minkowski
type inequality for the first Dirichlet eigenvalue. The other is to give estimates for
the first eigenvalue.

The Brunn-Minkowski inequality play a very improtant role in the stduy of
convex bodies and convex functions. See for instance [Gar02, Sch93]. We first
explain what do we mean by a Brunn-Minkowski type inequality.

Let K" be the family of n-dimentional convex bodies. Assume that W is a
functional defined in "

W:K" = (0,+00),

which is homogeneous of order o # 0.

Definition 0.3. We say that W satisfies a Brunn-Minkowski type inequality if the
following inequality

W (1= ) Ko+ t5,) " > (1= )W ()™ + tW () (0.8)
holds for all Ky, K1 € K™ and t € [0, 1].

The original Brunn-Minkowski inequality is established for the volume of convex
bodies, which is an n-homogeneous functional. It was extended to inequalities for
various geometric quantities of convex bodies, especially for functionals arising from
the calculus of variations and related to partial differential equations. The first result
of this kind of functionals is due to Brascamp and Lieb [BL76]: the first eigenvalue of
Laplacian A, which is defined by inf{ [, |[Vu[*dz,u € W ?(int(K)), [, |u*dz = 1},
satisfies a Brunn-Minkowski type inequality (0.8) with o = —2. Subsequently Borell
([Bo83, Bo85]) proved the same kind of results with appropriate o for the Newton
capacity and the torsional rigidity. These results have been recently generalized in
[Co05, CCS06, CoSa03] for the first eigenvalue of the p-Laplace operator, p-capacity
and p-torsional rigidity. See also [Sa05, LMX10] for Brunn-Minkowski inequality for
fully nonlinear operator.

These extension of Brunn-Minkowski inequalities have some common features.
The functional W (K') can be rewritten as the energy integral of a function u, which
is the solution of one corresponding second-order elliptic partial differential equation,
that is,

W(K) = /K |Vul*dz.

For instance, when u is the solution of the following boundary-value problem:

Au+du = 0,u>0 inint(K)
u = 0, on 0K,



the corresponding functional W (K) is just the eigenvalue of the Laplacian operator.

In Chapter 4 we establish a Brunn-Minkowski type inequality for the first eigen-
value of the anisotropic Laplacian () with respect to a given convex function F'. We
have the following main theorem:

Theorem 0.4. Let F : R" — [0,+00) be a norm of class C*(R"\{0}). Let K; be
a convex body in R", i = 0,1. Fort € [0,1], we set K; = (1 —t)Ky + tK;. AK)
is the first Dirichlet eigenvalue of the anisotropic Laplacian for K. Then A(K) is
homogeneous of degree —2 and we have the following Brunn-Minkowski inequality:

A2(K;) > (1 — A 2(K,) + A 2(K,).

The other topic on the first eigenvalue is to give upper and lower bounds. Find-
ing a lower bound for the first eigenvalue is always an interesting problem. In
[BFK03, GSO01], the authors proved the Faber-Krahn type inequality for the first
Dirichlet eigenvalue of the anisotropic Laplacian. A Cheeger type estimate for the
first eigenvalue of the anisotropic Laplacian involving isoperimetric constant was
also obtained there. In Chapter 4, we shall prove the Payne-Weinberger type sharp
estimate [PaWe60] of the first eigenvalue in terms of some geometric quantity, such
as the diameter with respect to F'.

Theorem 0.5. Let Q be a smooth bounded domain in R™ and F € C*(R™\ {0}) be
a norm on R". Let )\{V be the first Neumann eigenvalue of theanisotropic Laplacian.
Assume that OS2 is weakly convex. Then /\]1\7 satisfies
2
T
F
where dp is the diameter of Q0 with respect to F. Moreover, equality in (0.9) holds
if and only if Q2 is a segment in R.

Estimate (0.9) for the Neumann boundary problem is optimal. This is in fact a
generalization of the classical result of Payne-Weinberger in [PaWe60] on an optimal
estimate of the first Neumann eigenvalue of the ordinary Laplacian.See also [Be03].
There are many interesting generalizations. Here we just mention its generalization
to Riemannian manifolds, since we will use the methods developed there. It should
be also interesting to ask if the methods of [PaWe60] and [Be03] work to reprove
our result, since there are lots of motivations in computational mathematics.

For a smooth compact n-dimensional Riemannian manifold (M, ¢g) with nonneg-
ative Ricci curvature and diameter d, possibly with boundary, the first Neumann
eigenvalue \; of Laplace operator A is defined to be the smallest positive constant
such that there is a nonconstant function u satisfying

—Au = Muin M,



with 5
a—z =0 on OM,

if 9M is not empty, where v denotes the outward normal of 0M. A fundamental work
of Li [LiP79], Li-Yau [LiYa80], Zhong-Yang [ZY84] gives us the following optimal

estimate

7T2

N> (0.10)

where d is the diameter of M with respect to g. Li-Yau [LiYa80] derived a gradient

estimate for the eigenfunction w and proved that A\, > % and Li [LiP79] used
another auxiliary function to obtain a better estimate A\; > %. Finally, Zhong-

Yang [Z2Y84] was able to use a more precise auxiliary function to get the sharp
estimate \; > Z—j, which is optimal in the sense that the lower bound is achieved
by a circle or a segment. Recently Hang-Wang [HaWa07] proved that equality in
(0.10) holds if and only if M is a circle or a segment. For the related work see also
[Kr92, CW97, BQOO0]. Very recently these results were generalized to the p-Laplacian
in [Vall] and to the Laplacian on Alexandrov spaces in [QZZ11].

For the Dirichlet problem we have

Theorem 0.6. Let Q be a smooth bounded domain in R™ and F € C*(R™\ {0}) be
a norm on R™. Assume that \P are the first Dirichlet eigenvalue of the anisotropic
Laplacian. Assume further that 0Q is F-mean convexr. Then \Y satisfies

7T2

AP > T 0.11
1 _42 9 ( )

N

where ir is the inscribed radius of ) with respect to F.

Estimate (0.11) is by no mean optimal.

Our idea to prove the result on the Dirichlet eigenvalue is based on the gradient
estimate technique for eigenfunctions of Li-Yau [LiP79, LiYa80]. This idea also works
for the first Neumann eigenvalue to get a rough estimate, say AV > %. However,
for getting the sharp estimate of the first Neumann eigenvalue (0.9), the method of
Zhong-Yang seems hard to apply. Instead, we adopt the technique based on gradient
comparison with a one dimensional model function, which was developed by Kroger
[Kr92] and improved by Chen-Wang [CW97] and Bakry-Qian [BQO0]. Surprisingly,
we find that the one dimensional model coincides with that for the Laplacian case.
In fact, this must be the case because when we consider F' in R, it can only be
F(z) = c|z| with ¢ > 0, a multiple of the standard Euclidean norm. In order to
get the gradient comparison theorem, we need a Bochner type formula (2.7), A
Kato type inequality (4.25) and a refined inequality (4.26), which was referred to



as the “extended Curvature-Dimension inequality” in the context of Bakry-Qian
[BQOO]. Interestingly, the proof of these inequalities sounds more “naturally” than
the proof of their counterpart for the usual Laplace operator. These inequalities may
have their own interest. Another difficulty we encounter is to handle the boundary
maximum due to the different representation of the Neumann boundary condition
(0.5). We find a suitable vector field V' to avoid this difficulty. With the gradient
comparison theorem, we are able to follow step by step the work of Bakry-Qian
[BQOO] to get the sharp estimate.

Anisotropic Liouville equations in two dimensions (Work in[Xia3])

Let Q be a bounded domain in R2. The Moser-Trudinger inequality says that
the functional

1
J(u) = §/Q|Vu\2—87rlog/ge“ (0.12)

is bounded below for any u € VVO1 2(Q) The corresponding Euler-Lagrange equation
for J(u) is the so-called Liouville equation

eu
fQ e

for some constant A > 0, which was first studied by Liouville in 1853 in [Li1853]. The
functional (0.12) and Equation (0.13) have been intensively studied by many math-
ematicians, for there are many applications in geometric and physical problems, for
example, in the problem of prescribing Gaussian curvature [ChY87, CD87, CGY93],
in the theory of the mean field equation [DJLW97, DJLW99, CLi02, CLi03, Dj08,
Ma08] and in the Chern-Simons theory [SpYa92, Tar96, DJLW9S8, StTa98, NoTa99].
See also survey articles [Lin07] and [Tar10].

In the celebrated paper by Brezis and Merle [BM91], they initiated the study of
the blow-up analysis for the Liouville equation

—Au=\

(0.13)

—Au = V(x)e" (0.14)

with V(z) € LP(Q) and e* € L for 1 < p < 0o and p' = 55 They first showed
that any solution of (0.14) belongs to L*°, and further they analyzed the convergence
of a sequence of solutions of (0.14) and obtained a compactness-concentration type
result. Their results initiate many works on the asymptotic behavior of blow-up
solutions and also the existence of solutions of Liouville equation (0.13).

We will generalize the blow-up analysis for equation (0.13) to a Liouville type
equation with the anisotropic Laplacian. In other words, we consider the following
quasilinear equations,

—Qu =V (x)e", (0.15)

9



and
eu

eru.

As in the isotropic case, Equation (0.15) has a corresponding functional

Awy—%AFGMV—AbgA&

for u € W, (). By using a convex symmetrization approach proposed in [AFTL97]
and an argument of Moser [Mo71], we first prove a Moser-Trudinger type inequality.

—Qu =\ (0.16)

Theorem 0.7. Let F' € CI(R” \ {0}) be a norm on R™ and 2 be a bounded domain
m R, n>2 Letuée VVO1 "(Q) and fQ (Vu)*dz < 1. Then there exists a constant
C(n), such that

/exp[/\unzl]dx < C(n)|Q],
Q

1
where A < A\, = nn-1k,; " and Kk, is the Lebesgue measure of the Wulff ball of radius
1.\, is optimal in the sense that if X\ > X\, we can find a sequence (uy) such that

Joexp[Auy " dx diverges.

As a direct consequence, we have that Jy(u) is bounded below if and only if
A < 8k (k = Kg). In the isotropic case, k = .

To study the asymptotic behavior of convergence and the existence of solutions,
we first prove the following Brezis-Merle type compactness-concentration result.

Theorem 0.8. Let I : R? — [0,+00) be a norm of class C*(R*\{0}) and F? is
strongly conver in R*\{0}. Let Q be a bounded domain in R? and (u,) be a sequence
of weak solutions of

—Quy, = Vp(x)e™ in Q, (0.17)

with
V>0, |[Vallee < Cy for some 1 < p < oo,

le* | o < Co.

Define the blow-up set as follows:
S ={x€Q:3x, € Q such that z,, — x and u,(z,) — +00}.

Then, one of the following possibilities happens (after taking subsequences):
(i) uy is bounded in L72.(92);

(i) u, — —oo uniformly on any compact subsets of Q2;

10



(i) S = {p1, - ,pm} is a finite, nonempty set, and u, — —oo uniformly on
any compact subset of Q\ S. In addition, V,e' — X" 0,6, in the sense of
measures on §2 with a; > i—’f for any i.

In order to prove Theorem 0.8, we first need a Brezis-Merle type inequality. as
we have seen, due to the nonlinearity of (), we have no Green representation formula.
Owing to this, we can not use the argument given in [BM91]. Here we use a level
set method in [ReWe95], together with the convex symmetrization in [AFTL97], to
prove the Brezis-Merle type inequality, which yields Theorem 0.8.

From Theorem 0.8 it is natural to ask if «; is multiple of 8x. We give an affir-
mative answer, under an extra boundary condition.

Theorem 0.9. Let F as in Theorem 0.8. Let Q be a bounded domain in R? and
(un) be a sequence of weak solutions of (0.17) with

/e“” < (.
Q

(V) is a sequence of Lipschitz continuous functions satisfying
Vi, >0, V,—V uniformly in C°(QQ), IVVallpeo) < C,
In addition, we assume that

max u, — minu, < C.
a9 o9

Then if blow-up happens only at one point ((iii) in Theorem 0.8), the blow-up value
a = 8K.

This is a generalization of the result of Li [LiY99] in the isotropic case. See also
[LiSh94]|. The approach in [LiY99] is based on a Harnack type inequality, which
relies strongly on the method of moving plane. However, we have no idea here how
to derive a method of moving plane for the anisotropic case. Fortunately, we can
get this result by only analyzing the local Pohozaev identity. The expansion of the
Green function, which will be proved in Chapter 3, is also crucial for the proof. This
approach was proposed by Bartolucci and Tarantello in [BT02], where they worked
on singular Liouville equations.

The second main goal of chapter 5 is to prove existence results for (0.16) with
vanishing Dirichlet boundary value. By using the direct method in calculus of
variations, it can be seen easily from the Moser-Trudinger inequality that for A < 8k,
(0.16) with vanishing Dirichlet boundary value admits a solution. For general A we
need the following compactness result.
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Theorem 0.10. Let F as in Theorem 0.8. Let ) be a bounded domain in R? and

(un) be a sequence of solutions to

Vet
— = A\— nQ
Qu fQ Vevdx mn

u = 0 in 082,

with
m&nV >0, mgXV + [|VV || oo () < 0.

(0.18)

Then for any compact interval A C (8x(m — 1),8xm) and A € A, m € N, there

exists a constant C' > 0 such that
u(z) < C forxz €.

Theorem 0.10 is a direct consequence of the following

Theorem 0.11. Let F as in Theorem 0.8. Let € be a bounded domain in R? and

(un) be a sequence of solutions to

V,evn
—Qu, = n O
Qu fg inda m

u, = 0 in 02,

with

lim minV,, >0, lim (mgx Vi + ||VVn||L°<>(Q)) < 0.
n—oo

n—o0

Suppose, in addition, that

0< A\, <C, Mmax uy, — +o00.

Then there ezists a finite set S = {p1,--+ ,pm} C Q such that

x) — iSmG(x,pi) in CHP(Q\ 9),

fQ T eundy

in the sense of measures in Q, for some 0 < 3 < 1. Here G(z,p;) and dp, are
the Green function of QQ and the Dirac function with singularity p; respectively. In

particular, We have for some m € N,

A, — 8km.
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Like Theorem 0.8, Theorem 0.11 is also proved through blow-up analysis. We
first show that the set of blow-up points is finite. Then by using Pohozaev identity,
we are able to exclude the boundary blow-up. Finally, by applying Theorem 0.8 and
Theorem 0.9, we obtain the result.

With the help of Theorem 0.10, we can prove the following existence result.

Theorem 0.12. Let F as in Theorem 0.8. Let ) be a smooth bounded domain
whose complement contains at least one bounded region and V' be as in Theorem
0.10. Then (0.18) admits a solution for all X € (8k, 16k).

Anisotropic Minkowski problem (Work in [Xia5])

The Minkowski problem is a well known problem in the classical differential
geometry: given a positive function K on S", can one find a closed strongly con-
vex hypersurface whose Gauss-Kronecker curvature is given by K as a function on
its normals? This problem has been solved by the works of Minkowski [Mil897],
Alexandrov [Al37], Lewy [Le38], Nirenberg [Ni53], Pogorelov [Po53] and eventually
Cheng-Yau [CYT76]. As is well known, the solvability of the Minkowski problem is
equivalent to that of a Monge-Ampére equation. The analytic method of Nirenberg,
Pogorelov and Cheng-Yau to the Minkowski problem led to significant development
of the theory of the Monge-Ampére equation. Many generalized problems around
convex hypersurfaces with other prescribed curvature functions were considered in-
tensively in recent years, see e.g. [GGO02] and [GMO03]. Most of them can be for-
mulated as fully nonlinear elliptic equations. We refer to the lecture note of Guan
[Gu04] for a complete description of the fully nonlinear elliptic equations arising
from geometry, particularly the Minkowski problem.

We will investigate in Part II an analogous Minkowski type problem which in-
corporates the anisotropy. We will call it the anisotropic Minkowski problem. It
arises from a wide geometry, first studied by Minkowski [Mi1897, Mi1903], the rela-
tive or Minkowski differential geometry, where the role of sphere can be assumed by
some other smooth convex hypersurfaces, in contrast with Euclidean geometry. As
we said before, Minkowski geometry is a special example of Finsler geometry. The
questions arising from relative or Minkowski geometry were intensively investigated
by a number of mathematicians, see e.g. [BF34, Bu49, Re76, Gag93, Th96, An01]
and so on.

In Minkowski or relative geometry, we are always given a Minkowski norm.

Definition 0.13. A function F : R"™! — [0, 4+00) is called a Minkowski norm if
(i) F is a norm of R"™ i.e., F is a convexr, 1-homogeneous function satisfying

F(z) > 0 when x # 0;

13



(ii) F € C®(R"\ {0});

(i) F satisfies a uniformly elliptic condition: Hess(3F?) is positive definite in

R\ {0}.

For an n -dimensional oriented hypersurface M in R™*! the area in relative
geometry should be computed as [, dup = [,, F°(7)dH", with 7 the standard
normal and F° the dual norm of . The anisotropic Gauss map (anisotropic normal)
of M is a map from M to the Wulff shape Wp. Using such anisotropic Gauss map,
the anisotropic curvatures can be well defined. The major difference between relative
geometry and Euclidean geometry lies on the fact that the metric we consider in
R™*! is not Euclidean metric any more, but a new one G instead, depending on
the second derivative of F' (see (6.1) below), which varies from point to point. As
well, the metric on M is chosen as g, the restriction of G on M, but not that of the
Euclidean metric. This arises serious complications and difficulties for the geometric
problems. We will review the definitions and foundations of relative geometry in
Chapter 6. The setting here is largely motivated by the work of Andrews [An01],
though the notations appear differently in Part II.

As in the classical differential geometry, when M is a closed strongly convex
hypersurface in R"*!, the anisotropic Gauss map defines a diffeomorphism between
M and Wp. Therefore, M can be reparametrized by the inverse anisotropic Gauss
map. In turn, the anisotropic curvatures can be viewed as functions on Wpg. In
particular, the anisotropic Gauss-Kronecker curvature K (z) for z € Wg must satisfy
(see (7.1) below)

/WF G(z)(z,Ea)%’z)duF:O,Va: -+ ,n+1, (0.19)
where E® is the standard coordinate vectors in R**! .

The anisotropic Minkowski problem is the converse of the previous statement,
namely, given a positive function K on Wpg, can one find a closed strongly con-
vex hypersurface whose anisotropic Gauss-Kronecker curvature is given by K as a
function on its anisotropic normals?

In Chapter 7, we solve the anisotropic Minkowski problem. The main result is
the following

Theorem 0.14. Let F be a Minkowski norm in R"™. Let K be a positive function
in C*(W) with k > 2 and satisfy the condition (0.19). Then there is a C*T1*(V0 <
a < 1) closed strongly convex hypersurface M in R™™ whose anisotropic Gauss-
Kronecker curvature is K as a function on its anisotropic normals. Moreover, M is
unique up to translations.

Remark 0.15. It can be seen from the proof that the smoothness of F,(ii) in Defi-
nition 6.1, can be assumed only in C*3(R"1\ {0}).

14



As in the classical Minkowski problem, we can reduce Theorem 0.14 to the solv-
ability of a Monge-Ampére type equation on the anisotropic support function S,

det(Sij - %kaSk + S(SU) = % on W. (020)

Here we give two remarks for (0.20). First, the covariant derivatives of S are all
corresponding to the Riemannian metric g, which is the restriction of G on Wp, but
not restriction of the Euclidean metric on Wpg. Second, Q;ji is a 3-tensor on We,
which corresponds to the third derivative of F'. Hence in general, it does not vanish.
In fact, it vanishes if and only if F' is quadratic, in which case Wy is an ellipsoid.
This causes major difficulty when we prove a priori estimates for the Monge-Ampére
equation.

As usual, we will apply the method of continuity to solve (0.20). The first issue
is the a priori estimates for solutions of (0.20). By modifying Cheng-Yau’s proof in
[CYT76], we are able to give a uniformly upper bound of the anisotropic outer radius
of M, which leads to the C estimate. To proceed to higher order estimates, it seems
necessary to derive a uniformly positive lower bound of the anisotropic inner radius
of M. Cheng-Yau’s proof is highly nontrivial and seems not applicable. We apply
instead a new idea, which combines an inequality of Andrews [An01] and a uniformly
positive lower bound of the anisotropic outer radius, to give an explicit uniformly
positive lower bound of the anisotropic inner radius of M. The difficulty arises when
we deal with the C? estimate. In the classical one, there is no gradient term in the
equation. Also the simple representation of Gauss equation on the sphere makes
the C? estimate possible without deriving C! estimate. Our situation is much more
complicated due to both the gradient term in (0.20) and more complicated Gauss
equation (see Lemma 6.7). It seems indispensable to derive the C! estimate first.
Fortunately, since we already have the positive lower and upper bound of .S, we can
choose an auxiliary function as the sum of gradient part and some lower order part,
explicitly, we choose W = log |V.S|? +e2(m2=5) where m, is the upper bound of S, a
is some large constant. With this choice, we are able to use the maximum principle
to obtain bounds for W and then bounds for |VS|. The C? estimate cannot be
proved as usual either. Here we adopt some idea of Yau’s proof in [Ya78] for Calabi
conjecture and Guan-Li’s proof [GL10] for more general complex Monge-Ampére
equation. We choose an auxiliary function ® = log(a + AS) + %m2=9  where a, 3
are some constant. Then it is possible to derive bound for ® and then bound for
|V2S].

Besides the a priori estimates for solutions of (0.20), we also need to prove the
openness of sets of solutions. Thus it is necessary to study the linearized operator Lg
of S+ det(S;; — %Qz‘ijk +.50;5). In the classical proof, the divergence free property

3] det(uij)

of Newton transformation == is quite important to prove the self-adjointness

of Lg. Here such property fails. However, by using the explicit Gauss equation,
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we still be able to prove the self-adjointness of Lg with respect to the anisotropic
measure dup (see Lemma 7.11). The kernel of Lg is explicitly derived as well (see
Lemma 7.13). With these at hand, the openness can be proved in a standard way.
The uniqueness part in Theorem 0.14 follows easily from Lemma 7.11 and 7.13.
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Part 1

Analytic aspects of anisotropic
(Finsler) Laplacian
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Chapter 1

Introduction to anisotropic
Laplacian

1.1 Norm in R"

Definition 1.1. A function F : R™ — R™ is called a norm in R™, when it satisfies
the following three properties:

(i) F is nonnegative and F (&) = 0 if and only if £ = 0;
(i) F is even, positively homogeoneous of degree 1, i.e.,

F(t§) = [t|F(§) for anyt € R, £ €R™;

(iii) F is convex, i.e., for any 0 <t <1, &,& € R™,

F((1 =) + 1) < (1 =) F(&) +LF (&)

Property (iii) can be replaced by triangle inequality, that is,

(111)” F (& + &) < F(&) + F(&) for any &,& € R™

We say F is a weak norm if condition (ii) is weakened to be
F(t&) =tF (&) for anyt >0, & e€R™

In other words, weak norm needs not to be even (In most case, the even assump-
tion is not significant. For simplicity, we always work on an even norm.) It is easy
to see that for every norm F', there exist two positive numbers a,b > 0 such that

al¢] < F(&) < bl¢| for any £ € R™, (1.1)
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where |-| denotes standard Euclidean norm. Consequently, a norm must be Lipschitz
continuous. However, a norm can never be differentiable at the origin.
The following properties are easy consequences of 1-homogeneity and convexity

of F.
Proposition 1.2. Let F' be a norm in R™, then the following holds:

(i) if F € CYR™\{0}), then for & € R"\{0},t # 0,

Fe(€)6 = F(E),  F(t€) = sign(t) Fe (6):
(ii) if F € C*(R™\{0}), then for & € R"\{0},t #0,
o 1

Z Ffiij(f)fj =0 fOT any i =1,2,...,n, FEi&j (tf) = H_lFfifj(f)‘
j=1

(i) |F(x) = Fy)| < F(z +y) < F(z) + F(y);
|Fe(x)| < C for any x # 0 if F € CY(R"\{0}).

For later use, some additional assumption may be posed on a norm F'.
We say F?(£) := F(£)? is strictly convex in R" if for any 0 < ¢ < 1, &, & € R™,
gl # 527

F2 (1= t)& 4+ t&) < (1 —t)F?(&) + tF?(&).

We say F? is strongly convex in R"\{0} if ' € C*(R™"\{0}) and Hess(F?) is
positive definite in R™\{0}, i.e., for any n € R", ¢ € R™\{0}, there exists a
positive constant v such that

Fee; (€)mimj = ~vInl*.
It is clear that strong convexity of F? in R™\{0} implies strict convexity of F? in

R™.

We now introduce a related dual norm F° on R”™.
FY:R™ — R is defined to be the support function of K := {z € R"|F(z) < 1},
namely,

FO(x) := sup(z, &).
£eK
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Here (-,-) denotes the standard Euclidean inner product. It is easy to verify that
FY is also a convex, even, 1-positively homogeneous function. Actually F° is dual
to F (see for instance [Sch93]) in the sense that

FOz) = supM and F(§) =sup (r.¢)

40 F(§) o0 FO(z)
Hence the Cauchy-Schwarz inequality holds in the sense that
(€ 7) < F(EF(x). (1.2)

Differentiability of F' in R™\{0} depends on the convexity of K* := {z €
R"|F°(x) < 1}. In fact, F is differentiable in R™\{0} if and only if K° is strictly
convex, namely, the tangent space of K intersect with K at only one point. The
same holds for FY and K (See [Sch93],Cor. 1.7.3).

The following properties between F' and F° is fundamental but very useful.

Proposition 1.3. Let F € C*(R"\{0}) be a norm in R"™ such that F° is also in
CHR™\{0}), then

(i) F(VF(x)) =1, FU(VF(§)) =1 for z,§ # 0;
(it) FO(x)VE(VE(x)) =z, F(§VI(VF()) = ¢ for z,§ #0.
Here VF = (Fg,,-- , Fe,) and VE® = (F2 ,--- [ F? ).

Proof. For any x # 0, there exists &, # 0 such that

(,&)

F@) = Fe)

(1.3)

Meanwhile,

@& &)
P(&) = FO(x) ~ o FO(y)

. (1.4)

Hence the function g(y) := F°(y)F (&) — (y,&,.) attains its minimum at x, which
implies

Vy(x) = VF(2)F(&) — & = 0. (1.5)
Acting F' on both sides and using 1-homogeneity, we get

F(&)F(VF'(z)) = F(&), (1.6)

20



which leads to
F(VFz)) =1

for any x # 0. We observe that for £ = VFY(x), we have
FO ) = <‘T7£>
D= FE

by using F(VF°(x)) = 1 and Proposition 1.2 (i). This implies ¢ = VF°(z) mini-
mizes h(n) := F°(z)F(n) — (x,n). Hence

Vh(VF'(z)) = F'(z)VF(VF°(z)) — 2 = 0, (1.7)

which is just the first equality in (ii). For the other two equalities, we just interchange
the role of x and £ and use the same argument as above. O]

In an equivalent but more geometric way, F' can be defined as a nonnegative, even
and convex function on a (n — 1)-dimensional sphere S*~*. This kind of definition
often appears in some more geometric context, such as geometry of submanifolds.
Since we will use some results in that context, we need to clarify the equivalence
of the assumption on F' in these different definitions. (In general, when defining F'
on S"7 !, the condition that F is even does not appear, namely, the norm can be
weakened to be not even.)

To be precise, restrict F' on S"!, denote also by F' := Flgn-1 € C1(S"71),

Proposition 1.4. The following three statements about F' are equivalent:
(1) F? is strongly convex in R™\{0};

(i1) The restriction of
Fee(§) = (Fee; (€)=

on T¢S™™1 is a positive definite endomorphism TeS™™t — TeS™™t for all € €
Sn=L i.e., there exists a positive constant X\, such that for any & € S*7!,
V € TeS"!, we have

(iii) HessgnF + Fl|¢ is positive definite for any & € S"'. Here Hessgn1F
denotes the Hessian of F' on S"' and I the identity map on TeS"'.

Proof. For simplicity of notation we use F; = F,, Fjj = Fpe,.
(i) =(ii). The assumption means

(F(&)F;(€) + Fi(§) F;(£))G¢; > 0 (1.8)
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for any vector ¢ = (¢y,- -+, () € R™\{0}. If F¢(&) is parallel to &, then statement (ii)
is clearly true from (1.8), because in this case any V' € TeS" ! satisfies (V, F¢(§)) = 0.
If F¢(€) is not parallel to &, then F¢(&)* :={V € R" | (V, F¢(£)) = 0} and £ span the
whole space R™. Hence for any V' € T;S"!, we have V = ( + X for some ¢ € F¢(&)*
and some A € R. Putting ( =V — A\ into (1.8) we have

0 < (F(OF;(&) + F(&Fi(§)GG = F(EF;(6)GG
= FF;()(Vi— X&) (V; — \g) = F(E)NFy(€)ViVj,
where we have used Proposition 1.2(ii).

(ii) =(@1). Any V € R™"\{0} is decomposed into V' = n + A for some A € R and
n € T¢S™ . From (ii) we have

(F(E)F;(&) + B F;()WVV; = FEF;(E)mn; + F(§F;(EViV;
> F(§F(§ViV; = 0.
Here we have used again Proposition 1.2(ii).
(i) (iii). Assume {e,}"Z] is an orthonormal basis of T;S"~! and {&;}i=1» is the
standard coordinate basis of R". Let e, = el ;. Denote by V and D the covariant
derivative on S""!and R" respectively. Then we have

(Hessgn1F + FI)|¢(eq,e5) = eqesF — (Ve e3)F + Féup
= DD, F + (D..es5— Ve, e5)F + Fup
= Do, Doy F' 4 hap(—&, Fe(§)) + Féap
= D, D, F = egejﬂF,;j,
where we have used the second fundamental form h,5 = dop 00 S™~1 and Proposition
1.2(i). Thus we conclude that (ii) is equivalent to (iii). O

To end this section, we give some typical norms in R".

Examples 1.5. (i) The Euclidean norm F(§) = (31, &]2)2 in R™ is a norm of
class C=(R™"\{0}) with F? strongly convex in R™"\{0}.

(ii) For a symmetric positive definite n x n matriz A , F(§) = (A, €) in R is
also a C*°(R™\{0}) norm with F? strongly convex in R"\{0} (Riemannian
metric).

(iii) The norm F(§) = (D7, |£,|p)% inR™ forp > 1 is called p-norm. Its dual norm
is FO(§) = (303, [&]1)7 with ¢ = S5 The norm F(€) = max{[&], -+, [}

p
is called co-norm. Such p-norm has some disadvantage on its smoothness and
converity. For 1 < p < 2, F' ¢ C?*(R"\{0}). Forp > 2, F is not strongly
convex. Nevertheless, we can approrimate it by a sequence of strongly convex

norm of class C*(R™\{0}).
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(iv) For numerical explorations, a particular strongly convex norm of class C*(R*\{0})
in R? is F(&,&) = \/ &4+ & + 68+ &)

1.2 Anisotropic Laplacian, Wulff shape

1.2.1 Anisotropic Laplacian
Assume that F' € C'(R™\{0}). The anisotropic Laplacian on R" is defined by

Qu = Z o F(Vu)Fe,(Vu)) Z Fo. (;; <1F2> (Vu)) . (1.9)

When F(§) = |¢] = (31, |&]?)Y?, the anisotropic Laplacian @ = A, the usual
Laplacian. In general, anisotropic Laplacian is a nonlinear (or quasilinear) elliptic
operator of divergent type.

This operator comes also from the theory of Calculus of Variations. When we
derive the Euler-Lagrange equation which involves the parametric functionals con-
taining the expression

/ F2(Vu(e))dz, (1.10)

anisotropic Laplacian becomes the second order differential operator in the equation.
In the following chapters, we will investigate the equation

—Qu(z) = f(z,u,Vu) in Q C R" (1.11)

with various f(z,u,Vu). Since F € C*(R™\{0}), (1.11) should be understood in
the weak sense that

/QZ 885 (%FQ) (Vu)pidr = /Qf(x,u, Vu)pds for any ¢ € Wy 2(Q). (1.12)
i=1 >

1.2.2 Waulff shape

Another concept we shall introduce in this section is Wulff shape (sometimes also
equilibrium crystal shape or indicatrix). Consider the map

d.S"t 5 R, (&) = Fe ().
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Its image ®(S"1) is a C! (symmetric) convex, compact hypersurface in R™, which is
called the Wulff shape of F. When F(¢) = |¢|, the Wulff shape is nothing but the
(n-1)-dimensional sphere S*~!. On the other hand, Wulff shape can be interpreted
by the dual norm F©.

Proposition 1.6. ®(S"!) = {z € R"|F°(z) = 1}.

Proof. If & = F¢(§) for some £ € S™~!, by Proposition 1.3 (i), FO(x) = FO(F¢()) =
1. So we need only to prove {x € R"|F°(z) = 1} C ®(S*!). Suppose F°(z) = 1,
by definition, (x,&) = F(€) for some & # 0, (z,€) < F(n) for any n # 0. Hence
g(n) = (z — Fe(n),n) = (x,n) — F(n) attains its maximum 0 at . By taking
derivative of ¢ and evaluating at £, we know x — F¢(§) = 0. Therefore, x = F¢(§),
which completes the proof. O]

In Part I, we denote Wp := {x € R"| F°(z) < 1} and &,, := |Wg|, the Lebesgue
measure of Wr. We also use the notation W,.(zo) := {x € R"| F°(z — o) < r}. We
call W, (zo) a Wulff ball of radius r with center at xo . By Proposition 1.6, we see
that OWp is the Wulff shape.

Remark 1.7. We have already seen that for every norm F, there exists a (symmet-
ric) convex, compact hypersurface in R™ corresponding to it. Conversely, given a
(symmetric) convex,compact hypersurface M in R™, denoting K as the convex body
enclosed by M, the function F°(¢) = inf{a > 0|¢ € aK} is a norm, whose dual
norm F' has M as its Wulff shape.

1.3 F-mean curvature

1.3.1 F-mean curvature

In this subsection we assume that F € C*(R"\{0}) and F? is strongly convex in
R™\{0}.

We briefly recall geometry of submanifolds in this section and introduce F-mean
curvature (or anisotropic mean curvature).

Let (M™! g) be an (n—1)-dimensional, oriented, compact Riemannian manifold
without boundary and X : M"~! — R be a a smooth immersion of M"~! into R™.
We denote by dX and v : M — S"~! the differential map of X and the corresponding
Gauss map (outward normal) respectively. Let S = dX 'odv and h(-,-) := g(S(-),")
be the classical Weingarten operator and the second fundamental form respectively.
Set

Ap=dX "o Fg(v)odX, Sp=AroS, hr(,-):=g(Sr(),").
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It follows from Proposition 1.4 that A is a symmetric positive definite (1, 1)-tensor.
Sr and hp are called F-Weingarten operator and F'-second fundamental form
respectively. F-mean curvature of the immersion X is defined as

HF = tl‘g<hp),

where tr, denotes the trace of tensor with respect to g. }TF = —Hpv are called
F-mean curvature vector.

The F-mean curvature comes from a variational problem related to elliptic para-
metric functionals of the type

FX) = /M Fo)dmn. (1.13)

Critical points of F can be characterized as hypersurfaces with vanishing F-mean
curvature. Precisely, consider a variation X; = X + ty with ¢ € C°(M,R"™), the
first variation of the F reads as

_>
6, F(X)=— /BQ(HF,@dH”‘l.

There are lots of works concerning the F-minimal surfaces, constant F-mean
curvature surfaces and anisotropic mean curvature flow. See for example [Bel04,
Cl04, Gi06, HLMGO09, KoPal0].

For simplicity, let 2 C R™ be a smooth bounded domain, we derive the local
representation formula of Hy for the boundary 9). Let {e,}"Z] be a basis of the
tangent space T,(092) and g,z and h,s be the first and second fundamental form
of 99 respectively. Moreover let (g®?) be the inverse matrix of (g,s5) and V the
covariant derivative in R". Then

(hp)ag = <F§§ o veal/, 65), (114)
n—1

He= 3 9" (hr)as. (1.15)
a,f=1

0 is called weakly F-convex (F-mean convex, resp.) if (hp),s is nonneg-
ative definite (Hp > 0 resp.). It is easy to see from the convexity of F' that (hp)as
being nonnegative definite is equivalent that the ordinary second fundamental form
haps being nonnegative definite, in other words, there is no difference between weakly
F-convex and weakly convex. However, F-mean convex is different from mean con-
Vex.
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1.3.2 Relation with anisotropic Laplacian and Wulff shape

The relationship of Wulff shape and F-mean curvature are very close. It is well
known that an embedded compact hypersurface without boundary in R™ with con-
stant mean curvature must be a standard sphere. This is the famous Alexandrov
Theorem. Another results due to Hopf says that a topological sphere immersed in
R? with constant mean curvature must be a standard sphere.

Similarly, the Wulff shape can be characterized as an compact connected hyper-
surface with constant F-mean curvature. We list these Theorems, which are due to
He-Li-Ma-Ge and Koiso-Palmer respectively.

Theorem 1.8 ([HLMGO09],Th. 1.3). Let X : M — R"™ be an embedded compact
connected hypersurface without boundary in the Fuclidean space. If Hp(M) is con-
stant, then up to translations and rescaling, M is the Wulff shape.

Theorem 1.9 ([KoPalO],Th. 1.1). let X : ¥ — R" be a smooth immersion of a
compact genus zero surface without boundary with constant F-mean curvature. Then
up to translations and rescaling, Simga is the 2-dimensional Wulff shape.

Remark 1.10. In [HLMG09] and [KoPal0], their assumption on F is purely on
S*t. for ezample, Hesssn—1F + F1I is positive definite on S*~1. However, by Propo-
sitton 1.4, these assumptions are equivalent to ours.

Anisotropic Laplacian and F-mean curvature are related by the following theo-
rem, which also gives a formula for F-mean curvature of a level set of some function.

Theorem 1.11. Let u be a C? function with a reqular level set S; := {x € Q|u = t}.
Let Hp(S;) be the F-mean curvature of the level set S;. We then have

ou  J*u
Qu(x) = HF(St)% + oz
for x € Sy with Vu(x) # 0, where vp := Fe(v).

Proof. We first derive a representation for graphic hypersurface. Assume that a
surface M C R™ is given by the graph of a function f in a domain of R"~:

r, = f(2'), v’ = (21, 29,...,Tp 1) € R"L

In the proof, the Greek indices 1 < «, 3,7 < n—1, the Roman indices 1 <1, 7,k < n,
A basis of the tangent space of M is given locally by

ea=1(0,...,1,..., fa),
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where 1 is on the a-th coordinate. The first fundamental form for the graph of f is
given by
Gag = <€a,65> = 504,3 + fafﬂ'

Here 0,5 denotes the Kronecker symbol. One can compute that

af __ fafﬁ

R B 7o)

where Vf = (f1, fa,- -, fn_1). The unit normal vector field is given by
1

V= Y

We calculate the first derivative of v and obtain

v, = (1/;, ui, N 8
where
Vg _ fﬁa _ + fﬁfvaa = (1.16)
VIHIVI?E 1+]VSP
= hihe (1.17)

VIV

Now we derive the F-mean curvature by the local representation (1.14) and
(1.15).

Hp(M) = g F;(v)vie)
9P (Fip(v) + E(v) f5)V),

_ (Fin(v) — Fig()fp)fa i
= (Fz (v) + TE V2 )Va.

From Proposition 1.2 (ii), we have
Fij(V)Vj = 0

for any 4, that is
Fin(v) — Fig(v) f3 = 0.

Therefore the F-mean curvature of M is
Hp(M) = Fio(v)V, (1.18)

(a2

if M is a graph of f.
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We return to compute the F-mean curvature of the level set S; and show that

Hp(S;) = sign (ﬂ) F;;(Vu)u;.
01/F

(1.19)

We shall locally work around a point xg with u(z¢) =t and |Vu(x)| # 0. Without
loss of generality we assume that u,(x¢) # 0. By the implicit function theorem, S;

can be locally represented as a graph of a function f, i.e.

Sy = (', f(2")), v = (x1,29,. .., Tn_1).

Then
uw(x', f(x')) =t. (1.20)
Taking the first and second derivative of (1.20), we obtain that
U
«=——, 1.21
fam -2 (121)
faﬁ _ _uaﬁ + uanfﬁ + (un,B —Z unnfﬁ) (122>
U, u?
It follows from (1.16), (1.17), (1.21) and (1.22) that
B Iunl _ougli 19
= (s b ) — o unf) ) (123)
UpU;
( (Una + Unn fo) — Vul (Wia + umfa)) . (1.24)

By (1.18), (1.23) and (1.24), we have
Hp(S:) = FBa(V)Va + Foa(V)vg

| | 1 u;
- Fia T~ 1 \(Wia ina _Fn T~ 12
(V)|Vu|(u + Uinfa) ) (V)|vu|3

Note that v = Z"]'VVJ“ Again from Proposition 1.2 (ii) we have

Fin(v)u; =0,

Ea(y>ua + En(y)un =0.
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Applying these two equalities and (1.21) to (1.25) and noting that Fj;(v) = FU(‘IZ:]'VVJ) =

|Vu|Fi;(Vu), we obtain

|, |

HF(St) - _Ea(vu)(uia+uinfa)

S (Ea(vu)uia - EQ(VU)Um%)

n

= — (Fia(Vu)uiq + Fin(Vu)u,)

On the other hand, by Proposition 1.2(i), we have

ou g
o (Fe(v), Vu) = w F(Vu).

Now we have the relationship:

ou  0%u
Qu(z) = (FF;(Vu) + Fi(Vu)Fi(Vu))ui; = He(S)) 35— + 25,
al/F 81/F
for z € S; with Vu(x) # 0. O

Remark 1.12. Theorem 1.11 is an extension for the classical mean curvature for-

mula:
Au = Hu, +u,,.

1.4 Convex symmetrization

This section is devoted to an important tool for the investigation of anisotropic
Laplacian: convex symmetrization, which was introduced in [AFTL97] as a gener-
alization of Schwarz symmetrization. We will use the results frequently in future
chapters.

1.4.1 Polya-Szego principle

Consider a measurable function v on a smooth bounded domain 2 C R™. The one
dimensional decreasing rearrangement of u is

u*(t) =sup{s > 0: |{x € Q: |u(z)| > s}| > t}, fort € R.
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The classical Schwarz symmetrization of u is defined as
uf(x) = u* (wn|z|"), for z € QF,

where w,, is the Lebesgue measure of the unit sphere in R® and QF is the ball
centered at the origin having the same measure as €. Similarly, we define convex
symmetrization of u with respect to F' as

u*(z) = u* (K FO(2)"), for z € Q.

Here k, F°(z)™ is just the Lebesgue measure of a homothetic Wulff ball with radius
F°(z) and Q* is the homothetic Wulff ball centered at the origin having the same
measure as ().

The motivation is to find such a convex symmetrization to minimize the para-
metric functional (1.10). Such kind of property was named as Polya-Szeg6 principle.
(See [Tal76], [PuSe86])

In [AFTLI7], the authors proved Polya-Szegd principle for the parametric func-
tional (1.10).

Theorem 1.13 ([AFTLI7|, Th. 3.1). (i) Let Q C R"™ be a smooth bounded do-
main and u € WYP(Q) for p > 1. Then u* € WHP(Q*) and
/Fp(Vu)dxz/ FP(Vu*)dz. (1.26)
Q *

(i) Let u € WyP(R") for p > 1. Then u* € WyP(R") and

FP(Vu)dz > | FP(Vu*)da. (1.27)
/. /.

The proof combines coarea formula and isoperimetric inequality. For a smooth
bounded domain  C R”, and a function u € WH?(2) for some p > 1, the anisotropic
perimeter of €1 is defined by

Pp(Q) = /aQ F(v)dH™ !

which coincides with parametric functional (1.13).
Set ; := {x € Qlu(z) > t}. Tt is well known that the co-area formula

d () 1
—— f(z)dzr = —dH" 1.28
dt Jg, (=) o0, |Vl (1.28)

and the isoperimetric inequality
Pr(Q) > Pp(QY) = nkg Q"= (1.29)
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hold. Moreover, equality in (1.29) holds if and only if €2 is a Wulff ball. When F'(§) =
€], the standard norm in R™, (1.29) reduces to the classical isoperimetric inequality.
For the proof of (1.28) and (1.29), we refer to [Bu49, FR60, FM91, AFTL97].

We now prove Theorem 1.13.

Proof of Theorem 1.13. We only prove (i), since (ii) is very similar.

By using coarea formula (1.28) and Holder inequality, we have

/Fp(Vu)dx:/l:ju ;i(/ Fp(Vu)> dt

sup u

= ”H" Lat
infu /3\Qt |VU|

sup u (VU) _l)p (/ 1)1—10
> dH" —dH” dt. 1.30
[ (L % 0, V4l (1:30)

On the other hand, by using isoperimetric inequality (1.29), we have

F(Vu) 1 / F(Vur) -1
————dH" = Pp() > Pp(S)) = ————dH". 1.31
| e ()2 B = [ TG (131)
It follows again from coarea formula (1.28) that
1 d 1
——dH" = —— || = = / dH™ !, 1.32
where we have also used the fact |Q;| = |2}| for every ¢. Since sup u* = supu and

inf u* = inf u, we see easily from (1.30), (1.31) and (1.32) that

/Q FP(Vu)ds > / FP(Vut)dr.

O
A direct corollary of Theorem 1.13 is a sharp Sobolev type inequality.
Corollary 1.14 ([AFTL97], Cor. 3.2). Let u € W, ?(R™) for p > 1. Then
wl/ " v
/ﬁ;n n
Here p* = ]%, Cnp 1S the best constant in classical Sobolev inequality in [Tal70].
Proof. We first claim that
/ FP(Vu)dx = HZ / |V |Pd. (1.34)
n wﬁb n
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Proof of (1.84). It’s clear that
Vur(z) = (u*) (ko FO(2)")nr, FO(2)" 'V FY
Noting that u* decreases and using Proposition 1.3(i), we have

F(Vu*(z)) = —(u*) (ko FO(2)")nrn, FO (z)" 1.

3=

Set p(t) = [{u* > t}| and r(t) = (%u( )) It is easy to see that {u* =t} = {z €
R"™ : F°(z) = r(t)}. Hence

/ Fp(vu*) df}_[n—l
{ur=t}

V]
= O Gy [ e
= (Y )i p) ) ey
- %(—(u*)’(u(t»nwémw)pu@)’.
Consequently, we have
/ FY(Vut)dr = fj /{ . P TVZf‘ dH L dt
S Gk ) ) ey, (135)

Wyy Jinfu*

On the other hand, thanks to the facts that u(t) = |[{u* > t}|, inf u* = inf u* and
sup u* = sup u® , a similar calculation shows that

[ Vs - / T (et ) eyt (1.36)

inf u*

(1.35) and (1.36) lead to the claim (1.34).

Corollary 1.14 follows from (1.34), Theorem 1.13 and the classical Sobolev in-
equality easily. Indeed,

(/ Fp(Vu)dx)p > (/ Fp(vu*)dx)p:ﬁ( yvuﬁypdx)p
n n w'r/;} Rn

1 1

ko1 k21
>~ —|[uf|| o ny = — = [|ull 1o @n)-
(.U»,? Cnp w;{ n,p
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Remark 1.15. Theorem 1.1/ is sharp since the equality in the Sobolev type inequal-
ity can hold. In fact, take

o) = ! , (1.37)

(C+ (FOx)n) 7"
with C' determined by ||lullr» = 1 and ¢ = J&5. By simple computation, equality
holds. In [CENV0/J, the authors find a mass-transportation approach to prove the
Sobolev type inequality. Moreover, they showed that equality holds if and only if
U = Ug.

1.4.2 Comparison theorem involving anisotropic Laplacian

Another important property about convex symmetrization which was proved in
[AFTL97] is a comparison theorem involving the anisotropic Laplacian.
Theorem 1.16 ([AFTLI7], pp. 289). Let Q@ C R™ be a smooth bounded domain and
u,v € Wy2(Q) satisfy

—div(a(z,u, Va) = f(z), —Qu = f*(x), (1.38)
where f € Ln%(Q) ifn>3, felP(Q),p>1ifn=2, and a(z,n,§) are vector-
valued Carathéodory function satisfying

(a(x,n,6),8) > F*(&) ae. z€Q, neER, ¢€R™ (1.39)

Then we have

w < win Q.
Proof. Tt is clear that v(x) = v(F°(x)) is symmetric with respect to F, and satisfies
the following ODE:

{ S (=W (r) = f*(2) in [0, R,
v(R) =0, v (O) =0,

where r = F°(z), R > 0 is the constant such that |Q| = ,, R". Therefore
/ 1 ' n—1 rx n
—v'(r) = " " (kat™)dt,

0

By changing variables £ = k,t" and then § = k,s", we obtain

v(r) = / s)ds—/ /t" L (kpt™)dtds
R
1
= / - t)dtds
s Jo n/in

_ / L

*(E)d{dg. (1.40)
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On the other hand, the first equation in (1.38) holds in weak sense as (1.12). For
h > 0,t > 0, choose a test function

h if |u| >t + h,
=1 (lul —t)sign(u), ift <|u| <t+h,
0, if lu| <t

n (1.12), we get

d

— (a(z,u, Vu), Vuydr = / fdz.
{lul>t}

{lul>t}
Using the assumption (1.39), we obtain
d d p(t)
—— F?(Vu)dr < ——/ (a(x,u, Vu), Vu)dr = / fr(s)ds
dt Jfjuj>ty lul>t} 0
As in the proof of Theorem 1.13, it follows from isoperimetric inequality, coarea

formula and Holder inequality that

1 1 2 9_2

Prp({|ul > t})* =

d
—— F*(Vu)dz >
dt Jiju>t) — ' (t)

Therefore,

1< L/ (s
n2/£ p(t 2_’

An integration among [0, u*(s)] gives

w(s) ()
u(s) < nA " s

w2 p(t) o

190 q 1 3 o
_ / s— | Fr(ddids.

TLQK/” s n Jo

Comparing with (1.40), we find that
u*(kpr™) < o(r),

which leads to u*(z) < v(F°(z)) = v(x). O
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Chapter 2

Overdetermined problem for
anisotropic Laplacian

This chapter is devoted to study the anisotropic overdetermined boundary value
problem.

Thoughout this chapter, we assume that the norm F € C3(R™\{0}) and F? is
strongly convex in R™\{0}. For a connected bounded domain €2 € R™ we consider
the following boundary value problem

—Qu = 1 inQ
u = 0 ondf) (2.1)
F(Vu) = ¢ on o9

for a positive constant c.

Theorem 2.1. Let F be a norm of class C3(R™\{0}) and F? is strongly convex in
R™\{0}. If the overdetermined boundary value problem (2.1) has a weak solution in
a connected bounded domain ) C R"™ with sufficiently smooth boundary OS2, then up
to translation and scaling, 0 is a Wulff shape.

By a weak solution we mean that the solution u € W,*(Q) satisfies

/ F(Vu)F¢(Vu) - Vodr = / vdz for any v € W, 2(Q), (2.2)
Q Q
together with the condition F(Vu) = ¢ on 0€2. It was observed in [BFK03] that any
weak solution of (2.2), u € C1*(Q) for some 0 < o < 1 (see also [To84]). Hence the
conditon F(Vu) = ¢ on 95 is well-defined. Note that u may not be in C%(€Q).

As mentioned in the introduction, when F(§) = |¢|, the Wulff shape is just the
unit sphere and () = A. In this case Theorem 2.1 is just the classical result of Serrin
[Se71]. Serrin’s result was first proved by the method of moving planes, which is

35



based on the maximum principle. It is clear that one could not use directly the
method of moving planes to prove Theorem 2.1.

If 02 has Wulff shape with respect to F', then there is an explicit function u
satisfying (2.1).

Lemma 2.2. Let Q = W,.(zo) and u(z) =
weak solution to (2.1).

o (n?c? — (F°(z — x))?). Then u is a
Proof. A direct calculation yields Vu = —2 F(z — 20) VF°(x — x). Using Proposi-
tion 1.3, we have

T — X9

m for 7é Zg. (23)

F(V4) = 1P — a0), Fi(V0) -

Hence F(Vu)F¢(Vu) = 2(z — xo) for all z (note that Vu(zg) = 0) and —Qu = 1.
In view of F°(x — o) = nc on 052, we also have u = 0 and F(Vu) = ¢ on 9. The

proof is completed. O]

Theorem 2.1 in fact gives a characterization of the Wulff shape by an overdeter-
mined problem (2.1).

The proof of Theorem 2.1 goes along the line of Farina and Kawohl [FaKO0§].
There they proved that any level set of u has constant mean curvature. Then by
Alexandrov’s classical Theorem (See [Al158], [Ro72]) that the only compact connected
hypersurface with constant mean curvature embedded in the Euclidean space is
sphere, they conclude that the level sets must be spheres.

Our proof will involve the anisotropic mean curvature, which was defined in
Chapter 1. By using a Pohozaev identity, a maximum principle on a so-called P-
function and an interpretation of the anisotropic mean curvature of level sets by the
operator (), we show that the anisotropic mean curvature of any level set of u is
constant. The generalized Alexandrov Theorem (Theorem 1.8) implies that every
level set has Wulff shape.

2.1 P-function

Proposition 2.3. Let u be a weak solution to the overdetermined boundary value
problem (2.1). Then the P-function, which is defined as

Pl) = %F2(Vu(x)) + (), (2.4)

attains its mazimum on 0S). Moreover, if P is not constant in §2, then any maximum
point for P in Q) is necessary to satisfy Vu = 0.
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For simplicity, from now on we will follow the summation convention and fre-

quently use the notations F' = F(Vu), F; = F,(Vu), u; = 2%, u;; = % and so
7 10T 5

on. Denote

w(Va)(a) = i (557) (Vule) = (BE, + FE)(Vu(o)),
; 25)
ai(Vu)(z) = é)fﬁa—% (1F2> (Vu(x)).

In the following we shall write it simply by a;; and a;;; if no confusion appears.
With these notations, we can rewrite the anisotropic Laplacian (1.9) as

0
Q'LL = aijuij = a—xi(&ijuj') (26)

For the function £F?(Vu) we have a Bochner type formula.

Lemma 2.4 (Bochner Formula). At a point where Vu # 0, we have

ai ( o 8‘9 (1F2(Vu))) = ayomaui + - (Qu) i (1 ) (Vo). (27)

Proof. The formula is derived from a direct computation.

ai5(Va) <%F2(Vu)>ij _ aija% (a% (%zﬂ) (Vu)uik>

2 (1, o (1,
aijm <§F > (VU)UikUﬂ + aija_fk (§F ) (VU)U”k

0 (1 0 0
= @ ORUiglj + 96, ( F2> (Vu) ((9x (a;jui;) — (3$kaij)uij> :
Taking into account of (2.6) and
g (1 ,\ 0 J (1,
9% (iF ) B0 = Wil (éF W) ,

we get (2.7).

When F(§) =[], (2.7) is just the usual Bochner formula
~A(|Vul?) = |D*u|* + (Vu, V(Au)).
Now we prove Proposition 2.3.
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Proof of Proposition 2.53: Set C = {x € Q|Vu(z) = 0}, we know from classical
elliptic regularity theory that u € C%%(Q2\ C) and hence P € C'(Q\ C). However,

we can see below that - <a” aa P) e C(f2\C). The following calculations are all

taken in Q\ C.
Taking the first derivative of P , we have

0 (1., 1

Hence it follows from the Bochner formula (2.7) that

0 0 1 1 0
— |g.—P) = 2 (s
o (% o, > Qi Qg Wik U + (Qu)agk ( ) (Vu) + o, (a;;u;)
= Qi QplUipUj5 — EQU (28)

Since u € C%%(Q2\ C), the right hand side of (2.8) defines a continuous function
in Q\C.

We estimate the term a;;aruru; by the following lemma.

Lemma 2.5.

afzyakluzku]l (QU,)

Proof. Since the matrix A := (a;;);; is positive definite, we can write A = OTAO
for some orthogonal matrix O and diagonal matrix A = diag(p1, pt2, -+ , ftn) with
p; > 0forany i =1,2,--- ,n. Set U = (u;);; and U=0U0T = (@j)ij. Then we
have

aijapujug; = tr(OTAOUOTAOU) = tr(AOUOTAOUO™)
= tr(AﬁAm:uiu{?j

Z ZM@ Uy Z Zﬂzuzz

On the other hand,
Qu = a;ju;; = tr(OTAOU) = tr AU Z fi U -

Hence we get the desired inequality. O]

Using Lemma 2.5 in (2.8) and Qu = —1, we have

i( ..iP)+blBZOinQ\C, (2.9)

a
6@ " 6%
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where b, := a;;1(Vu)u;.

Because of the uniform ellipticity of a;; in Q2 \ C, we can apply the maximum
principle to (2.9) and conclude that P attains its maximum on 0% or C.

In order to exclude the possibility of maximality on C, we proceed through a
pertubation argument. Set V(£) := $F?(&) € CYR")(C*(R™ \ {0}). Since V is
2-homogeneous, there exists A, A > 0 such that

ACP? < Veie, (€) GG < AJC)? for any € #0,( € R™

By a standard convolution argument, we can find a family of functions {V¢} in
C*(R™) such that

V¢ — V uniformly in any compact sets in R", V¢ — V in C} (R™\ {0}) as ¢ — 0,
(2.10)

A
5|g|2 < Ve, (€)Gi¢ < 2A[¢|* for any €, ¢ € R™.

From direct method in calculus of variations, there exists a unique minimizer u® €
W,y*(Q) of the functional Jo VE(Vw) — wdx, which is the weak solution to

afj(Vw)wij = —1in Q,wlpn =0,

where ag;(§) = g?g (€). The elliptic regularity theory tells us that u® € C*(Q).
Moreover, since the elliptic constants of a;; is independent of &, we have u® is un-
fiormly bounded in C*°(£2). It follows from uniqueness of u and the convergence
(2.10) that

u® — u in CH(Q). (2.11)
Define g(x) = a;;(Vu)P;; + P, in 2\ C and g(z) = 0 in C. Hence g € LP(Q2)

for any p > 1 and g > 0 in 2. Choose a sequence of continunous vector-valued
functions {b°} in C°(Q, R") such that

b° — b uniformly in any compact sets in Q \ C. (2.12)

Consider now the solution P¢ to
{ al‘?j(Vua)Pfj +b5PF = g(x)>0 in €
2
c

on 90 (2.13)

P =

= Q

Thanks to the ellipticity of (2.13), we know from maximum principle that P¢ attains
its maximum on 0f2, that is,

max P (z) = max P°(x) = max P°(z) (2.14)
a o9 v
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for any neighborhood U of C. On the other hand, the convergences in (2.10-2.12)

and LP regularity lead to B
Pe— Pin C? (Q\C).

Therefore, by taking € — 0 in (2.14), we obtain

max P(z) = max P(x).
Q\C o0

Suppose there exists some point zo € € such that P(xy) > maxgq P(z), then zg
must belong to the interior of C. However, the interior of C is empty. This follows
directly from equation (2.1). In fact, an intergration on a ball B C C would give
a contradiction via the divergence theorem. Hence P attains its maximum over Q
on 0f). Moreover, if P is not constant in {2, then any maximum point for P in 2
belongs necessarily to C. The proof is completed. [

2.2 Pohozaev identity

For convenience of later use, we prove here a general Pohozaev identity.

Theorem 2.6. Let ) be a bounded domain in R™. Let F' be a norm of class
C*(R™\{0}) and F? is stongly conver in R"\{0}. Let f be a continuous function on
Q. Assume that u € C'(Q) is a weak solution to

(31 ke o1

Then the following identity

1

i n n_—Q *(Vu)dr = X,V x)dx
5/99F(Vu)<x,u>dH + 5 /QF(V )d /Q<’>f( )d (2.16)

holds

Proof. The original proof required that v € C?(Q), which is not available here. We
use an approximation argument.

Denote V/(§) := 3 F?(£). There exists a family of smooth convex functions {V¢}
such that V¢ — V in C}_(R"). Also we can find f© € C>~(Q) such that f& — f
uniformly. Let u® be the unique minimizer of infq Ve(Vu) — foudz in W, *(Q). Tt
then solves

(2.17)

—div(VVE(Vus)) = f¢ in Q,
u® =0 on 0.

It follows from standard elliptic regularity theory that u® € C*°(Q2). Moreover, since
the elliptic constants can be chosen to be is independent of €, we have u® is uniformly
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bounded in C*(Q). It follows from uniqueness of u and the convergence (2.10) that
u® — u in C*(Q). Multiplying (x, Vu?) to the both sides of (2.17) and intergrating
by parts twice, we have

/Q (2, V) f2 () = / (2, Vs )div(VeVe (Vi)
= /aQ(:L" Vu)(VVE(V) /Q VVE(Vu®), Vus) /VgVE (Vus)ug;z;)

= / (x, Vu)(VVE(Vud) (VVE(Vur), Vud)
o0 0

_/m VE(Vud)(z, V>+/an5(w€).

Letting ¢ — 0, we get
/Q(x,Vu>f(x) = /89@3, Vu)(VeV(Vu®),v) — /Q(Vg\/(Vu), Vu)
— [ V(Vu)(z,v) + /QnV(Vu).

oN

Since u = 0 on 0f2, we have Vu = wu,v. Taking into account of (V¢ V(Vu®),v) =
F%*(Vu), we conclude

/Q<x, V) f(z) = %/m FQ(Vu)<:B,u>+nT_2/QF2(Vu).

From Theorem 2.6, in our case we obtain

Proposition 2.7. Let u be a weak solution to problem (2.1). P(z) is defined as
(2.4). Then the following identity

/Q P(a)de = %cﬂm (2.18)

holds, where || is the n-dimensional volume of .
Proof. We see from the general Pohozaev identity (2.15) that

1

—/ F?(Vu)({z, u}d?—["l—i—n—_Q/Fz(Vu)dx:n/udx. (2.19)
2 Joa 2 Ja 0

Since F?(Vu)|pq = ¢, using integration by parts, we have
/ F2(Vu){z,v)dH" ' = 02/ (z,v)dH" " =nc*|Q). (2.20)
o9 o9
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Another integration by parts yields that

/QFz(Vu)dx—/Qudx.

Therefore,
1 1 —2
/ P(z)dx = / ~F*(Vu) + —udr = / u— 2 F*(Vu)dz. (2.21)
Combining (2.19-2.21), we get the disired equality. O

2.3 Proof of Theorem 2.1

From Proposition 2.3 and 2.7, we immediately obtain the following

Corollary 2.8. Let u be a weak solution to the overdetermined boundary value
problem (2.1). Then

F?(Vu) + 2= i Q. (2.22)

n

Now we are ready to prove our main theorem, Theorem 2.1.
Proof of Theorem 2.1. By Corollary 2.8, we claim that

Vu vanishes only at points where u attains its maximum in  and the maximum
in this case must be 3c*.

Indeed, if Vu(zy) = 0, then F(Vu(zy)) = 0, by (2.22), u(zo) = Zc% On the

2

other hand, u(z) = %(¢* — F*(Vu(z)) < 2¢® in Q, so u(zo) = maxqu. From

this claim we know that u is positive in 2. Otherwise there is a zy € 2 with

u(zo) = inf gu(r) <0 < Zc® Hence from this claim Vu(z) does not vanish, a

contradiction. Again from this claim, we easily see that v = % is well defined on

the open set U := {z € Q|0 < u(zr) < maxqu}. We define on U

vp = Fe(v) = Fe(Vu).

Note that
ou 2
_— = 2 _ —_ =
o F(Vu) ¢ ——u: g(u), (2.23)
0%u ;
5 = Fi(Vu)vp = Fi(Vu) F;(Vu)u;. (2.24)
ovy,

From (2.23), we also have

oudu 9 ,0u., O

al/F 8V% - aVF 81/F 6?1/F

42



which leads to

) 0*u
g(u)g'(u) = 55 = F(Vu) F;(Vu)uy,
F

for % =F(Vu)#0onU.

Using the formula in Theorem 1.11 and the first equation of (2.1), we obtain the
F-mean curvature of the level set S; (0 < ¢t < maxq u)):

Hp(S) = (Qu(z) — 2

The above equality just means that every level set of u at height ¢ between 0 and
max u is a (perhaps not connected) hypersurface of constant F-mean curvature.
By Theorem 1.8, each connected component of it must be of Wulff shape, up to
translation and rescaling. Namely each connected component is a translation of W,
with the same r determined by ¢.

We claim that €2 is simply connected. Otherwise, € = Sy contains two con-
nected components. Thus for small § > 0, Ss contains two connected components.
However, each connected component of Ss is a translation of W,, with the same r.
This is impossible. Therefore ) is simply connected and 92 = Sy is also a Wulff
shape, up to translation and rescaling. This finishes the proof of Theorem 2.1. [
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Chapter 3

Anisotropic harmonic functions

In this chapter, we focus on the anisotropic harmonic functions, which are solutions
of
—Qu = 0. (3.1)

Throughout this chapter we shall assume that F' € C*(R"\{0}) and F? is strongly
convex.

Many aspects of anisotropic harmonic functions are similar to harmonic functions
in R™. At the same time, it lacks some beautiful properties of harmonic functions
due to the nonlinearty and degeneracy of ). We give some for example.

(1) As a special case of general degenerate elliptic equations of divengence type
(see [HKM93]), the Liouville theorem holds, which states that a positive anisotropic
harmonic function must be a constant. We also have the Harnack inequality, which
states that the supremum of an anisotropic harmonic function can be estimated
by its infimum on any compact sets. On the other hand, an anisotropic harmonic
function can only be a C1® function but do not neccessarily belongs to C?, and
a harmonic function is analytic. Also the mean value property can only hold for
anisotropic harmonic functions under a very restrictive assumption (See [FeK09]).

(2) Because of the special structure of anisotropic Laplacian, a fundamental so-
lution can be constructed similarly as Laplacian, by using the dual norm F°. More-
over, we shall prove that the Green’s function of the anisotropic Laplacian exists and
appears a significant decomposition. However, we have no Green’s representation
formula due to the nonlinearty. In spite of this disadvantage, the Green’s function
is powerful when we do blow-up analysis in the following chapter.

The major subject in this chapter is to study the Green’s function of the
anisotropic Laplacian.
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3.1 Green’s function of anisotropic Laplacian

The fundamental solution I'(z) for the operator @ is defined as follows:

1
——log(F°(x)), for n = 2,
F(i[}) — 2/{21
————F%2)*™", forn>2.
n(2 —n)ky,
Recall that k,, is the n-dimensional Lebesgue measure of the Wulff shape We.

Theorem 3.1 ([FeK09]). The function I' satisfies

_QF = 507
in the sense of measures, where &y denotes the Dirac measure at the origin.
Proof. For simplicity, we prove only the case n = 2. A similar computation as

Lemma 2.2 leads to QI'(x) = 0 for = # 0. Since

| PR Vet)ds = [ (ot Ve@)ds = Ofe),
We(0)

o) PO

we see that

—QTpdr = / (FFe(VT), Vy)dx

R

= lim (FFe(VI),Vy)dx
e—0 Rn\Wg(O)

= —lim (F(VD)Fe(VT),v)pdH .
e—0 AW (0)

In the last equality we used Qu(x) = 0 for x # 0. Hence to prove —QI' = dy, it is
sufficient to show that

— lim (F(VD)Fe(VT),v)pdH' = ¢(0) for any ¢ € C5°(R™).
€ OWe

In fact,

— / (F(VD)Fe(VT), v)pdH!
W,

T VF°
= — , wdH?
/awfw%xnz &l
1 1 1 1
- S o =— | —— (ex)da.
/awg - [wroy P /awl 2y [V EO () P
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Letting € — 0, we have

: 1 1
lg%— - F(Vu)(Fe(Vu),v)p = 2—@@(0) /awl de = ¢(0).

Here we used |, oW mdx = 2K9 by integration by parts.
O

Theorem 3.1 inspires us to find the Green’s function for Q.

Assume that € is an open set in R”, containing 0, Q* = Q \ {0}. By a result of
Serrin (See [Se71]), if u satisfies —Qu = 0 and is bounded below in Q*, then either
the singularity at 0 is removable, or u/I" is bounded in some neighborhood of 0. (In
fact, Serrin proved that u/log|z| is bounded in some neighborhood of 0. However,
in view of (1.1), it is equivalent to say u/I" is bounded in some neighborhood of 0
for our T'.)

Our first purpose is to describe the behavior of u near the origin when it is not
removable. We shall write I'(r) = I'(x) whenever F'(z) = r.

Theorem 3.2. Assume u satisfies 3.1 in Q* such that u(x)/T'(x) remains bounded
in some neighborhood of 0. Then there exists a real number v and g € C°(Q) such
that

u=n~I"+g. (3.2)
Moreover, when v # 0, the following relation holds

lim(F(x))"'Vg(z) =0 (3.3)

x—0

and u satisfies
—Qu = &, (3.4)

in the sense of measures in €2.

Before we prove this theorem, we state a strong comparison theorem for anisotropic
Laplacian (The original statement is for more general degenerate elliptic equations,
our anisotropic Laplacian is a special case).

Theorem 3.3 ([To83], Prop. 3.3.2, [Da98], Th. 1.4). Let uj,uy € C*(Q) satisfy
—Qu =0 1 Q and u; > us. If uy is not equal to us, then uy > ug in §2.

Proof of Theorem 3.2. For simplicity, we prove only the case n = 2.
Without loss of generality, we may assume W, C (). Due to translating invari-
ance of the equation, we may assume maxgyy, v = 0. Let
2

v =limsupu(z)/I'(x), F(r)= max u(z)/I'(x).

z—0 TSFO(:):)gé

46



We consider the case v > 0. (otherwise we use liminf, ,ou(z)/I'(x) instead) From
the strong comparison principle, Theorem 3.3, 4(r) is nonincreasing, and there exists
x, with F°(z,) = r such that

3(r) = maxu(z)/T'(z) = u(,)/T(z,).

1

= 0 and lim,_,o7(r) = 7. We introduce for 0 < r < 3 a

v (z) = u(rz) /T (r).
It’s clear that v, satisfies (3.1) in Wi ) \ {0}. The boundedness of u/I'" in a
neighborhood of 0 gives

It’s also clear that 7(3)
function in Wi (2, \ {0}

[\

(3.5)

|w@ﬂsc(y+ﬂﬁﬂﬁﬂ)

log(1/r)
for x € Wi 2,7\ {0}. Moreover, from the scale invariance of (3.1) and C* estimates

for quasilinear equations, we have the following a priori estimates: for any R > 0
and 0 < |z| < |y| < R,

Vo, (z)] < C|x|_1|UT|LOO(B2R\B\:E\/2)’

< C’x|_1_a|vr’L°°(B2R\B\z\/2)'
Hence for any compact set K CC R?\ {0} and some C independent of r, we have
[or]| 1.0 (K) < Ck.

By Ascoli-Arzela’s Theorem, we can find a sequence r; — 0 such that v,, — v in
CL.(R*\ {0}), where v € C'(R?\ {0}) also satisfies (3.1). In view of (3.5), v is
bounded. From Serrin’s result (See [Se71]), 0 is a removable singularity and v can
be extended to v € C'(R?). Consequently, from Liouville Theorem (See [HKM93]),
v must be a constant. For the sequence §; = z, /r;, F°(§;) = 1, we know from the
definition of v that

Urj (5]) — 7.

This means the constant function v = ~. Therefore,

limv,(z) = v and hence lim u(z)/T'(z) = 7.

r—0 z—0

We now consider two sequence of functions

V(@) = (74 T(a) = (74 IT(3) + max
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V@) = (= IT@) — ( — IT(3) + min

They both satisfies (3.1) in W2 \ {0} and from the comparison principle we obtain
V- < wu < V', which implies the boundedness of u — I" when € — 0.

Next we prove the continuity of u—~I" at 0 and (3.3). We look at the points where
the bounded function u—+I" achieves its supremum in W . Set A = supm(u—vf‘).

Case (i). A achieves at some point in W, \ {0}. It follows from comparison
principle that u — vI" is a constant, hence we are done.

Case (ii). A achieves at 0. Define

M=, s, D =),

Then A(r) T A as r | 0, and there exists z, with |z,| = r such that A\(r) = u(x,) —
~vI'(x,). We introduce for 0 < r < % the function

wy(x) = u(re) —I'(r)

in Wi/ \ {0}. The function w, satisfies (3.1). We also have |w, —~T'| < Cy for
Co = SUDyy, ;)\ {0} |u — ~T|. This implies that w, is bounded on any compact subset
of Wi2y \ {0}. Similarly as v,, we have for any compact set K CC R*\ {0} and

some C'x independent of 7,
[wr|[er0(K) < Ck.

Consequently, there exists a sequence 7; — 0 such that w,, — w in C} (R*\ {0}),
where w € C'(R*\ {0}) also satisfies (3.1). For the sequence &; = z,, /r;, F°(&;) = 1,
which may be assumed to converge to £ € O, we have

Wr; (53) - 7F<€j) = u(xrj) - 7F<xrj) — A
Hence
w(z) < AT(z) + X and w(€°%) = AT (E%) + A
By comparison principle, w(z) = yI'(z)+ A and hence w, — [+ X in C (R?\{0}).
This implies
T

. B _ 0 —
glcl_r{(l)(u ) = A, QICL)T%F (2)Vu(z) 7VF<F0<x)

). (3.6)

The above equalities lead to the continuity of u —~I" and (3.3).
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Case (iii). A achieves on OW;,,. We define w, as in case 2, w, — w in
CL.(R*\ {0}) and |w—+T| < Cy. We now look at the points where w —~T" achieves
its supremum in R2. Set A = supgs(u — ).

If X is achieved at some point in R?\ {0}, then w — AT equals to some constant
by strong maximum principle, which implies u(rx) —y(rz) — X in CL_(R?\ {0})
as r — 0. For any fixed € > 0, there exists ng such that for n > ny and x € oW,
we have

AL (rpz) + A — € < u(rpz) < AT(rpex) + X + €.

Applying maximum principle in W, \ W,, we obtain

~yI(x) + A—e< u(rpx) < AT(z) + A + e,

which leads to (3.6) with X replaced by A.
If A is achieved at 0, we simply argue as case 2 with w instead of u to deduce

lim(w — AT) = A and hence lim lim (u(rpz) — AT (rpz)) = A. (3.7)
z—0 z—07r,—0

If X is achieved at oo, the same idea in case 2 can be applied when we define

A(R) = maxy ja<po(z)<r(w—7T") = maxgy, (w—+T") and let R tend to co. We obtain

lim (w —AT) = A, lim lim (u(r,z) — 4T (rpz)) = A (3.8)

T—00 T—00 7, —0
As long as we have (3.7) or (3.8), we can use maximum principle again to conclude
(3.6) as before.

Now it remains to prove (3.4). In view of (3.1), it is sufficient to show that

i — | F(Va)(F(Vu), 1)6 = 10(0)

for any ¢ € C3(Q). Here v = % is the unit outward normal. Using (3.2), (3.3)
and Proposition 1.2, We have on OW,,

F(Va) = PGV +Vg) = F(- LYy oLy = T ofdy,
(Fe(Vu),v) = (Fe(Vu), %>
= <F§(Vu)7(—2$FO)—Vu|;FO§f_O)>

e (VW) o)\ _ Lo
- (IVFO\ |VF0|>‘ (o) oy
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Therefore

[ FEnEEme = - [ G ><”0<1”rv—}0|‘Z§

2Ke€

1
= / —\VFOK )gb(ex)dx

Letting € — 0, we have

i~ [ F(V(F(V0.0)6 = 7-00) [ e =10(0)

e—0 OW. 2K

Here we used |, oW, de = 2k by integration by parts. We complete the proof
of Theorem 3.2. O

As a consequence of Theorem 3.2, the singular Dirichlet problem can be uniquely
solved.

Theorem 3.4. There exists a unique function G(-,0) € C*(Q*) with [VG| € L'(Q2)
and G/T" € L>(Q), satisfying

_QG(,0) = & inQ
G(-,0) = ¢ on 09,
where ¢ € L N W'2(Q). Moreover, G =T + g with g € C°(Q) satisfying (5.3).

(3.9)

Proof. First, we prove the uniqueness. Suppose u;,7 = 1,2 are two solutions of (3.9).
By virtue of (3.2) and (3.3), we know

uy —ug € L(Q), hH(l) FO(2)V(u; — ug) = 0. (3.10)

By integration by parts, we have for r small,

/Q o (PO (Vi) = F(V) Fe(Tu) ¥ o~ )

- / (F(Vu) Fe(Var) — F(Vu) Fe(Vas), ) (ur — up).
Wy

Using (3.10), we deduce that the RHS tends to 0 as 7 — 0. On the other hand, it
follows from Lemma 5.6 in Chapter 5 that the LHS is larger than C' fQ\Wr F?(Vu, —
Vuy)dx. Hence V(u; — uy) = 0. Combining with the boundary condition, we
conclude u; = us.

For the existence, we consider the solutions u. to the following problem:

—QUE = O n Q \ We
ue = I'(e) on OW,
ue = ¢ on 0.
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By a weak comparison principle, we obtain |u.—I'| < C, where C} = supyq I'. Using
the Ch* estimates and Ascoli-Arzela’s Theorem, we can extract a subsequence .,
which converges to a u € C'(Q*) as €, — 0 in C}._ topology. Clearly, u/T" is bounded
in a neighborhood of 0. Therefore, from Theorem 3.2, we conclude that u satisfies
(3.9).

m
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Chapter 4

First eigenvalue of anisotropic
Laplacian

In this chapter, we investigate the eigenvalue problem of the anisotropic Laplacian.
We emphysis that throughout this chapter we only assume that F'is a norm of class
CLRM\{0}).

Though our assumption on F' is only convex and C*(R™\{0}), we may carry out
the proof in this chapter under more regularity assumption that F € C3(R" \ {0})
and F'is a strongly convex norm on R™ without of loss generality. In fact, for any
norm F € C'(R™\ {0}), there exists a sequence F. € C3(R™ \ {0}) such that the

strongly convex norm F. := \/F2 + ¢|z]? converges to F uniformly in C}_(R™\ {0}),
then the corresponding first eigenvalue (A;). of anisotropic Laplacian with respect
to Fy, converges to \; as well. Here | - | denotes the Euclidean norm.

Therefore, in the following sections, we assume that I € C3(R"\ {0}) and F
is a strongly convex norm on R™. Thus (0.3) is degenerate elliptic among 2 and
uniformly elliptic in Q2 \ C, where C := {x € Q|Vu(z) = 0} denotes the set of
degenerate points. The standard regularity theory for degenerate elliptic equation

(see e.g. [BFKO03, To84]) implies that u € C*(Q) (N C**(2\ C).

4.1 Brunn-Minkowski inequality

In this section we establish a Brunn-Minkowski type inequality for the first Dirichlet
eigenvalue of the anisotropic Laplacian. We have the following main theorem:

Theorem 4.1. Let K; be two convex bounded open sets (convex body) in R™, i = 0, 1.
Fort € [0,1], we set Ky = (1—t)Ko+tK;. Let A\(K}) be the first Dirichlet eigenvalue
of the anisotropic Laplacian on K;. Then A(K;) is homogeneous of degree —2 and
the following Brunn-Minkowski inequality holds:

A 2(K;) > (1 — A 2(Ky) + tA 2 (K,). (4.1)
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It’s easy to check that A;(K) is homogeneous of degree —2. Indeed if \i(K) at-

tains its infimum at u(z), i.e. u satisfies [, |ul*dx = 1 and A\ (K fK (Vu)?dz.
For y t:z: E tK, set v(z) = t7"/?u(z), then [, |v(y)|*dy = 1 and A\ (tK) <
Jire F( Vdy = t72 [, F(Vu)’dz = t7?X{(K); on the other hand A\ (K) <

tQ)\l(tK ) can be obtained similarly.

In order to prove the Brunn-Minkowski inequality, we first recall some elementary
concept in convex analysis, for details we refer to [Ro72].

Definition 4.2. For any convex set K and any convex function f defined on K,
the function f*, which is defined by

f(@%) = sup{(z, z") — f(x)}

zeK
for x* € R™, is called the conjugate function of f.

To be not confused with the notation of the decreasing rearrangement in Chapter
1, we remark that in this section f* always denote the conjugate function.

Definition 4.3. A convex function f is called essentially smooth on K, if f is
differentiable in K and
lim |V f(xz;)| = 400,

i—00

when x; tends to some point on OK.

Definition 4.4. For two convex functions fo and fi, whose definition domains are
Ky and K respectively, we called the function f, which is defined by

f(z) =inf{(1 —t)fo(x) +tfi(y) : € Ko,y € K1,z = (1 — t)z + ty}
for z € Ky, the infimal convolution of fy and fi.

We recall some properties of the conjugate function and the infimal convolution.

Proposition 4.5 ([Ro72]). Assume f, fo, f1 are convex functions defined on K, Ko, K;
respectively. f* and f denote the conjugate function and the infimal convolution of
f respectively. Then we have the following:

(1) (f) =T

(4i) f is essentially smooth if and only if f* is strictly convex.

(iii) [ = (L —t)f5 +1f7.

() If f is essentially smooth on K, then ¥V f* is the inverse of V[, i.e.

V= (VHT V(V(@) =
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(v) If fi is essentially smooth and strictly convex on K, then f 15 also essentially
smooth and strictly convex.

(vi) If f& converges uniformly to f; as ¢ — 0 for i = 0,1, then fe converges
uniformly to f.

(vit) If f¢ is differentiable on K and converges uniformly to f as € — 0, then
V f¢ converges uniformly to V f.

Now we prove a property for convex function, which play a crucial role in the
proof of our main theorem.

Lemma 4.6 ([CCS06]). Fori= 0,1, let K; be convex open sets. Let f; € C(K;) be
a strictly convez function such that lim, s fi(z) = +o0. Let f denote the infimal
convolution of fo and fi. Fort € [0,1], Set K; = (1 —t)Ky + tKy. Then for every
z € Ky, there exist v € Ko and y € Ky such that

z=(1—t)x+ty, (4.2)
f(z) = (L =) folz) +tfi(y), (4.3)
(4.4)

Vf(z) = Vfo(z) = VSi(y)
Moreover, if fo and f1 are twice differentiable at x and y respectively, and D% fo(x) >
0, D%fi(y) > 0, then f is twice differentiable at z and

-1
1

D*f(z) = |(1—1t) (D2f0(x))_1 +t(D*fily))” (4.5)

Proof. The proof was given in [CCS06], we sketch it here.

By Definition 4.3, f; is essentially smooth and strictly convex in K; and by
Proposition 4.5 (i) , (ii) and (v), f; and f are also essentially smooth and strictly
convex in R™.

Fix z € K}, by Definition 4.4 and lim, sk fi(x) = +00, there exist x € K, and
y € Kj such that (4.2) and (4.3) hold. That is, for z, y satisfying z = (1—t)z+ty, the
function T'(x,y) := (1 —1t) fo(x) +tf1(y) attains its infimum at (z,y). By Lagrangian
Multiples Theorem, there exist a constant A € R, such that

(1 =)V fo(z) = A1 —1) =0,
Hence,
Vio(z) = Vily) = A
Using Proposition 4.5 (iii) and (iv), we obtain that
V) = =0V + Vi)
(1= (V) () + HTA) ()
(1—tir+ty=2=V[f(Vf(z)). (4.6)
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Since f is strictly convex, we know that Vf* = (Vf)~! is injective. It follows from
(4.6) that )
A=V[(z),

which leads to (4.4). if fy and f; are twice differentiable at z and y respectively,
and D?fy(x), D?f1(y) > 0, then f; are twice differentiable at A\ and

D*f;(N) = D(V[)(A\) = D((V i) (V) = (D*fo()) ™ = (D*fi(y) ™" (4.7)

Therefore, f* are twice differentiable at A and D2f*()\) > 0. Consequently, f are
twice differentiable at z and the same computation as (4.7) yields

D*f(z) = (D*f*(\)) ™" = [(1 =)D f5(A) + tD*fr(N)] 7,

where we also used Proposition 4.5 (iii). Combining with (4.7), we obtain the
equality (4.5). O

Now we are ready to prove Theorem 4.1.
Assume u; be the first Dirichlet eigenfunctions with respect to the sets K; for
t =0, 1. Consider the function

vi(z) = —logu;(x), € K.
They satisfy corresponding equations:

{Qvi:)\(Ki)JrF(VviY in K;

lim,_,pK, v; = +00 on O0K; (4.8)

In [KaNo08], the author observed that v; € C1*(K;) and is convex in K;. Our
proof will be based on this property. Denote

Ci ={z € K;|Vv;(z) = 0}.

Since the operator Qu; is uniformly elliptic in any compact sets of K;\C;, we know
by the standard regularity theory for elliptic equations that v; € C?*(K;\C;).
For £ > 0, we define
vi (2) = vi() +e(F(2))?,
By the strictly convexity of (F°(z))?2, the function vf € C?*(K;\C;) (| C*(K;) and is
strictly convex in K;. Obviously v; converges uniformly to v; in K;. By proposition
4.5 (vii), Vof also converges uniformly to Vv; in K.

We denote by © the infimal convolution of vy and vy, ©° the infimal convolution
of v5 and v$, again by proposition 4.5 (vi) and (vii), we know that ¢ € C'(K;) and
0%, Vo© converges uniformly to v, Vo in K respectively. Let C; = {x € K;|Vo(x) =
0}, from Lemma 4.6 it is not difficult to see that

Ct - (1 - t)C[) + tC1
We have the following
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Lemma 4.7. For v° defined above, the following inequality holds:
QU (2) < (1 — HAKy) +tAKy) + F*(Vi°(2)) + R*(2), (4.9)
where R converges uniformly to zero in any compact subset of K,\C; as € — 0.

Proof. By Lemma 4.6, for a fixed z € K;\C; there exists a unique (2, 25) € Ko x Kj,
such that

z = (1—=1t)xg+ tai, (4.10)
0°(z) = (1—t)vg(xg) + toi(z9), (4.11)
Vif(z) = Voj(zg) = Voi(z9). (4.12)

Since Vo(z) # 0, it follows that for sufficiently small ¢,
Vo (2f) £0, i=0,1. (4.13)
Particularly,

Recall that v§ € C?*(K;\C;), by Lemma 4.6 again, we know that v¢ € C?(K,\C;)
and the following equality holds:

-1
-1

D% (z) = |(1 — t) (D?05(2%)) ™"+t (D*5 (%)) (4.15)

for z € K,\C;.
We denote a;(&) = F/(§) Fee, (&) + Fe,(§) Fe,; (§) for £ € R"\{0}. From (4.12), we
can set

1y = 0y (ViF(2)) = a5 (Vo5 (25)) = ay (Vo5 (a5).

Let A denote the matrix (a;;)nxn. It is positive definite and symmetric.
Now we need the following proposition.

Proposition 4.8. Assume A, B,C' are symmetric and positive definite n X n ma-
trices. Then we have the following inequality:

tr(A((L—t)B+1tC)") < (1 —t)tr(AB™") + ttr(AC™), (4.16)
for any t € [0, 1].

Proof. Since A is symmetric and positive definite, there exists an orthogonal matrix
O, such that
A=0AO",
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where A = diag{ 1, p2, -+ , o} and {p;}7, are the positive eigenvalues of A. Set
B = OTBO,C = OTCO. 1t is clear that B,C are also symmetric and positive
definite.

Fori=1,---,n, let v; = v/Aje; be n row vectors, where {e;
basis of R™. By using Lemma 1 in [CoSa03], for each ¢ we have

n
1=

, 1s the canonical

vi(1 = t)B +tC)" ! < (1 —t)yu; B~ + tv;,C ] (4.17)
On the other hand,

tr(AB™Y) = tr(OAOTB™Y) = tr(AB™") = tr(A2B~'A%)

n

= g v; B~ 1ol

i=1

The same computation gives

tr(AC™) = Zvié'_lvzr,
i=1

tr(A((1 —t)B+tC)™") = ivi((l —t)B +tC) 7,

i=1

Thus we conclude (4.16) from (4.17). O

We return to the proof of Lemma 4.7. Because of the strict convexity of v
and v$, we can apply (4.16) to the matrix A defined above, B = (D?*v§(z§))~! and
C = (D*vi(z5))~! to obtain that

tr(A- D*°(z)) = tr <A (1= t) (D> (af)) " + t(D%i(:ﬁ))_l)A)
< (1 =t)tr(A- D*vi(x5)) + ttr(A - D*vs(25)).
Here we also used (4.15). By the fact that Qu = tr(A - D%v), we have
Qu"(z) < (1 = 1)Quj(x5) + tQuy(a7]) (4.18)

for z € K,\C;.
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To arrive (4.9), we compute

Qu; (7

where

From (4.18), (

where

R (xf) = (ajk(Vvi +eV(FY)?) — ajk(Vvi))

Qv (2)

)

4
<

R (2)

1

u 0*v¢
aji (Vi (27)) 5——(7)
j,kzl ik 8xk8xj

Z aji(Vv; +eV(F%)?)(

Jk=1

QUZ' -+ Z (ajk(Vvi —+ SV(FO)Q) — ajk(Vvi))

jk=1

0*v; 82(F0)2)
Ox0x;  Ox,0x;

82’02‘

82(F0)2
&'Ekﬁxj

+ Z €(ljk (VUZ + €V(F0>2)
7,k=1

Qui(x;) + Ry (x7),

82122‘
axkal'j
n aQ(FO)Q
) ) FO 2 ]
+j > eae(Vu; +eV(F)?) Drrdn

9), (4.8) and (4.12), it follows that

(1 —=)Quo(xg) + tQu(x7) + (1 — 1) R5(x5) + tRI(x7)
(1 — )\ (Ko) + tA (K, + F2(Vi©(2))

+(1 = [R5 (x5) + F*(Vuo(a5)) — F*(Vg(x))]
+H[R(29) + F*(Vo(a])) — F*(Voi(a]))]

(1 — )AL (Ko) + tA (K 4+ FA(Vic(2)) + RE(2),

= (L= t)[R5(x5) + F*(Vuo(a5)) — F*(Vu5(a5))]

+HR (3) + F* (Vo (25)) — F*(Vos (9))].

0,0z

(4.19)

Finally we show that R°(z) converges uniformly to zero in any compact subset
of K,\C; as € — 0.

Indeed, it is clear that R°(z) — 0 point-wise. If L is a compact subset of K;\C;,
then for every z € L, there exists g9 and two compact subsets L; of K;\C; , such
that, for ¢ < g9, 25 € L;. We then obtain by the 0-homogeneity of a;;(§) that
ajx(Vv; + eV(F°)?), aj(V;) is uniformly bounded in L;. As v; and (F°)? belong
to C*(L;), we conclude that R°(z) is uniformly bounded in L.
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Now set ~
u(z) = e )

i(z) = e

for z € K;. Because of the uniform convergence of v¢ and V¢, we know that u¢, Vu®
converge uniformly to @, Vi respectively. Note that v° € C'(K;) and ©° — +00 on
0Ky, we have u° € C'(K;) and @° = 0 on dK;.

Lemma 4.9. The following inequality holds for u:
/ F(Via(2))2dz < [(1 — )M (Ko) + Ay (KL)] / (@(=)2%dz. (4.20)
Kt Qt

Proof. From Lemma 4.7, we deduce that @° satisfies
Qu(z) > —[(1 = )\ (Ko) + tA (K1)]a(2) — R°(2)u°(z), z € Q\Cy. (4.21)

To prove Lemma 4.9 we use an approximation procedure. Assume that X; and
Y; are two sequences of open sets such that C; C Y; C X; CC K, Y; C X; for every
Jj € Nand Xj, Y; converge to Ky, C; in Hausdorff metric respectively as 7 — 400.
From (4.21), we obtain for every j € N that

/ @ (2)Qu (2)dz > — / [(1— )\ (Ko) + th (K] (@ (2))2d2
X;\Y; X;\Y;

— /X.\Y' R (2)(a°(2))%dz.

It follows by integrating by parts that

7€ 2 ~c ~c ~c 8&5(2)
/X | P - / B (Vi (2)) B, (Vi () o e

ox;Uav;

< / (1= M (Ko) + A ()] (3 (2)) e + / RE(2)((2)) .
XJ\Y} XJ\X/J
Letting ¢ — 0 in the above inequality, by F € C*(R™\{0}) and the uniform
convergence of 4%, Va® and R° in X,;\Y;, we have:
0u(z)

/Xj\yj F(Vu(z))*dz — /axj oy, w(z)F(Vu(z))Fe, (Vu(z)) 5 dz

< [l oMY + o) ()
X;\Y;
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Finally, letting j — oo, since lim,_,g¢, Vi(x) = 0, lim, g5, u(z) = 0, F(0) =0,
Vi is bounded in K, F, is 0-homogeneous, we have:

/ F(Va(2))2dz < [(1— )M (Ky) + Ay (KL)] / (i(2))2d.
Ki\Ct

Kt
As F(Viu(z)) =0 in C;, we deduce (4.20). O
By Lemma 4.9, we obtain immediately
S, F(Va(z))*dz
M(Ky) < = < (1= t)M(Ko) + tA(Ky) (4.22)
i, (u(2))?dz

In order to obtain the Brunn-Minkowski type inequality (4.1), we only need the
following standard argument: For arbitrary Ky, K; and ¢ € [0, 1], let

Kj = [\i(Ko)]2 Ko,
K} = [M(K))
v t (K1) 2

(1= ONE)] 2 + (K]
and apply (4.22) to K{j, K| and ¢, that is,
M=K+t K)) < (1 —t)A\(K)) + tA(KY).

By using the —2 -homogeneity of A;(K), we obtain (4.1). This complete the proof
of Theorem 4.1.

4.2 Sharp lower bound for the first Neumann eigen-
value

We will prove the following theorem in this section.

Theorem 4.10. Let Q be a smooth bounded domain in R™ and F' € C*(R™\ {0}) be
a norm on R™. Let AV be the first Neumann eigenvalue of the anisotropic Laplacian.
Assume that 9S) is weakly convex. Then \Y satisfies

2

AV > ;T—Q, (4.23)
F
Equivalently, the optimal Poincaré inequality
2
/F2(Vu)da: > %/qux (4.24)
Q dF Q

holds for any u € W'(Q) with [, udx = 0. Moreover, equality in (4.23) holds if
and only if € is a segment in R.
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In the theorem, d is the diameter of ) with respect to the norm F' on R", which
defines as follows. We say ~ : [0, 1] — Q a minimal geodesic from x; to x5 if

dp (1, T2 ::/0 FO("y(t))dt:inf/O FO(3(t))dt,

where the infimum takes on all C* curves §(t) in Q from x; to 9. In fact v is a
straight line and dp(x1, 12) = F°(x9—x1). We call dp(z1, x2) the F-distance between
x1 and x5. dp is defined by

dp := sup dp(xy,xs).
xl,:pzeﬁ

Estimate (4.23) for the Neumann boundary problem is optimal, in the sense
that equality can be attained for a one dimensional segment. This is in fact a
generalization of the classical result of Payne-Weinberger in [PaWe60] on an optimal
estimate of the first Neumann eigenvalue of the ordinary Laplacian.

First of all, we give an outline of our proof. The technique is based on a compari-
son theorem on the gradient of the first eigenfunction with that of a one dimensional
(1-D) model function (Theorem 4.15), which was developed by Kroger [Kr92] and
improved by Chen-Wang [CW97] and Bakry-Qian [BQO00]. By using a refined Holder
inequality, we find that the one dimensional model coincides with that in the Lapla-
cian case, as presented in Theorem 4.15). It should be not so surprising, because
when we consider F'in R, it can only be F(x) = c|z| for some positive constant c.
Since the 1-D model has been extensively studied in [BQOO0], it also eases our situa-
tion, although we deal with a nonlinear operator. One difficulty we encounter is to
handle the boundary maximum due to the different representation of the Neumann
boundary condition (0.5). We find a suitable vector field V' to avoid this difficulty.
Another ingredient is a comparison theorem on the maxima of eigenfunction with
that of the 1-D model function (Theorem 4.17). Everything in [BQOO0] works except
the boundedness of the Hessian of eigenfunctions around a critical point (since the
eigenfunction is only C* among 2), which was used to prove (5.16). Here we avoid
the use of the Hessian of eigenfunctions by using the comparison theorem on the
gradient. With these comparison theorems at hand, we could follow step by step the
work of Bakry-Qian [BQO0] to get Theorem 4.10. The proof for the rigidity part of
Theorem 0.5 follows closely the work of Hang-Wang [HaWa07]|. Here we need pay
more attention on the points with vanishing |Vul.

Before getting into the proof of Theorem 4.10, we prove two simple but important
inequalities with respect to the anisotropic Laplacian. One is a Kato type inequality,
the other is a refined Hélder inequality for the square of “anisotropic” norm of
Hessian.
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Lemma 4.11 (Kato inequality). At a point where Vu # 0, we have
Qi AR Wik > Qi P Frugg. (4.25)
Proof. 1t is clear that
Qi Q) Uik Ujp — aiijFluikujl = aijFFkluikujl = FFz'Fijluikuﬂ + F2Fiijluikujl'
Since (F;;) is positive definite, we know the first term
FFEFjFyuiguy = FFy(Fug)(Fyuj) > 0.

The second term FjjFiu;,u; is nonnegative as well. Indeed, we can write the
matrix (Fg)e, = OTAO for some orthogonal matrix O and diagonal matrix A =
diag(p, po, - -+, pn) with p; > 0 for any ¢ = 1,2,--- ,n. Set U = (u;;);; and
U=0U0" = (t45)i ;. Then we have

FijFyujuy; = tr(OTAOUOTAOU) = tr(AOUOTAOUOT)
= tr(AUAU) = papyiis; > 0,

and hence the proof of (4.25). O
Remark 4.12. When F (&) = |£|, (4.25) is the usual Kato inequality
[VZ2ul? > VIVl

Lemma 4.13 (refined Hélder inequality). At a point where Vu # 0, we have for
N >n,

(ai-ui-)Z N QUi 2
Q5 AU U 1 Z JNJ + N1 < ;\/_ J FZF;UU) . (426)
Proof. We first handle the case N = n. Let

A= EFjuij and B = FE]“@]

The right hand side of (4.26) equals to

2 - 2
(A+ B) LN (E_n 1A> ey 1 I

n n—1\n n

The left hand side of (4.26) is
A? + QFEFijluikuﬂ + FQFiijluikUﬂ.
Since (Fj;) is semi-positively definite, we know

FFFyFauruj = FFu(Fiug) (Fyu) 2 0.
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Using the same notations in the proof of Lemma 4.11, we have

F?Fyj Fruigug = F2Nz’:ujﬂi2j = F’uiug + F? Z papy, > F2pdg,
ik

B = FFu;; = tr(OTAOU) = tr(AOUO") = p;iy;.

We claim that (Fj;) is a matrix of rank n — 1, in other words, one of y; is zero.
Firstly, Fjju; = 0. Secondly, for any nonzero V' L F¢(Vu), F;;V'V? = a,;V'V7 > 0.
The claim follows easily. Thus the Holder inequality gives
F2Iu2a2, > L}ﬂ(ﬂ.a..)? = LB2
| e n—1" "
Altogether we complete the proof of the case N = n.
For the case N > n, we only need to observe the following identity for any
a,beR:
a? n o /a 2 a? N /a N —n
NS TRD IS b e b

n n-1\n NTN-1 N_b> +(N—1)(n—1)(“_b)2'

Remark 4.14. When F (&) = |£]|, then (4.26) is

I G M <& _ “i“j“ia‘)Q
- n—1 '

n n |Vu|?

Let us start the proof of Theorem 4.10.

It is well-known that the existence of Neumann first eigenfunction can be ob-
tained from the direct method in the calculus of variations. We note that the first
Neumann eigenfunction must change sign, for its average vanishes.

We begin with the following gradient comparison theorem, which is the most
crucial part for the proof of the sharp estimate. For simplicity, we write A\; instead
of Al throughout this section.

Theorem 4.15. Let Q,u, A\ be as in Theorem 4.10. Let v be a solution of the one
dimensional (1-D) problem on some interval (a,b):

V=TV = —=X\v, v'(a)=1'(b)=0, v >0, (4.27)
with T(t) = =2 or 0. Assume that minu, maxu] C [minv, maxv|, then
F(Vu)(z) < o'(vH(u(x))). (4.28)
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Proof. First, since [u = 0, we know that minu < 0 while maxu > 0. We may
assume that [min u, maxu] C (minwv, maxv) by multiplying u by a constant 0 < ¢ <
1. If we prove the result for this u, then letting ¢ — 1 we have (4.28).

Under the condition [minu, maxu| C (minv, maxwv), v~! is smooth on a neigh-
borhood U of [min u, max u].

Consider P := ¢ (u)(3F(Vu)* — ¢(u)), where 1, ¢ € C=(U) are two positive
smooth functions to be determined later. We first assume that P attains its maxi-
mum at xg € 2, and then we will consider the case that xq € 0. If Vu(zg) = 0,
P <0 is obvious. Hence we assume Vu(zy) # 0. From now on we compute at z.
We use the notation (2.5) in Chapter 2. Since z is the maximum of P, we have
that

Fi(wo) = 0, (4.29)

aij(afo)PZ‘j(Ig) S 0. (430)
Equality in (4.29) gives

O (1 oo\ _ () W
oz, (QF (Vu) gb(u)) = e P, FiFju; = ¢ WP. (4.31)
Then we compute a;; F;;.
P 0 1
Py = an(ou)y + vz (GFHV0 - (o)
i
o (1 _,
20,00 (770 = o).
It is easy to see from Proposition 1.2 that
9 (1., 2 2
o §F (Vu)u; = F*(Vu), ajuu; = F*(Vu), au, =0. (4.32)

By using (4.31), (4.32), the Bochner formula (2.7) and eigenvalue equation (0.3), we
get

/ " 12
aijPZ-j = (—Alu% + FQ% — 2F222—2)P

+¢(Gijakluikujl - >\1F2) + 1/1()\17@/ - F2<Z5”)- (4.33)

Applying Lemma 4.13 with N = n to (4.33), replacing F? by 25 + ¢ and using
(4.31), (0.3), (4.30), we deduce
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/ " /2
0>a;P; > (—Alu% + FQ% — 2F2%)P + Y(A\ug — F2¢")
YT Y T 2
o (Ll (8 ) - )
B 1 w// n le )
- ek
(LR n+ 19’ 2n Y, "

1
L+ T 206 - 2¢¢”}
n—1

1
+1p [m)\fﬁ +—
= @ P>+ asP + aj.
(4.34)
We are lucky to observe that the coefficients a;, i = 1,2, 3, coincide with those
appearing in the ordinary Laplacian case (see e.g. [BQOO], Lemma 1). The next
step is to choose suitable positive functions 1 and ¢ such that ay, as > 0 everywhere
and ag = 0, which had already be done in [BQ00]. For completeness, we sketch the
main idea here.
Choose ¢(u) = $v'(v™!(u))?, where v is a solution of 1-D problem (4.27). One
can compute that

"
(%

¢'(u) =" (v (u), ¢"(u) = — (v (u)).

v
Setting t = v~ (u) and u = v(t) we have

a3(t) 1 2,2 n+1 "
= —\ A
Y n—1 1v+n—llvv+n—1

0" — )\IU/2 — "

= —'(W" =TV + \ov) +

1
: (V" =TV + M) (nv” + Tv' + A\v) = 0.

. 2 .
Here we have used that T satisfies 7' = T—l For ay, as, we introduce

n—

X0 =M ) = expl [ M), 70 = @) 0)
With these notations, we have

f'=—-hv?+ f(T - X),

n—2

"2, =2f(T — X) —

fF=2f=2Qu(f) - f),
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1
S T —2X) - 27(—~
n—1 n —

w = f( T X) = o = Qulf) - f

We may now use Corollary 3 in [BQOO], which says that there exists a bounded
function f on [minwu, maxu] C (minwv, maxwv) such that f < min{Q:(f), Q2(f)}.

In view of (4.34), we know that by our choice of ¥ and ¢, P(zq) < 0, and hence
P(x) <0 for every x € €2, which leads to (4.28).

Now we consider the case xq € 0f). Suppose that P attains its maximum at

zo € 0N2. Consider a new vector field V(z) = (V(z))", defined on 99 by

Vi(z) = Z ai; (Vu(z))v (z).

Thanks to the positivity of a;;, V (z) must point outward. Hence g—{j(xo) > 0.

On the other hand, we see from the Neumann boundary condition and homo-
geneity of F' that

0 A ,
%(mo) = w;a;;(Vu(z)) = FF;17 = 0.
Thus we have
oP &
0 S W(ZL‘Q) = @/}FFiuijajkV . (435)

Choose now local coordinate {e; };—1 ... , around z such that e, = v and {e, }a=1,...

is the orthonormal basis of tangent space of 9§2. Denote by h,s the second funda-
mental form of 9. By the assumption that 02 is weakly convex, we know the
matrix (hez) > 0.

The Neumann boundary condition implies

Fiv'(zo) = F,(xg) = 0. (4.36)
By taking tangential derivative of (4.36), we have

D.,(3 Fav')(an) =0,

for any = 1,--- ,n — 1. Computing D., (3> " | Fiv')(xo) explicitly, we have

0= Deﬁ(z; F')(zg) = Z:l Fijujgv’ + z; Fivs
i= L= =

n n—1

n
= Z EjUngi + Z Z Fihgf},@fy
i,j=1 =1 vy=1

n n—1
= Y Fyug+ > Fhg, (4.37)
j=1 =1
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In the last equality we have used v, = 1 and v3 = 0 for 3 = 1,--- ,n — 1 in the
chosen coordinate.
Combining (4.35), (4.36) and (4.37), we obtain

aP n n—1 n
0< 5o = 37 wFRugapt = 0P 33" Fatlyan
i,5,k=1 o=1 j=1
n—1 n n—1
= ¢FZZFaUaijn =—yF Z Fobrhoy < 0.
a=1 j=1 ay=1

Therefore we obtain that g—ﬁ(xo) = 0. Since the tangent derivatives of P also
vanishes, we have VP(zy) = 0. It’s also the case that (4.30) holds. Thus the
previous proof for an interior maximum also works in this case. This finishes the
proof of Theorem 4.15. O]

Remark 4.16. Theorem 4.15 still holds if we replace T(t) = “= by T(t) = X
for N > n, but without change of the dimension of ). To see this, we need just to
apply Lemma 4.13 with N > n.

Another ingredient is a comparison theorem for the maxima of the eigenfunctions.

Theorem 4.17. Let 2, u, Ay be as in Theorem 4.10. Let v be a solution of the 1-D
model problem on some interval (0,00):

—1
v":—nt v =\, v(0)=-1, 2'(0)=0.

Let b be the first number after O with v'(b) = 0 and denote m = v(b). Then maxu >
m.

Proof. We argue by contradiction. Suppose max(u) < m. Then [minwu, maxu] C
[min v, maxv]. Note that v’ > 0 in (a,b). Hence we could apply Theorem 4.15 for u
and v. Denote by du, = t" 'dt.

The same argument as Theorem 12 in [BQOO0] implies that the ratio

R(c) = f{ugc} udx
= _f{USC} vd i,

is increasing on [min(u), 0] and decreasing on [0, max(u)]. Therefore, for ¢ < —1, we
have that

Cusep<z [

{u<c)

lu|dz < 2R(O)/ [v|dp, < 2R(0)p,({v < ¢}). (4.38)

{v<e)
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Let ¢ = —1+¢ for € > 0 small. A simple calculation gives that v”(0) = 2. Hence
for ¢ close to a, v"(t) has positive lower and upper bound. Together with v'(0) = 0,
we see that v(t) — v(0) > Ct2. Thus if t € {v < —1 + ¢}, then ¢ € (0,Ce2). It
follows that

(v < =14 ¢}) < (0, Ce)) < Ce™?. (4.39)
On the other hand, we shall prove that
Lr({u < —1+e}) > L7(B(wo, Ce2) (). (4.40)

Let z € Q be such that u(z¢) = —1. For any x € B(xg,d) () with § small, u(x) is
close to —1 and s := v~ !(u(z)) is close to 0. Thus we see again from the upper bound
of v" and v'(0) = 0 that v/ ) < Cs. Therefore, we have from Theorem 4.15 that

v'(s
F(Vu(z)) < ' (v (u(x))) < Cs and F(Vo~ (u(z))) = (v71) (u(@)) F(z, Vu(z)) <

1. In turn, we get
s =0 (u(z)) — v (u(z0)) < F(Vu(u(2)))d < 4,

and
u(x) < u(xo) + F(Vu(z))d < =1+ Csd < —1 + Co2,

for some Z, 2 € B(xg,8) Q. Let e = C6%, we conclude B(zg, ) (Q C {u < —1+¢€},
which implies (4.40).

Combining (4.38), (4.39) and (4.40), we see that there exists some constant C' > 0
such that

L"(B(xo,r)[ Q) < Cr™. (4.41)

We shall get a contradiction as follows. Define vy as a solution of the 1-D model
problem on some interval (0, 00):
N -1
v =— ; v = Mo, v(0)=-1, 2'(0)=0.

Let by be the first number after 0 with v/ (b) = 0 and denote my = vy (b). Then
my is continuous with respect to N. Since max(u) < m = m,, it follows from the
continuity of my that max(u) < my for any N > n close to N. From Remark 4.16,
Theorem 4.15 still holds for N > n. Hence the above argument yields (4.41) with
N instead of n for any N > n close to N, i.e.,

m(B(zo, 1) ﬂﬁ) < cr?. (4.42)
However, B(xq,7) ()€ is a set in R”, we have m(B*(z¢,7)) > Cr" for 7 > 0 small.

This causes a contradiction to (4.42). That means, our assumption max(u) < m
can not hold. We get max(u) > m. O
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Following the idea of [BQOO0], Besides the comparison theorem on the gradient
and maxima, in order to prove Theorem 4.10, we need to study many properties of
the 1-D models, such as the difference 6(a) = b(a) — a as a function of a € [0, +o0],
where b(a) is the first number that v'(b(a)) = 0 (Note that v" > 0 in (a,b(a))). As
we already saw in Theorem 4.15, the 1-D model (4.27) appears the same as that
in the Laplacian case. Therefore, we can use directly the results of [BQO0] on the
properties of the 1-D models. Here we use some simpler statement from [Vall].

We define 6(a) as a function of a € [0, 400] as follows. On one hand, we denote
d(00) = —A=. This number comes from the 1-D model (4.27) with 7" = 0. In fact,

VAL
it is easy to see that solutions of the 1-D model (4.27) with 7" = 0 can be explicitly

written as
v(t) = sin /At

up to dilations. Hence in this case, b(a) — a = \/LAT for any @ € R. On the other

hand, we denote d(a) = b(a) — a as a function of a € [0, +00) relative to the 1-D
model (4.27) with T = —2=1.

The following property of §(a) was proved in [BQOO, Vall].

Lemma 4.18 ([BQO00] or [Vall], Th. 5.3, Cor. 5.4). The function 6(a) : [0, 00| —
R*is a continuous function such that

5(@) > \/—)\_1,
5(00) = ——.

V1

m(a) :=v(b(a)) < 1, lim,,oo m(a) =1 and m(a) =1 if and only if a = oc.

Now we are in a position to prove Theorem 4.10.
Proof of Theorem 4.10. Let u be an eigenfunction with eigenvalue A;. Since [u =0,
we may assume minu = —1 and 0 < & = maxu < 1. Given a solution v to (4.27),
denote m(a) = v(b(a)) with b(a) the first number with ¢'(b(a)) = 0 after a.

Theorem 4.17 and Lemma 4.18 imply that for any eigenfunction wu, there exists
a solution v to (4.27) such that minv = minu = —1 and maxv = maxu = k < 1.

We now get the expected estimate by using Theorem 4.15. Choosing z;, zs € Q
with u(7;) = minu = —1,u(zy) = maxu = k and y(¢) : [0,1] — Q the minimal
geodesic from z1 to z,. Consider the subset I of [0,1] such that Lu(v(t)) > 0. By the
gradient comparison estimate (4.28), Lemma 4.18 and Cauchy-Schwarz inequality
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(1.2), we have
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which leads to

We are remained to prove the equality case. The idea of proof follows from
[HaWa07]. Here we need to pay more attention on the points with vanishing Vu.
Assume that A\ = g—;. It can be easily seen from the proof of Theorem 4.10 that

F
a = oo, which leads to maxu = maxv = 1 by Lemma 4.18. We will prove that €2 is
in fact a segment in R. We divide the proof into several steps.

Step 1: S := {z € Qu(x) = £1} C 99.
Let P = F(Vu)?* 4+ \u?. After a simple calculation by using Bochner formula
(2.7) and Kato inequality (4.25), we obtain

%aiﬂ%- = QAR Uiy — %aijluijpl - Aju?
> ajjFrFuggugy — %@z‘jl“z‘jpl - )‘%“2
= _%aijZUijPl + ﬁ(aﬁﬂpj — 4\uuP;) on @\ C.
Namely,
%azjﬁj +bP; > 00nQ\C (4.43)

for some b; € C°(Q). If P attains its maximum on z, € 91, then arguing as
in Theorem 4.15, we have that VP(xy) = 0. However, from the Hopf Theorem,
VP(xy) # 0, a contradiction. Hence P attains its maximum at C, and therefore,

P <AL (4.44)
Take any two points z1, xe € S with u(z;) = —1,u(zy) = 1. Let

t t —
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be the straight line from x; to xo, where | := F°(zy — z;) is the distance from x;
to xy with respect to F. Denote f(t) := u(y(t)). It is easy to see FO(§(t)) = 1. It
follows from (4.44) and Cauchy-Schwarz inequality (1.2) that

[F(O] = [Vu(y(®)) - 4@ < F(Vu)(3(1)) < VM (1 = f(2)?). (4.45)

Here we have used the Cauchy-Schwarz inequality (1.2) again. Hence

dp >1 > / dt > 1 S
F=t = o<t<t p>0y  Jo VA /1= f(t)?

dt

| T
VA / N TV v (4.46)

7. we must have dr = [, which means S C 0f2.

Since dp = I

Step 2: P = F?(Vu) + \u? = )\, in Q, hence S = C.

Indeed, from Step 1, we know that Q* := Q\ S is connected. Let E := {x €
OF . P = M\ }. It is clear that F is closed. In view of (4.43), thanks to the strong
maximum principle we know that E is also open. we now show that F is nonempty.
Indeed, from the fact that all inequalities in (4.45) and (4.46) are equality, we obtain

f(t) = u(y(t)) = —cos /At for t € (0,1). Hence
P(y(®)) = () + M f(t)* = A

Thus E is nonempty, open, closed in *. Therefore, we obtain P = A, in Q (for
x € S, P =\ is obvious).

Step 3: Define X = F(vVuu) in Q" and X* the cotangent vector given by X*(Y) =

(X,Y) for any tangent vector Y. Then in Q*, we claim that

D*u = —\uX* ® X*, (4.47)

and moreover X = ¢ for some constant vector ¢ .

First, taking derivative of F%(Vu) 4+ A\ju® = \; gives
FFiu;; = —\u. (4.48)
On the other hand, since P = Aq, the proof of (4.43) leads to
Qi O Wi Ujy = Nou? = (FZFJUZJ)2 (4.49)
(4.49) in fact gives that

Fij Fruguj = 0. (4.50)

71



Set X+ :={V € R"V L X}. Xt is an (n — 1)-dim vector subspace. Note that
(F;;) is exactly matrix of rank n — 1 (see the proof of Lemma 4.13) and F;; X7 = 0.
It follows from this fact and (4.50) that

u;;V'VI =0 for any V € X+, (4.51)
(4.48) and (4.51) imply (4.47), which in turn implies
— AU,
F?2(Vu)
By differentiating X, we obtain from (4.52) that

I C AL R R VY
Vil = Fww) T P(va)

Thus X = @ in Q*.

Step 4: The maximum point and the minimum point are unique.
We already knew that f(t) = u(y(t)) = —cos /At and Vu(y(t)) # 0 for t €
(0,1). Hence u is C? along «(t) for ¢ € (0,1) and it follows that

= A\ cost for any ¢ € (0,1). (4.53)
V(t)

On the other hand, we deduce from (4.47) that

Du (4(t),4(t))

= —Au(y(t) (X, ()" (4.54)

Combining (4.53) and (4.54), taking t — 0, we get

(X, 5(t)] =1 =F(X)F((t)),

which means equality in Cauchy-Schwarz inequality (1.2) holds. Hence X = +F, 50 (A(1)).
Noting that 4(t) = 2=%—~, we have

= FO(zo—x1)
X = Fgo(l’g — .%'1).

Suppose there is some point x3 with u(z3) = 1, using the same argument, we obtain
X = FQ(xs — x1). In view of F*(z3 — 1) = F°(x2 — 1), we conclude x5 = 5.
Therefore, there is only one maximum point as well as one minimum point.

Step 5: (2 is a segment in R.

Suppose 2 C R"™ for n > 2. We see from Step 4 that for most of points of
0f), Vu # 0, and at these points X = % lies in the tangent spaces due to the
Neumann boundary condition, which is impossible because X is a constant vector,
a contradiction. We complete the proof. O
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4.3 Estimate for the first Dirichlet eigenvalue

In this section we will prove a rough lower bound of the first Dirichlet eigenvalue,
by using Li-Yau’s method of gradient estimates.

Theorem 4.19. Let Q be a smooth bounded domain in R™ and F € C*(R™\ {0}) be
a norm on R™. Assume that \P are the first Dirichlet eigenvalue of the anisotropic
Laplacian. Assume further that OS2 is weakly F-mean convex (see section 1.3). Then

NV satisfies
2

AP > 4.55
- 42F ( )

In the theorem, ip is the inscribed radius of €2 with respect to the norm F' on
R™ , which is defined as the radius r of the biggest Wulff ball W, (x) that can be
enclosed in €.

As before, for simplicity, we write \; instead of AP through this section.

It is clear that the existence of first Dirichlet eigenfunction can be easily proved
by using the direct method in the calculus of variations. Moreover, we may assume
u is non-negative. It was proved in [KaNo08| that w is positive. By multiplying u
by a constant, we can also assume that supnu = 1 and infgu = 0 without loss of
generality.

For any «, 3 € R with a > 0, 8% > sup(a + u)?, consider function

B F?(Vu)
2(8* = (a+u)?)

Suppose that P(x) attains its maximum at z, € Q.

With the assumption that 2 is weakly F-mean convex, we first exclude the
possibility o € 9Q with Vu(zg) # 0. Indeed, suppose we have xq € 02 with
Vu(zg) # 0. Define vp := F¢(v) on 9Q = {z € Qlu(x) = 0}. In view of (vp,v) =

F(v) > () vp must point outward. From the Dirichlet boundary condition, we know

v = \V r for Vu # 0. Hence vp = —F¢(Vu). Since P attains maximum at xg, we
have

opr FFu;v ade

0< —(z0) = —LL5+F? <

v B? — (o +u)? (62 = (o + u)?)?

Hence
ou
82u aayp >0

ey ﬂQ a? —
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Note that a% = —F(Vu). Since 0f) itself is a level set of u, we can apply Theorem
1.11 to obtain

0%u
F
In view of Qu(xy) = —Aju(xy) = 0, we obtain that

—FHp — FQﬁ > 0.
This contradicts the fact that Hr(0€2) > 0.
On the other hand, if Vu(zg) = 0, then F(Vu)(xzg) = 0 and P(zo) = 0 which
implies F'(Vu) = 0, i.e., u is constant, a contradiction.
Therefore we may assume zy € 2 and Vu(zo) # 0. Since a;; is positively definite
on Q\ C, where C := {z|Vu(z) = 0}, it follows from the maximum principle that

Gl’j(x'(])Pij(l’o) S 0. (457)
From now on we will compute at the point zo. Equality (4.56) gives
J (1 F*(Vu)(a + u)u;
~F? =— - 4.58
ox; (2 (Vu)) p? — (a+u)? (4.58)
Then we compute a;;(zo)F;;(0).
1 0? 1 5
aij(xO)]Dij(xO) B 62 - (a + U>2aij &Eﬁxj (§F (VU))

o (1 0 1
gz, (377) 3 (=vap)

+ il ! 1F2(V)
% 0x;0x; \ % — (a+w)? ) 2 "
= [I+I11+111.

By using (4.58), (4.32), Bochner formula (2.7) and equation (0.3), we obtain

—1 2
= B? — (a4 u)? [jantie = ME] (4.59)
4F4(a + u)2
= - : 4.60
(82— (a+u)?)3 ( )
4 4 2 2
117 — F L AFatw?  MPRufatu) (4.61)

(6 = (@ +w))? (2 = (a+u)?)P (B = (a+u)?)?
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We now apply Lemma 4.11 to (4.59) and obtain

iR Uipty 2> QP Fugug,

" (i) & 1)

F 4(a + u)?
(82 = (a+u)?)*
Here we have used (4.58) and (4.32) again in the last equality. Therefore, we have
FYa + u)? A\ F?

S G PR O E e o
Combining (4.57), (4.60), (4.61) and (4.62), we obtain
Fip? A\ F? A F?u(a + u)
B R T L e (i PR
It follows that
F2(V A
%(%) < B—;(BQ — afa+u)). (4.63)

Noting that supgu = 1 we choose a > 0 and = a + 1. Then estimate (4.63)

becomes
FZ(Vu) _ Oé(Oé + u)
(a+1)2—(a+u)2<x0)§)\1 <1 2) < Ar.

Hence we conclude, for any z € €,
F?(Vu)
(@ +1)* = (o +u)?
Choose =1 € Q with u(zy) = supu = 1 and zy € IQ with dp(zy,29) =
dp(x1,00) < ip and ~(t) : [0,1] — € the minimal geodesic connected x; with
x9. Using the gradient estimates (4.64), we have

< AL (4.64)

T ) «
5 arcsin(

+1) N / \/a+1 a+u \/_/
< Vn / Wwwwwt»dt

< VA [ PG s Ve

Here we have used the Cauchy-Schwarz inequality (1.2). Letting o — 0, we obtain

7T2

AL >
1_42F

Thus we finish the proof of Theorem 4.19.
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Chapter 5

Anisotropic Liouville equations in
two dimensions

In this chapter we will study the blow-up analysis for anisotropic Liouville equations
—Qu =V (x)e",

and .
e

Joe
Thoughout this chapter, we assume that the norm F € C*(R™\{0}) and F? is
strongly convex in R™\{0}.

—Qu =\

5.1 A sharp Moser-Trudinger type inequality

Theorem 5.1. Let Q be a bounded domain in R", n > 2. Let u € Wy (Q) and
Jo F(Vu)*dx < 1. Then there exists a constant C(n), such that

/Qexp[)\unﬁl]dx < C(n)|Q], (5.1)

S
where A < N\, = nn—1k, "', N\, is optimal in the sense that if A > X\, we can find a

sequence (uy,) such that [, exp[Au;"]dz diverges.

Proof. As Moser did in [Mo71], we use the convex symmetrization to reduce the

1
problem to one dimensional case. Set FO(z) = r(t) = Re ™, w(t) = nwju*(z). Here
R > 0 is the constant such that |Q| = k,R™. It is easy to verify that

/* F(Vu*)'dx = /OOO w'(t)"dt,
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/* exp[\u*(z)Pldx = /000 exp[Bw(t)n1 — t]dt,

where § = ﬁ In views of (1.13), it suffices to prove:
If w(t) is a C* function on 0 < t < oo satisfying

w(0) =0,w'(t) > 0,/ w'(t)dt < 1,
0

then -
/ exp[ﬁw(t)ﬁ —t]dt < C, provided 5 < 1.
0

For 8 > 1, the integral fooo exp[ﬁw(t)ﬁ — t]dt can be made arbitrarily large. This

was proved in [MoT71].
[

A direct consequence of Theorem 5.1 is a slightly weaker, but more applicable
form in two dimensions.

Corollary 5.2. Let Q be a bounded domain in R* and u € W,2(Q). Define the
anisotropic Moser-Trudinger functional Jy : Wy () — R by

Ia(u) = %/QF(VU)Q—)\log/e“.

Q

Then Jy has a lower bound if and only if A < 8k.

Proof. The “if” part follows directly from Theorem 5.1. For A > 8k, assume that (2
contains a Wulff ball W, for some small € > 0. We construct the following functions
in Wy?(9),
1 + Kkae?
—2log ——— i e
1T kaFO(x)? o W
0 in Q\W.

uq(x) =

A direct computation gives

1

5/ F(Vua)2 = 8kloga + O(1),
Q

log/ e =loga+ O(1).
Q

Hence
lim J)(u,) = lim (8x — A\)loga = —o0,
a—r o0 a—r o0
which means that J, has no lower bound when A > 8k. O
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5.2 Brezis-Merle type concentration-compactness
phenomena

In this section we first use a level set method as in [ReWe95] to generalize a Brezis-
Merle inequality for the anisotropic operator (). For simplicity, we write s instead
of KR9.

Theorem 5.3. Assume  C R? is a bounded domain and let u be a weak solution

of
—Qu = f(x) inQ
{ u = 0 on 0, (5-2)
where f € LY(Q). Then for every ¢ € (0,4r) we have
(4k — 0) 4k
/Qexp {—||f||L1 |u(x)@ dr < 10, (5.3)

where || denotes the volume of €.

Proof. Consider the unique solution v of the symmetrized Dirichlet problem (1.38).
It follows from Theorem 1.16 that

uw* < wvin Q.

It is clear that v(z) = v(F°(z)) is symmetric with respect to F, and satisfies the
following ODE:

() = ()
v(R) =0, v'(0) =0,
where r = F°(z), R > 0 is the constant such that |Q2] = kR?. Therefore

1 /[ 1 1
—'(r) == | tf*(kt*)dt < —| f* ==
v'(r) T/o fr(kt7)dt < 2m,||f 2100 2m|’f||L1(Q)>

where we used that "
[ (x)de = / 2kt f* (Kt?)dt,
0* 0

which follows from the coarea formula with respect to F°. It then follows that

L

! 1o, R
o) == [ o< [ o et =15 log

, .
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Hence we have

/Qe"p [%(ZH_fﬁi'lu(x)'] = / P l%@n}ﬁyﬂ o

oo i)

f R 2 2
< / 2KT exXp [(2—e)log?} dr:_HR2:_|Q|.
0 €

IN

€
Let § = 2ke, we obtain (5.3). O
Corollary 5.4. Let u be a solution of (5.2) with f € L'(Q). Then for every constant
k >0, we have exp(klu|) € L'(Q).

Proof. for any € > 0, we split f as f = fi + fo with || fi][z1@) < € and f, € L>(Q).

Let u; be the solution of

—Qu; = f(x) inQ
u, = 0 on 0f,

We know from Theorem 5.3 that [, exp [”}fﬁl 1} < 00 and thus [, exp [k|ui]] < oo
L

with £ < 1/e. On the other hand, by the mean value Theorem,
fo=—=(Qu—Qu1) = =Q(u—w),

where
Q(u —uy) _ 0 (Lpe (tVu+ (1 —t)Vu )i(u—u)
! aﬂfl 2 §i&j ! 8xj ! '
Since Hess(F?) is positive definite, @ is also an elliptic operator. From elliptic
theory we have ||u — uy||p~ < C||f2||=<. The conclusion easily follows. O

Corollary 5.5. Let u be a weak solution of

{—Qu = V(z)e" inQ

u = 0 on 052,
with V € LP(Q) and e* € LP'(Q) for some 1 < p < 0o, p' = -£5. Then u € L*=(12).
Proof. The conclusion follows from Corollary 5.4 and the standard elliptic theory
for quasilinear equations. O

We introduce the following number
(F(X)Fe(X) - FY)F(Y), X = Y)
F2(X -Y) ’
dy = inf{dxvy X, Y eR" X 7é 0,V 7é 0, X 7& Y}
It is clear that dxy = 1 if FI(§) = |{|. In general one can show that dy is bounded
from below and above.

dxy =
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Lemma 5.6. min{%, 1} < dy < 1, where X is the smallest eigenvalue of Hess(F?).

Proof. In the case X = tY for some ¢ # 1, it’s easy to see that dxy = 1. In other
case, the line between X and Y does not pass through 0, hence for some ¢ € [0, 1],

b B X (X, V)X - YD) AX YA
o F2(X —Y) ZRIX YR B

]

We now prove a similar Brezis-Merle inequality which associates the difference
of two functions.

Theorem 5.7. Let u and v be the weak solutions of

—Qu = f(x) >0 1in (5.4)
and 0 N
—Qu = 0 n
{ v = u ondf, (5.5)
respectively. Then for every § € (0,4K) we have
/exp {Mw — v|} dr < 4—%|Q| (5.6)
Q [malpR 0

Proof. We follows the level set method in [ReWe95], but in an anisotropic version.
Set O = {x € Q: |u—v| >t} and p(t) = ||. Making the difference of (5.4) and
(5.5), we have

_Qu—v Zf) (a”f) —v))—f>0,

where

= S P2 (sVula) + (1~ 5)Vo(a)).

for some s € [0,1]. Since this equation is uniformly elliptic, we may apply Hopf’s
boundary lemma (See [GT98], Th.9.6) to conclude

0
v
It follows from (5.4) and (5.5) again that

. flx)dx = /Qt —(Qu — Qu)dx

—(u—v) <0, Vu—Vuv#0on 0.

= / <F(VU)F§(Vu)—F(VU)Fg(VU)a
o0

/ F?*(Vu — Vo)
do _
o

Vu - Vo
|Vu — Vo

v

|Vu — V|
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Here we have used Lemma 5.6. By the isoperimetric inequality (1.29), the co-area
formula (1.28) and the Holder inequality, we have

N

22 p(t)? < Pp(y)

= —% . F(Vu — Vv)dx

/ F(Vu— Vv)
o0, |VU — VU|

: (/mt %) (/m ﬁ)%

The above two estimates give

=

o Ardop(t)
1% (t) > thf<£L‘)d£L‘

and hence

Cdt e
dpu —  drdop

Integrating the last inequality over (p, |Q2]), we deduce

Il fllzr €2
t < =7 —

1—e
exp (45(1 — e)dot(u)) < (@) ‘
[alpAYesS 1
Using the co-area formula again, we have by integrating above inequality that
4k(1 — e 4r(1 —
/exp {MW _ U@ dr — / exp (M) (= p(t))dt
0 [palpa 0 [ralFa

_ m|ex (4%(1—6)d0t(/¢))d
o P\ e :

]
€

Letting § = 4ke, we get (5.6). O

We now consider a sequence (u,,) of weak solutions of (5.7).
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Corollary 5.8. Let (u,) be a sequence of weak solutions of (5.7) with u, = 0 on
o with
Valle < Cy for some 1 < p < oo,

4
/ Vale™ < ep < —.
Q p

[tn]| e < C

Then

where C' only depends on C1,|2| and €.

Proof. Fix 6 > 0 such that 4k — § > €y(p’ + 0). By Theorem 5.3 we have

[ ol + o) < €

Q

Therefore e*» is bounded in L¥*%(Q) and V,,e%" is bounded in L?(Q2) for some ¢ > 1.
The conclusion now follows the standard elliptic theory for quasilinear equations. [J

Next we give a variant of Corollary 5.8 without a boundary condition.

Corollary 5.9. Let (u,) be a sequence of weak solutions of (5.7) with
V>0, |Vallze < Cy for some 1 < p < o0,

[ty |2 < Co,
4kd

/Vneu" <e¢g < HIO.
Q p

Then w! is bounded in L{S.(S2).

loc

Proof. Consider the weak solution v,, of

{—Qvn = 0 in By

v, = u, onJdBpg,
By the weak comparison principle for anisotropic operator (see [Da98]), we have
v, < U, in Bpg.

Hence
ol 28Ry < Nlut 2 < Co.

Serrin’s local a priori estimates(See [GT98]) implies that

||U;|L—HL°°(BR/2) S C.
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On the other hand, by our smallness assumption, we obtain from Theorem 5.7 and
vt > v, that
n -— n

4k — 4k — 4
/ exp {M(un - v:{)} dr < / exp [M(un —v,) | dx < ;\BRL
BR BR

€0 [Vaetn |z

Combining this with the boundedness of v;} in L>®(Bg/s), we obtain

/ exp [Mun} de < C.
Bry2 €0

Choosing § such that 4~ 05)d° > p’ +6, we deduce that e is bounded in LP*°(Bg/s)
and V,e* is bounded in L(Bp/s) for some ¢ > 1. By Serrin’s local a priori estimates
again, we have

”u:L_HL“’(BR/AL) < OHUZHLQ(BR/z) <C

]

Now we are ready to prove the following Brezis-Merle type compactness-concentration
result.

Theorem 5.10. Let Q be a bounded domain in R? and (u,) be a sequence of weak
solutions of
—Quy, = Vy(x)e™ in Q, (5.7)

with
V>0, ||[Vallee < Cy for some 1 < p < o0,

el < s
Define the blow-up set as follows:
S ={x € Q:3x, € Q such that z,, — x and u,(z,) — +00}.
Then, one of the following possibilities happens (after taking subsequences):
(i) uy is bounded in L72.(92);
(i) u, — —oo uniformly on any compact subsets of Q;

(i) S = {p1,-+- ,pm} is a finite, nonempty set, and u, — —oo uniformly on
any compact subset of Q\ S. In addition, V,e' — X 0,6, in the sense of
measures on 2 with a; > ‘;—’7 for any i.
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Proof of Theorem 5.10. Since V,e*r is bounded in L'(£2), we may assume that there
exists a nonnegative bounded measure p such that for a subsequence (still denote

by Vne'),
/Vne“”w%/wdu
Q Q

for every ¢ € C.(92). As in [BM91], [JoWa0l], we say that a point z € Q is a
~v-regular point if for some v > 0, there exists a function ¢ € C.(2), 0 < ¢ < 1,
with ¢ = 1 in a neighborhood of x such that

/ﬂwdy <.

Y(y) ={z € Q: x is not a 7 — regular point}.

We define

It is easy to see that if 71 < 79, then (1) D X(7y2). We also have that

z € X(7) & u({z}) =7

Since p is a bounded measure, it follows that (=) is finite for any positive .
We split our proof by four steps.

Step 1. If 7 is a i—’f—regular point, i.e. xg € Q\ X(4k/p'), then there exists some

Ry > 0 such that u; is bounded in L*°(Bg,(z9)). In fact, by Lemma 5.6, dy < 1,
there are only two cases:

(1) zo € Q\ X(4rdy/p');
(i) zo € X(4rdo/p") \ X(4K/D).

For the first case, the conclusion follows immediately from Corollary 5.9. We
now focus on the second case.

Since X(4rkdy/p') is finite, we can choose some R > 0 small enough such that x
is the only point of ¥(4kdy/p’) in Br(xg). Hence any points on dBg(zg) belong to
0\ X(4rdy/p’). From the conclusion for case (i) and the compactness of 0Bg(zy),
we see that u, is bounded in L*(90Bg(z0)), say by Co.

Let w,, be the weak solution of

—Qu, = V' >0 in Br(xg)
w, = Cy>u, on dBg(xg),

The comparison principle implies that

Wy, > Uy, a.e. in Br(xg). (5.8)
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On the other hand, it follows from Theorem 5.3 that for any 6 € (0, 4k)

4k R?
5

4Kk — 4
/ exp [ Ur=0) - Co|] dr < | By(ao)| = (5.9)
Br(zo) 0

IVae | 21 (B (o))
Since zg ¢ X(4k/p’) and R can be as small as we need, by the definition of ~-regular
point, there exists Ry > R such that for n big enough and some small §y, > 0,

/ V,etndx < Ar _/ 50.
Br, (z0) p
We now choose § < §p small such that for some ¢y > 0
4k — O

IVae™ |2 B
Therefore by (5.8) and (5.9), we know that u; is bounded in LP*<(Bg(z¢)) and

Vpe' is bounded in L(Bg(xg)) for some ¢ > 1. By Serrin’s local a priori estimates
again, we have for Ry = R/2,

p,+€0<

[ty || o (Bry) < Cllug L2y < C.

Here ||u}||12(py) is bounded from above since e is bounded in L¥' (£2). We complete
Step 1.

Step 2. S = X(v) provided v < i—’f. The proof follows from the same argument in
[BM91] since we established the crucial claim in Step 1. It is interesting to see that
¥(y) is independent of 7y if v < i‘)—’f and hence the set X(4rdy/p’) \ X(4k/p’) is in fact
empty.

Step 3. S = ) implies (i) or (ii) holds. S = () means that w, is bounded in L7.(9).
Thus, e*r is bounded in L (), which implies that p € L'(Q) (L} (). Let v, be
the weak solution of

—Qu, = Vpe'» in
{ v, = 0 on 0f), (5.10)
Clearly, v,, — v uniformly on every compact subset of {2, where v is the weak solution

of
—Quv = p inQ
v = 0 on0f,

Let z, = u,, — v,. Then —@zn = 01in Q and z, is also bounded in L{2 (€2). Here

~ loc

Qzy is defined as in Corollary 5.4 by mean value Theorem. Applying the Harnack
inequality for the uniformly elliptic operator @), we have (i) or (ii) as in [BM91].
Step 4. S # () implies (iii) holds. As in step 3, we know that either
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e u, is bounded on any compact subset of Q2 \ S, or
e u, — —oo on any compact subset of Q\ S.

In view of step 2, S # () implies that [ Bs(a) Vyetrdr > ‘;—’f for any x € S and any small
d > 0. Now we can follow the argument in [BM91] to exclude the first possibility.
The only difference is that we use the Green function of @ in Wg(xy) instead of that

of the ordinary Laplacian in a ball, namely, the function G(z) = 3 log %.

Combining step 3 and step 4, we complete the proof of Theorem 5.10. n

Under an extra boundary condition, we can determine ;.

Theorem 5.11. Let Q be a bounded domain in R?* and (u,) be a sequence of weak
solutions of (5.7) with
/e“" < C.
Q

(V) is a sequence of Lipschitz continuous functions satisfying
V, >0, V,—V uniformly in C°(Q), |VV,|l =@ < C, (5.11)
In addition, we assume that

max u,, — minu, < C. (5.12)
0% 0%

Then if blow-up happens only at one point ((iii) in Theorem 5.10), the blow-up value
o = 8K.

Proof of Theorem 5.11: Without loss of generality, we assume that u,, blow up at 0.
Let v, be the weak solution of (5.10) and w,, = u,, — mingg u,, — v,. It’s easy to see

{ —Quw, = 0, in 0,

W, = U, —Mmingg U,, on JS1.
From (5.12) and standard theory for quasilinear uniform elliptic equations, we have
ey < lwnllzeon) < C and || Vawn |y < C. (5.13)

Choosing subsequence if necessary, we may assume w,, — w uniformly in C°(Q) " CL.(Q).
Set W,, = V,, exp{w,, + mingq u,, }. Now we have

—Qu,, = V' = W,e". (5.14)

We claim that
||V10g WnHL"O(BrO) < C
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for some small rq > 0. In fact, since Vlog W, = VlogV,, + Vw,, in view of (5.11)
and (5.13), it suffices to prove that V, have a uniformly positive lower bound near
the origin. Let z, — 0,u,(z,) = maxgu, — oo. Set §,, = exp{—u,(x,)/2} and
Un(x) = up(0pz + x,) + 2logd,. It’s easy to see that u,, — @ locally in C*(R?),
where u is a solution of

([ —Qu = V(0)e?, inR?

\ JR2

If V(0) = 0, then u must be a constant by Liouville type Theorem, which contradicts
fRQ e¥ < oo. Thus we have V(0) > 0, which implies the positive lower bound for V,,
near the origin. We have proved the claim.

From (iii) of Theorem 5.10 we know that

IS
IN
o

in R?,

A
2

[ ~Quo = [ Views > asto)
Q Q
for any ¢ € C§°(Q).

Forany 1 < g < 2, let p = q%l > 2. From (1.1) and Proposition 1.2, (iii), we
deduce

Vol < supf [ V0,9 [l = 1)
Q
< O | P(V0)F(T0)99 o]0 = 1)

By the Sobolev embedding, ||¢||z~) < C. Hence

| FVa 0V = [ ~Quo < Vaelulol < C.
Q Q

Therefore ||Vu,||z« < C for any 1 < ¢ < 2.
By Theorem 3.4, we have a unique Green function of

—QG(-,0) = ady inQ
G(-,0) = 0 on09Q,

and G has a decomposition

Glz) = —%bg FO(z) + g(2), (5.15)



where g(x) € C°(Q) with
igrg)g(:c) exists, 91612(1) |z|Vg(z) = 0. (5.16)

It follows that v, — G weakly in Wh(Q).

On the other hand, since [5 Ve — 0 for any Qccn \ {0}, from Corollary
5.9, we get [lvg | @ < C. It follows that [[v;[|c1s@ < C for some 0 < 8 < 1.

Therefore v, — G strongly in C*#(Q).
Multiplying (5.14) by (z, Vv, ) and integrating by parts, we obtain the Pohozaev
identity:

1
/ (Vo) (F(Ven), v}, Vo) + 5 F (Vo) (,0)
OWe
= [ W) — / MWt 4 (2, Vlog W\ Wae™,  (5.17)
OWe €

VFO
[VEO]

Letting n — oo, the left hand side of (5.17) converges to

where v = is the unit outward normal.

. /a | —F(VO)(F(V0).){r.VG) + %FQ(VG)(:U, W (5.18)

We calculate (5.18). Using (5.15), (5.16) and Lemma 4.11, we have that on OW.,,

a VF° 1 leY 1
_% 0 + O(ﬁ)) =5+ O(_)7

2K€ €

F(VG) = F(

(F(ve)0) = (R(V6). T

7z
= (R(ve), (-2 o))
2 (Fomt - )
=~ (4 o1)
@96) = (r— Vo =~ s ol
= 5 F{F@),0(0) = —5- + (D)



(a,0) = (o oy =
z,v) = (x = :
’ TIVFY |V FO
Substituting these into (5.18), we have

Lt () e

1 &Jro(l) e

2 \ 2ke € |V FO
_ O‘_2+0() 1/ 1
B 8r? € Jow. [VF?|

2

«
- 2 4o

4/€+0( )7

where 0(1) — 0 as e — 0.

On the other hand, letting n — oo and then ¢ — 0, we easily obtain from
Vpe'r — ady and the boundedness of V log W, that the RHS of (5.17) converges to
—2a. We conclude that o = 8k. ]

5.3 Compactness for vanishing boundary value prob-
lem

Consider a sequence of solutions to

Vet )
—Qu, = Mi————— in{
¢ Jo Vaetndz (5.19)
u, = 0 in 0},

We will prove the following compactness result.

Theorem 5.12. Let Q be a bounded domain in R? and (u,) be a sequence of solutions
to (5.19) with

lim minV,, >0, lim (mgX Vi + ||VVn||L°<>(Q)) < 0.
n—oo

n—o0

Suppose, in addition, that

0< N\, <C, Mmax uy, — 400.

Then there ezists a finite set S = {p1, -+ ,pm} C Q such that

un(z) = Y 8kG(x,p;) in CYF(Q\ 9),

=1
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in the sense of measures in Q, for some 0 < 3 < 1. Here G(z,p;) and dp, are
the Green function of Q) and the Dirac function with singularity p; respectively. In
particular, We have for some m € N,

Ap — 8km.
In this section we will frequently use the following notations
max y, = U (),

5\‘; _ )\nVn €, = /)‘\;71/26_“71(%”)/27

fQ V,etndx’
Q,=(Q—x,)/€n, Uy =uy(€,x+x,)+ log}; + 2loge,.
First we need some useful lemmas.

As in Section 5.2, for the solution w,, to the problem (5.19), we define the blow-up
set and ~-regular point. The blow-up set is defined as

S ={z e Q: 3z, € Qsuch that z,, — z and u,(z,) — +oo}.

Since Ape" is bounded in LY(Q), we may assume that there exists a nonnegative
bounded measure o such that for a subsequence (still denoted A, e""),

/Q ey — /Q Wdo

for every ¢ € C3°(R?). We say that a point x € Q is a y-reqular point if for some
v > 0, there exists a function ¢ € C§°(R?), 0 < ¢ < 1, with ¢ = 1 in a neighborhood

of z such that
/ vdo < 7.
Q

S(y) = {z € Q: 2 is not a y-regular point}.

We define

Since o is a bounded measure, it follows that i(fy) is finite for any positive ~.

Lemma 5.13. There exists 9 > 0 such that if xo is a yo-reqular point then uy,
is bounded in L*(Bgr,(zo) () for some Ry > 0. Moreover, S = 3(v) provided
v < 9. In particular, u, is bounded in CL_(Q\ S).
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Proof. Let Q C R? be a smooth bounded open domain which contains © and

(o) up(z) for z €
= 0 for z € 0\ Q.

Consider w,, to be the solution to

—Quw, = X;e’?’l in Q
w, = 0 in 0€).

By the weak maximum principle and the comparison principle, we get u, < w, in €.
On the other hand, since \,e%" is bounded in L'(§2), arguing as in Theorem 5.11, we

know Vw,, is bounded in L9(f2) for 1 < g < 2. By the Sobolev embedding theorem,

w, is bounded in L?(Q). Let v, be the solution to
—Q'Un = 0 in BQR(.T()) C ﬁ
Uy, = w, in dByg(zo).
Using the comparison principle again, we have v, < w, in Byg(xg). Consequently,

[Vnl Lo (Br(zo)) < 10nllz2(Ban(@o)) < lWallL2(Bor(e)) < C-

From Theorem 5.7, we have for any ¢ € (0, 4x),

4k — 6)d
/ exp (R—Az(jjwn —v,|| dx < C.
A T

If o is a yp-regular point, from the definition of w,,, we easily see that
/ :\\n/e“A" < 7 + € < 4rdy
Br(zo)

for small R and 7,. It follows that e“», and hence e™ is bounded in L?(Bg(z)) for
some p > 1. Consequently, w,, hence u,, is bounded in L>(Bg/2(zo) N Q). Arguing
as in Section 4, we know S = %(v) provided v < ~o. From the standard elliptic
theory, u, is bounded in CL_(€2\ S). O

From Lemma 5.13, S is finite. Set S = {p1,--+ ,Pm}. We focus on the blow-up
point z on the boundary, i.e. z € S[)0S.

Lemma 5.14. If o € S0, then

lim lim e dx > 8k.

r—0n—oo BT(:CO) mQ
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Proof. From the definition of u, and (5.19), u,, satisfies
—Qu, = € inQ,
un(0) = 0,

U, < 0 in €2,,.

For the convergence of €2,,, we consider two cases.

Case (i). M — o0 and Q,, — R% By standard regularity arguments,

n

u, — u in C}.(R?), where u satisfies

( —Qu = e inR?
0) = o,
7 < 0 inR2 (5.20)

A\

.

/ edx
\ JR2

Case (ii). 229 5 hounded and Q, — R2 (fo) := {(z!,22) € R? : 2 > t,}.
€n +

In this case one can show that u, — v in C} (R2 (¢)), where ¥ satisfies

loc

;

—Qv = €° in R (¢o)
v(0) = 0,
U = —oo on IR (t)
/ eldr < oo.
\ Ri(to)
It follows immediately from the following Proposition 5.15 that
/ edr > 8k  and / e’dr > 8k.
R2 R2 (t0)
Consequently,
lim lim )\Nne“” dr > lim lim X;e“" dx
r—0 n—oo Br(fbo)ﬂﬁ R—00 n—o0 Bhe, (In)ﬂﬁ
= lim lim e dx
R—00 n—00 Br(0) N
Jpo €¥da (case(i))
= Udr  (case(ii))
fRi(to) ear
> 8k.
O



Proposition 5.15. (i). If u is a weak solution of (5.20), then

/ e"dx > 8k. (5.22)
RQ

Moreover, equality holds if and only if u is radial symmetric with respect to F, i.e.,

u(x) = u(F°(z)).
(i1). If v is a weak solution of (5.21), then

/ e’dx > 8k. (5.23)
RZ (to)

Proof. The proof follows closely the argument of Ding (see [CL91a]). For ¢t € R, let
Oy = {z € Qu(x) >t} and u(t) = |]. By the divergence Theorem,

Oude — " AR B A D)
/Qt Qud /th(V )<F5(V ) |VU’> /aQt V| (5-24)

Using the isoperimetric inequality (1.29), the co-area formula (1.28), the Holder
inequality, (5.20) and (5.24), we obtain

1

2&5;1(15)% < Pp()) = / F(Vu)

o0, |Vl
F2(Vu)\ 2 1 3 .

< — ] = " —p'(1))2.
/ et = / eu(t)dt < / et —H (®) / e“dxdt
RQ —00 —00 4’% Qt

It follow that
maxu 1 d 1
_ / ——(/ et d)2dt = —(/ eh)?,
— 0o 8K/ dt O 8/{/ R2

which implies (5.22).

If equality in (5.22) holds, we must have equality in isoperimetric inequality,
which means 2; must be a Wulff ball. In other words, u is radial symmetric with
respect to F. Conversely, if u is radial symmetric with respect to F', we can imme-
diately solve an ODE to get

=

u(zr) = —2log(1 + éFO(x)Z), (5.25)

up to translation and scaling, which gives equality in (5.22).
For the second statement, the argument above also works since the boundary

condition v = —oco implies all level sets of v are closed domain in R? ().
O]
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We would like to propose
Conjecture 5.16. Any solution (5.25) to
—Qu = e* inR?
/ eldr < oo (5:26)
RQ

has the following form
1
u(z) = —2log(1+ SF(x)),
up to translation and scaling.

It’s not difficult to verify that u(z) = —2log(1 + £ F°(x)?) solves (5.26). In the
isotropic case, i.e., F'(§) = |¢], this conjecture is true. This is the result of Chen-Li
in [CL91a]. However, the proof in [CL91a], and also other proofs we know, does not
work for the anisotropic case.

Now we use Lemma 5.13 and Lemma 5.14 to exclude the boundary blow-up.

Lemma 5.17. There exists a neighborhood N of 0§ such that w, is bounded in
L>¥(N), i.e. S0 =0.

Proof. We argue by contradiction. Let p; € S () 092. We may assume that p; is the
only point of S in Q) B,,(p1). We separate into two cases.

Case 1. fQ V,e'rdxr — oo. Hence 5\\; — 0. We claim first that
Up — nyl pl n CZOC(Q\S>

where ~; = lim, o lim, o [ Be(on) >\ e'rdx, G(-,p;) is the unique Green function
with singularity at p; if p; hes in the interior of € and 0 if p; lies on 0€2. In fact,
since u, is bounded in C} (Q2\ S) and A, — 0, we have that I5 Anetn — 0 for any

loc

Qcc Q\ S. In view of the definition of v;, we see that do = Yoy Yidp, and

/Q K™ = 3 ()

for any ¢ € Cg°(R?). As ||)\Nne“”||L1 < C, we know that ||Vu,| s < C for any
1 < q < 2. It follows that u,, — G weakly in W(Q). Testing equation (5.19) with
¥ € C§°(Q2), we obtain

/Q_Qunwdx = /QS\;e“”wd:U — ; Vit (pi)-
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Therefore,

/ﬂ —QGUdr = S ().
=1

Note that ¢(p;) = 0 when p; € 9Q. Thus G = >, vG(-,p;), where G(-,p;) is
described as before. The C}. convergence, hence the claim, immediately follows.
Hereafter we will use a modified Pohozaev identity to get rid of some boundary
term, which was used in [RoWe08].
Let y, = p1 + pn,v(p1) with

Joen s FA(Vun) (@ —prv(z)de
) F2(Vuy,)(v(zo), v(x))dx

Pr,r

a faﬂﬂBr(}n

where 7 is small enough such that 3 < (v(z¢),v(z)) < 1 for z € Q) By, (p1). Here
v(z) is the unit outward normal. It follows that |p,,| < 2r and

/ F2(Vup) (@ — yo, v(2))dz = 0. (5.27)
09N Br(p1)

Multiplying (5.19) with (x — y,,, Vu,) and integrating by parts, we obtain the mod-
ified Pohozaev identity:

/ 25\\;(6“" —1)
QN Br(p1)

_ / F(Vun ) (Fe (V) v(@)) (& — yn, Vi)
(N Br(p1))

1 —
—5FA (V) (@ =y, v(@)) + Ml = D@ = ya,v(2)),  (5.28)
Since u,|g9q = 0, we have Vulgg = %LV"V if it does not vanish. Hence

F(Vua) (Fe(Ftt), () = g, Vi) = 5 FH (V) = g, ()
= PV = g v(a)

on 0 By, (p1). By (5.27) and the boundary condition u,|sq = 0, (5.28) reduces

to
/ 2\, (" — 1)
QN Br(p1)

_ / F(Vaun) (Fe (Vi) ())& — Yo Vi)
QN OBy (p1)

—%Fz(Vun)@c — Yn, V() + Ap(e™ — 1) (x — yp, v(2)). (5.29)
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Since u, = > i, %G(-,pi) in C}

loc(Q\§)7 G(-,p1) =0, G(-,p;) belongs to and hence
is bounded in C'(B,,(p1)) for any j = 2,--- ,m (for p; is the only point of S in

QN By, (p1)). let n — oo and then r — 0, the RHS of (5.29) converges to

lim O(r)dr = lim O(r*) = 0.

r—0 QnaB’r(pl) r—0

On the other hand, the LHS of (5.29) converges to 2v;, which is no less than 16«
by Lemma 5.14. A contradiction.

Case 2. fQ V,e'ndr < C. In this case, we have the three alternatives in Theorem
5.10.
We claim that S C 0€). Indeed, by the maximum principle, u, > 0 in .
Therefore, (ii), (iii) in Theorem 5.10 cannot happen, i.e., u,, is bounded in L52.(2).
By Lemma 5.13 and by passing to subsequence,

u, = uin CL(Q\ S),
where u € C1(€1\ S) satisfies

—Qu = et in Q
u = 0 on 9N\ S.

Here 5\; — ) because fQ V,e¥rdx is bounded below and then 5\; is bounded. It’s
easy to see that u can be extended to a C*(Q) function. Argue similarly as in Case
1, the RHS of (5.29) converges to 0, a contradiction to Lemma 5.14.

We complete the proof of Lemma 5.17. O]

Proof of Theorem 5.12. By the assumption on V;, and \,, we may assume A, —
A>0,V, =V with mingV > 0. Set w, = u, +log\,. Thus u, < u, + C. By
Lemma 5.17, we know that wu, is bounded in a neighborhood of 0€2. It follows that
U, is bounded above in a neighborhood of 9.

Since —Qu,, = €% and fQ e < C, from Theorem 5.10, three alternatives may
happen. We claim that maxgu, — oo. Otherwise, if @, < C, then |ju,| =@ <
C, which contradicts maxqu, — 00. Consequently, (i) and (ii) cannot happen in
Theorem 5.10. Therefore there exists a finite set S = {p1,- -+, pm} C Q2 such that

in the sense of measure in Q. Arguing as before, we easily see that

x) — ZaiG(x,pi) in CM2(Q\ 9).

i=1
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It remains to determine «;. Choose 7y small enough such that p; is the only point
of S'in B,,(p;) C Q for any i = 1,--- ,m. It follows that

max u, — min u, < C(rg).
0Brg (p:) 0Br (pi)

Now we can apply Theorem 5.11 in B,,(p;) to conclude that «; = 8«. This proves
Theorem 5.12. O
As a direct consequence, we obtain

Theorem 5.18. Let Q be a bounded domain in R? and (u,) be a sequence of solutions
to
Ve
—Qu = A\——— in
“ Jo Verdx (5.30)
u = 0 in 082,
with
mg%nV >0, HlS%LXV + [|VV || oo () < 0.

Then for any compact interval A C (8k(m — 1),8xm) and X € A, m € N, there
exists a constant C' > 0 such that

u(z) < C forz €.

5.4 An existence result

In this section, we prove the following existence result.

Theorem 5.19. Let 2 be a smooth bounded domain whose complement contains
at least one bounded region and V' be as in Theorem 5.18. Then (5.30) admits a
solution for all A € (8k,16k).

When A € (8k, 16k), we are in a supercritical case, in the sense that the functional
Jx(u) has no lower bound (See Corollary 5.2). Our method follows closely [DJLW99],
where they constructed saddle type critical points for the isotropic case. We only
give a sketch of this proof.

Proof of Theorem 5.19: The proof can be divided into several steps.

Step 1. First we define the center of mass of a function u € Wy*(Q) by

B Jo xe"

Bl er“ ‘

me(u)
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For simplicity, assume R? \ Q has a bounded component which is the unit disk
D ={(r,0)|0 <r < 1,0 € [0,2m)} centered at the origin. We then define a family
of functions h : D — W, ?(Q) satisfying

Ir(h(r,0)) - —cc asr — 1
and
me(h(r,8)) is a continuous curve enclosing D.
The existence of such a family is guaranteed by A > 8x. Denote the set of all such

families by D). We now define a minimax value

ay = inf sup Jy(u).
heDy u€h(D) ( )

Step 2. For any A € (8k,16k), ay > —oo. We need first an improved Moser-
Trudinger inequality introduced by Aubin.

Lemma 5.20. Let 0y > 0 and v € (0,3) be given numbers. Let Sy and Sy be two

subset of Q1 satisfying dist(Sy, S2) > 0y > 0. For any € > 0, there exists a constant
¢ = c(€,00,7%) > 0 such that
Jigr—c(u) > —c

holds for all u € Wy*(R2) satisfying

u
Js, ¢ > vy and Jsp©
fQ e o€

Proof. The lemma follows from the argument in [CL91b] and the Moser-Trudinger
inequality Jg.(u) > —c. O

u

2 Yo-

We return to the proof of Step 2. Suppose by contradiction that « has no lower
bound, then we have sequences h; € Dy and u; € h;(D) such that J(u;) — —o0 and
me(u;) = 0. On the other hand, in view of Lemma 5.20, there exists zy € €2 such
that

i

fBl/z(fCO) ne et
Joev

which leads to [m.(u;) — x| < 2. This contradicts me(u;) = 0.

— 1,

Step 3. It can be easily checked that %* is non-increasing in (8x, 16x). Define

A ={)\ € (8k, 16&)|% is differentiable at A}.
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We can follow the method in [DJLW99] to prove that «, is achieved by a critical
point uy of J, provided that \ € A.

Step 4. For any \ € (8k, 16x), we find a sequence Ay € A and u,, satisfying (5.30).
Since A is not multiple of 8x, we see from Theorem 5.18 that u,, converges to some
u, which is a solution of (5.30). This finishes the proof of Theorem 5.19. O
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Part 11

Anisotropic geometric problems
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Chapter 6

Minkowski (relative) geometry of
hypersurfaces

Convention for Part II: Throughout Part II, the Latin alphabet i, j, k, - - - denotes
indices from 1 to n and the Greek alphabet «, 3,7, - denotes indices from 1 to
n+ 1. We will always use the Einstein summation convention. We remark that the
notations in Part I and Part II are somehow different.

In relative or Minkowski geometry, we are always given a Minkowski norm.
Definition 6.1. A function F : R"™ — [0, +00) is called a Minkowski norm if

(i) F is a norm of R"™ i.e., F is a convexr, 1-homogeneous function satisfying
F(x) > 0 when x # 0;

(ii) F € C®(R"1\ {0});

(i1i) F satisfies a uniformly elliptic condition: Hess(%FQ) is positive definite in
RnJrl \ {O}

In Part I, we have defined the dual norm of F',

0 . <ZE,_£> n+1
F(é)—iigF(x), Ee R

we remark that F is also a Minkowski norm (see [Sh 01]). The following properties
is quite simple consequences of 1-homogeneous of F' and F°, as proved in Chapter
1. We list them here again.

Proposition 6.2.
(i) 25 (x)2™ = F(z), 3 ()€™ = FO(&);
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(i1) %(:{;)x“ =0, %(5)50‘ =0, forz,£#0, VB=1,--- n+1;
(1) F(DF°(&)) =1, F°DF(x)) =1, forz,&+#0;
(iv) FO(E)DF(DF(E)) =&, F(x)DFY(DF(x)) = =, for z,§ # 0.

_ (OF oF 0 _ (OF° oF°
H6T6DF—(W,,W) and DF _(8_517’W)

A smooth convex hypersurface in R"*! corresponding to F' is the Wulff shape
Wr = {r € R"|F°(x) = 1}.

Conversely, a smooth convex hypersurface M in R"™! determines uniquely a convex
function F such that the Wulff shape corresponding to such F'is M. Wulff shape
plays the fundamental role as a comparison body in the relative differential geometry.

For an oriented n-dimensional hypersurface M in R"*!, The function F defines
an anisotropic area functional

M| :—/ F(v)dH",
M

where 7 and H"™ denote the standard unit outer normal to M and the n-dimensional
Hausdorff measure respectively. We denote by dup = F(v)dH" and call it the
anisotropic measure.

The unit anisotropic outer normal is defined by

vp = DF(D).

It is easy to see from Proposition 6.2 (iii) that vp € Wg. We call vp : M — W the
anisotropic Gauss map.

From now on we will omit the subscript F' for simplicity, i.e., du = dup, v = vp
and W = Wp, etc..

Since Hess(%F %) is positive definite, we can consider R"*! as a Riemannian
manifold equipped with a metric

n+1 n+1 92(L(F0)2
c@En =Y G = > L2 g g
a,f=1 a,f=1

for z € R*"™, & n e T,R™ ! Tt is easy to see from Proposition 6.2 (i) and (ii) that
G(z)(z,r) =1, G(z)(x,&)=0forany z € WCR"™ e T,W. (6.2)
Similarly, for an oriented n-dimensional hypersurface M in R, we have

Gwv)(v,v)=1, Gw)(v,§)=0forze M, v=v(z), £e€T,M.
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We define
9(r) = Gv(2))|lr,m, €M

as a Riemannian metric on M C R™"!. This Riemannian metric will play a funda-
mental role in relative geometry of hypersurface. Note that in classical Euclidean
geometry the metric on a hypersurface is the restriction of the Euclidean metric.
This is the major difference between the relative geometry and Euclidean geometry.

Since Y is not quadratic, the third derivative of F'° does not vanish. We denote

n+1 n+1 83 1 FO 2
Q&) =D Quay(2)€ ¢ = %@)ﬁanﬁ&
a,B8y=1 a,B,7=1

for z,&,n, ¢ € R™. Tt follows again from Proposition 6.2 (i) and (ii) that

Q(z)(z,&,n) = 0. (6.3)

To study the relative geometry of hypersurface, it is indispensable to define the
anisotropic second fundamental form.
For X € M C R™!| choose local coordinate {y*}7*} in R"*! such that {8%}’“rl

a=1
are tangent to M and ay%l = v is the unit anisotropic outer normal of M. By
identification 0; = a%i = 0;X fori =1, . Let ¢;;(X) = ¢(v)(0;X, 0;X) be the
Riemannian metric on M. Denote by ¢ the inverse of g;;.
Given the standard volume form 2 (Lebesgue measure) in R"*!, the anisotropic
measure on M can be interpreted as

dp = Qv,01,- - ,0,)dy" - - - dy™. (6.4)

This follows from the fact that du = F°(0)Q(v, 0y, ,0,)dy'---dy™ and v =
F°(p)v + tangent part, due to Proposition 6.2 (i).
The anisotropic second fundamental form is defined by

hZJ(X) == —G(V)<I/, azan)

It is a symmetric 2-tensor on M.
With the Riemannian metric g and the anisotropic second fundamental form, we
can define the anisotropic principle curvatures and the Gauss-Kronecker curvature.

Definition 6.3. The eigenvalues of the anisotropic second fundamental form h;;
with respect to the metric g;; (i.e. the eigenvalues of the matriz ¢g'*h;;) are called
the anisotropic principle curvatures. The inverse of the anisotropic principle
curvatures are called the anisotropic principle radiz.
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Definition 6.4. The anisotropic mean curvature is H = g’ h;;. The anisotropic
Gauss-Kronecker curvature is K = det(¢’*h;;).

Remark 6.5. The definition of the anisotropic mean curvature or principle curva-
tures are different with that in Part I. The definition here interprets more geometric
meaning, while that in Part I is more analytic. However, they are essentially the
same, because (1) The anisotropic mean curvature can both defined from the first
variation of anisotropic area functional. The difference is which normal we choose
to deform the hypersurface. Here we choose the anisotropic normal, while for that
in Part I we choose the standard normal; (2) The anisotropic principle curvatures
of Wulff shape are both the identical matriz from the different definitions; (3) The
convexity of a hypersurface is independent of which definition we choose.

Proposition 6.6. A hypersurface M is convex (strongly convex resp.) if and
only if (hi;) >0 (> 0 resp.).

Proof. we just need to observe that

1 -
Riv — B
1] F(D) 179

where ﬁij is the standard second fundamental form Bij = (U, 0,0, X )gn+1.
Indeed, in view of v = DF(v), we have

hij = —GW)(v,0:0;X)=—DF°(DF(v))-0,0;X
v 1 -
= . 0.0:X = R
o) OOt T
Here we have used Proposition 6.2 (iii) and (iv). O

Similarly as in the classical theory of hypersurface, we have the following Gauss
and Weingarten formulas, Gauss and Codazzi equations.

Lemma 6.7.

0,0;X = —hyv+Vy,0; + AfjakX; (Gauss formula) (6.5)
O = ¢*hi;0LX; (Weingarten formula) (6.6)
Rijii = hikhji — hahjr + Vo, Ajki — Vo, Aji (6.7)

+ A% A — Af Apri; (Gauss equation)

hiji + héAlki = hij + hhAyi. (Codazzi equation) (6.8)
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Here V is the Levi-Civita connection of the Riemannian metric g, R is the Rie-
mannian curvature tensor of g, A is a 3-tensor

1
Aiji = ) (héijl + hé‘Qz’lk - hZQijl) ) (6.9)

where Qi = Q(v)(0;X, 0; X, 01 X).

Proof. Taking derivative of the equation G(v)(v,v) = 1, G(v)(v, 9;X) = 0 and using
(6.3) we have

G(v) (O, v) =0,

G(v)(Ov,0:.X) + G(v)(v,0,0;X) =0,

which implies the Weingarten formula (6.6).

To verify the Gauss formula (6.5), it is sufficient to give the explicit formula (6.9)
for A. Denote I‘fj the Christoffel symbol with respect to V. Taking derivative of
the equation g;; = G(v)(9,X, 0;X), we have

gy = GW)(0h0,:X,0;X) + G(v)(0:X, 0k0;X) + Q(v)(Opv, 0:X, 0;X)(6.10)
= (Dh+ Al)gi + (Pék + Aé‘k)gil + B Qiji.

Note that T}, = 3¢"(9;91 + 0;9i — 919i;)- Then (6.9) follows easily from (6.10).
Taking covariant derivative of the Weingarten formula (6.6) , we have

Vo, Vov = (hf it hiA?l)ﬁkX + anisotropic normal part .

Then the Codazzi equation (6.8) follows from the symmetry Vy Vv = V5, Vg v.

We are remained with the verification of the Gauss equation (6.7). We choose
the normal coordinate at some point py with respect to g, such that g;;(po) = d;;
and I‘fj (po) = 0. Taking derivative of the Gauss formula (6.5), we have at py,

818j8,-X = Val [—hijV + (FZ + Af])akX}
= [—hyh + (91(Ffj + Afj) + A?;Afm} OrX + anisotropic normal part .

0= 0,0,0,X — 0,00, X (6.11)
= [haht — hihf + OTE — O;T% + OAL — 0;A% + AT AF — AAY 1 0,X

+ anisotropic normal part .
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By definition of Riemannian curvature, at pq,

R = g)(Ve, Vi X —V5Vs.0,X,0,X)
— QT — AT,

Now it follows from (6.11) that
Riji = highji — hahg, + O Ak — O Ajii + AJL Amii — A% A
Since both sides are tensors, (6.7) holds at every point. We complete the proof. []

Remark 6.8. We see from (6.9) that the 3-tensor A is symmetric in the first two in-
dices, namely, A;jr, = Aji. However, it is not totally symmetric in general. Indeed,
it can be shown that A;ji + Aw; = —hﬁQljk.

We will compute in the following example the geometry quantities defined above
for the special case M = W. It shows that W plays the same role in relative
geometry as the standard sphere in classical Euclidean geometry.

Example 6.9. Consider the hypersurface M = W C R, the Wulff shape. In
this case, the position vector and the unit anisotropic outer normal coincide, i.e.,
X =v(X) for X € W. Hence 0;X = Ojv = hgan, which implies that h{ = 0;; and
in turn, hi; = gij. In this case Ay, = —%Qijk and it 1s totally symmetric for all the
indices. It is easy to see that

V@Qz‘jk = Vainﬂ. (6.12)

Hence the Gauss equation (6.7) can be easier written as

1 1
Rijii = 9igj — gugjk + ZQ;’}Clei - ZQ?}kai- (6.13)

The following lemma states that the difference between anisotropic volume form
and induced volume form by g has a natural relationship with the tensor A. It is a
simple but quite important observation in the relative geometry.

Lemma 6.10. Let dV, be the induced volume form of M equipped with g. Assume
that dp = @dVy. Then 4 4

1

Proof. In local coordinates,

Qv, X, -+ ,0,X)
det(g) '
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We compute that

O0;ilog Q(v, 01X, -+ ,0,X)
1
Qv, 01X, ,0,X) 4

= (I, + A}).

On the other hand, since ¢ is a Riemannian metric on M,

1 .
0;log \/det(g) = 59““ ik = T

Therefore, we have

O;log p = A{j.
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Chapter 7

Anisotropic Minkowski problem

7.1 Formulation of the anisotropic Minkowski prob-
lem

Let M be an n-dimensional closed, strongly convex hypersurface in R"*!. Since
the map S* - W : v — v = DF(v) defines a nondegenerate diffeomorphism
between S™ and W, we easily see that the anisotropic Gauss map v : M — W
is everywhere nondegenerate diffeomorphism. We can use it to reparametrize the
convex hypersurface, i.e.

X W—MCR"™, X(2)=X'(2), zeWw.

By virtue of Proposition 6.6, the anisotropic Gauss-Kronecker curvature of M is pos-
itive. With this parametrization, it can be viewed as a positive function K (v~1(z))
on the Wulff shape W.

The anisotropic Minkowski problem is the anisotropic version of Minkowski prob-
lem in classical geometry. Namely, it is a problem of prescribing the anisotropic
Gauss-Kronecker curvature on the anisotropic normals of a closed strongly convex
hypersurface. We state this problem as follows:

Anisotropic Minkowski problem: Given a positive function K on W, is there a
closed strongly convex hypersurface whose anisotropic Gauss-Kronecker curvature

is K as a function on its anisotropic normals?

A necessary condition to this problem is that K must satisfy

[e7 1 — —
/WG(Z)(Z,E )mdu—O, Va=1,--- ,n+1, (7.1)

where £ denote the standard a-th coordinate vector in R"*!. In fact, in view of

109



(6.4) and by using divergence theorem, we have

o 1
/W G ) s
= /M Gv)(v, EY)du(M) = / GW) (v, E*Qv, 0y, -+ ,0,)dy" - - - dy"

M

_ /Q(Ea,al,--- ,8n)dy1---dy":/ (5, BV s dvol (M)
M

M

= / div(E*)dH" ™ = 0.

M

Here M is the body enclosed by M, and dvol(M) = Q(©,0y,--- ,0,)dy" - - - dy™ is
the induced volume form of the Euclidean metric in R™*!,

In this chapter, we solve the anisotropic Minkowski problem. The main result is
the following

Theorem 7.1. Let F be a Minkowski norm in R"*L. Let K be a positive function
in CK(W) with k > 2 and satisfy the condition (7.1). Then there is a C* (V0 <
a < 1) closed strongly convex hypersurface M in R™ whose anisotropic Gauss-
Kronecker curvature is K as a function on its anisotropic normals. Moreover, M is
unique up to translations.

As in the classical Minkowski problem, we will reduce the solvability of the
anisotropic Minkowski problem to that of a fully nonlinear elliptic equation of a
suitable support function. First of all, let us introduce the anisotropic support
function.

The anisotropic support function of M is defined as

S(z) = sup G(2)(z,y) = G(2)(z, X (2)), for z e W.

yeM

We will compute the metric ¢ and the anisotropic second fundamental form h of
M in terms of the anisotropic support function S.

Let z € W. Choose an orthonormal basis {e;}i~; of T.W = T'x(,)M with respect
to the Riemannian metric g. Denote by V the covariant derivative with respect to
g on W. Taking the first covariant derivative of S, we have

Ve, 5(2) = G(2)(Ve,2,X(2)) + G(2)(2, Ve, X(2)) + Q(2)(Ve, 2, 2, X (2))
= G(2)(Vez, X(2)),

The last two terms vanish due to (6.2) and (6.3).
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Taking the second covariant derivative of S, by using Gauss formula (6.5) we
have (we compute at normal coordinate of g, namely, V.e; = 0)

Ve Ve, S(2) = eie;G(2)(2, X (2)) = ei(G(2)(e;2, X))
= G(2)(eiejz, X(2)) + G(2)(e;2, . X) + Qleiz, €2, X (2))

= —05G(2)(2,X(2)) = 5Q(eiz, €52, er2) G (2) (er, X (2))
—G(2)(z, (—hij(X)z)) + Qleiz, 2, x2) G (2) (ex, X (2))
= —(51]8(2) + hij (X(Z)) + %kavekS(z)

\—/l\le—‘

Here we also used the observation in Example 6.9.

For simplicity, we use the abbreviation S;, S;; to denote the covariant deriva-
tive of g. Thus it follows from previous computation that the anisotropic second
fundamental form of M has the formula

hiy(X(2)) = Siy(2) — %Qijksk@) +6,5(), VieW.
To compute the metric g of M, we use the Weingarten formula (6.6),
eiz = g (X)hyy(X) Ve, X,
from which we obtain
ij = g(2)(eiz, ej2) = hig™hj.
In turn, we have
9ij = hixhyjp,.
Therefore, the anisotropic principal radii of M are the eigenvalues of
gl = hiy = 5,(2) — 5QuSi(2) +6,5(2), Yz €W,

The Gauss-Kronecker curvature is
1
K(z) = , VzeWw.
) G0~ 10 ) 1 055G

In summary, we have proved the following proposition.

Proposition 7.2. Parametrizing a C? strongly convex hypersurface M by the in-
verse anisotropic Gauss map over YW, we have that the eigenvalue of S;; — %Qi]’kSk"—
S6;; is the anisotropic principle radii of M. In particular, the anisotropic Gauss-
Kronecker curvature of M Satisﬁes

1

det(S;; kaSk +50;;) = T on W. (7.2)
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Conversely, given S a C? function on W with (S;; — %Qiijk +9;;5) > 0, we
are able to find a strongly convex hypersurface such that its anisotropic support
function is S.

Proposition 7.3. Any function S € C*(W) with (S;; — %Qiijk +.50;;) > 0 is an
anisotropic support function of a C* strongly convex hypersurface M in R™*1,

Proof. We extend S to be a homogeneous function of degree one in R™*\ {0} by

setting S(z) = F°(x)S (FOL(Q:)) . Denote by V(gnt1 ) be the covariant derivative of

R"*! equipped with the metric G. Define
M = {V(Rnﬂg)S(l')’Q} e R \ {0}}

Let e,+1 = z be the position vector of W and {ej,--- ,e,} is a local orthonormal
frame field with respect to g on W such that {e,--- ,e,41} is a positive oriented
orthonormal frame field with respect to G in R"*!. Then it follows from the homo-
geneity of S that for y € M, there exists z € W, such that

Yy =19Y(2) = Vign1,6)5(2) = V¢, S(2)ei(2) + S(2)enti1(2). (7.3)

It is clear that

1
€i(€n+1> = €;, 6i(6j) = Veiej — §Qijkek — 5ij€n+1~ (74)

Using (7.4), we compute the derivative of y on W ( at normal coordinates, namely,
Ve, = 0)7

ej(y) = ejei(S)e +viej(e:) + ej(S)ent1 + Sejlensa) (7.5)
1
= Sije;+ Sz’(_éQijkek — 0ijent1) + Sjeni1 + Se;j

1
(Sij — §QU]€S]€ + (5135)61

Since (S;; — %Qiijk + 0;;5) > 0 by assumption, (7.5) implies that the tangent
space of M at y(z) is span{e;(2), - ,e,(2)}. Hence e,,1(z) = z is the anisotropic
normal at y(z). Now {ey, - -, e,, 2z} gives an orientation of M. Also the map
y(z) = V., S(2)e;(2) + S(2)ent1(2) is globally invertible and M is an embedded
hypersurface in R™*!,

In view of (7.3), S(z) = G(z)(z,y(z)). It follows from the previous computation
that the anisotropic principle curvatures at y(z) are the reciprocals of the eigenvalues
of (S;; _%Qi‘ijk_’_(sz‘jS) > 0. Therefore, M is strongly convex and S is its anisotropic
support function. O
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By virtue of Proposition 7.2 and 7.3, the solvability of the anisotropic Minkowski
problem is reduced to that of the equation (7.2) on the Wulff shape W under the
condition that K € C*(W), k > 2, K > 0 and satisfies the equation (7.1). Therefore,
to prove Theorem 7.1, it is equivalent to prove the solvability of the equation (7.2).

Definition 7.4. We call a solution S of (7.2) is an admissible solution if the n x n
matriz Si; — %Qiijk + S4;; is positive definite.

Theorem 7.5. Let F be a Minkowski norm in R". Let K be a positive function in
Ck(W) with k > 2 and satisfy the condition (7.1). Then we can find an admissible
solution S € CFL2(W)(V0 < a < 1) to the equation (7.2). If there exist two
admissible solutions S and S to (7.2), then there exist some constants c1, -+, Cpi1,

such that
n+1

an (z, E%).

We will use the method of continuity to find an admissible solution of (7.2). In
the next section, we prove the a priori estimates for the equation (7.2).

7.2 A priori estimates

In this section, we shall establish the a priori estimates for the admissible solution to
the equation (7.2). We will frequently use the symmetric function o, (u;;) = det(u;;).
In view of the Gauss formula (6.5), we have for 2 € W C R,

Zij = —20;5 — §Qijkzk.
Hence
(G By = 5Qui(C) (=, B — Gz, B,
which implies
Ls(G(2)(z, E*)) = 0. (7.6)

Hence for constants {a,}”11, the function L(2) = a,G(2)(z, E*), z € W C R*+1,
satisfies

1
Lij — §QijkLk: + Loj; =0
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Thus for a solution S of (7.2), S+ L is also a solution. Such an observation allows
us to restrict S to satisfy the following orthogonal condition

/ G(2)(z, E*)S(z)du=0 VYa=1,2,--- ,n+1. (7.7)
W

This orthogonal condition means that the origin lies in the interior of the convex
body enclosed by M.
Under the restriction (7.7), we are able to prove the following a priori estimates.

Theorem 7.6. For each integral k > 1 and o € (0,1), there exist a constant C,
depending on n, k, o, | K| ceony, infw K, || F || crsony, such that

1S]|ertraomy < C,
for all admissible solutions of (7.2) satisfying the condition (7.7).
We remark that the norm of S in this chapter are all with respect to the metric

g =G|y on W.

7.2.1 (" estimate

We first establish a uniform positive lower bound and upper bound for S. Since
(7.7) means that the origin lies in the interior of the convex body enclosed by M, in
order to obtain the bounds for S, it is sufficient to find the bound for the anisotropic
inner and outer radius of M relative to W.

The anisotropic inner radius of M relative to WV is defined as

r(M) :=sup{t > 0: tW +y C K for some y € R""'},
and the anisotropic outer radius of K relative to W is defined as
R(M) :=inf{t > 0: K C tW +y for some y € R"'}.

Lemma 7.7. Let M be a compact conver C? hypersurface in R"™ and K be its
anisotropic Gauss-Kronecker curvature function defined on WW. Then

1 1
5 <r(M)<R(M)< oM,

where

=t (f ) (8,
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n+1

n

(Z)(Z,y)}du>

=2 Y (/ _d’“‘> '(Jé“va e

and |W| is the standard n-dimensional volume of W. In particular, if S is an
admissible solution of (7.2) on W and satisfies (7.7), then

0<m1§5§m2.

Proof. Since the origin lies in the interior of M, we can find pg € M with Ry :=
F%(po) = maxyen F(p), set py = Ty € W. It is easy to see that M C RoWV.
Hence R(M) < Ry. The support function S at z € W satisfies

S(z) = sup G(2)(z,y) > max{0,G(z)(z,po)} = Romax{0,G(z)(z,po)}

yeM

Denote f = % By multiplying f and integrating over W, we have

ron < fo< ([ s ([ f(Z)maX{O,G(Z)(z,po)}du)_l (78)

In view of (6.4), we have a Minkowski formula,
[ 1@sEn = [ sweodon (7.9)
- /M G) 0, X)Q, 01, D)y dy”
_ /]V[Q(X’ A1, 0)dy" - dy” = (n+ 1)Vol(M).

The anisotropic isoperimetric inequality (see Busemann [Bu49]) tells that

- 1 1 ntl 1 1 T
M) < —— “n| M| = —— n . 1
Vol(in) < WM = i ([ ) T @0

Combining (7.8), (7.9) and (7.10), we obtain the upper bound of R(M),

ron < ik ([ e du) " (;ggv | smax(0.6) (- y)}du>_1.

Next we want to find the positive lower bound of r(M). Since M is enclosed in
a rescaled Wulff shape with radius R(M), we have

_ 1
(M) < —— ML 11
Vol( )_nHIWIR( ) (7.11)
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It follows from (7.8), (7.9) and (7.11) that

R(M)zwi(mf /W f(z)max{O,G(z)(z,y)}du)n, (7.12)

yeW

and then

n+1

n

_ 1 1
Vol(in) = W (jnt [ f) max(0.6G) ) - (713
Recalling an inequality by Ben Andrews [An01], Proposition 5.1, which is a
consequence of the Diskant inequalities,

Vol(M)  Vol(M)
M) T T R

Combining (7.13) and (7.14), we get the positive lower bound of r(M),
1 1 -
M) > n d
0z ([ pean)

~ (mf | smaxo. G<z><z,y>}du)

yeW

(7.14)

n+1
n

Now it is easy to derive the upper and positive lower bound of S in terms of
r(M) and R(M). In fact, it follows from Schwarz inequality that

S(z) = G(2)(z,X(2)) < FU(2)F*(X(2)) < 2R(M), VYzeW. (7.15)

On the other hand, for any z € W, let t(z) > 0 be the number such that t(z)z € M.
It follows from the difinition of r(M) that 2r(M) < sup,., t(z). Consequently,

S(z) =sup G(2)(z,y) > G(2)(z,t(2)z) =t(z) > 2r(M), VzeW.(7.16)

yeM

O

7.2.2 (! estimate

The next step is a priori C* estimate for S. Such estimate is not necessary in the
classical Minkowski problem, since there the C? estimate is more direct. However,
for the equation (7.2), the gradient term in the determinant causes problem, which
cannot be solved until we have the C! estimate first. Therefore, in the anisotropic
Minkowski problem, the C! estimate seems necessary.
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Lemma 7.8. Let S be an admissible solution of (7.2) on W. Let f = . Then there
exists a constant C, depending on n, my, mg, max f, max |Vf%|, | F°||caowy, such that

VS| < C. (7.17)

Proof. Suppose that |[V.S| > 1, otherwise, we are done. Denote u;; = S;; — %Qijk5k+
6;;9 and F = g%i"j(uij). We know that F% is an elliptic operator at an admissible
solution.

Let W = log |VS|? 4+ e®™m2=%) with o > 0 to be chosen later. Suppose that W
attains its maximum at point zy € WW. Choose an orthonormal basis at zy such that
u;; is diagonal. It is clear that F% is also diagonal at 2.

Then at zy, we have

|VS|2 ( —S) QSkS]% —-S
0=W,= L qetm2=9) g — — aetm2=9)g; 7.18
SAE ae SEE ae ( )
. . iy Q.. FUIVSI2IVS|?
0 Z JT"ZJWZ']‘ — Fi 2SlSlz] + 2Sszkj _ | |z| |] (719>

[VS]? [VS[
—ae® MmO FUG, 4 ot M=) FiiG,S,

Notice that

Using (7.18) and (7.20), we estimate the second term in the RHS of (7.19) as
follows,

]:ij|VS|2|VS|§ g 2S5 Sk
— : = —FligeMm2=9g, ! 7.21
Vs “ VS 72y
_ _9genlma$) F'S; Sy (ur; + %Qiklsl — 0ilS)
[VS[?
. S Fii g2
> —2aem2=) (nf + C1FS;) + 20em2=5) |§S|;
> —20e®M2=) (nf 4 S Fiig? 4 G Z]—’“)
- 4 7 Q - Y
where we dropped the term 2ae®(m2~5) SK;Z‘S; since it is positive, while used the
Holder inequality for the term F®S;.
Observe that
Stij = Siji + RmijiSm, (7.22)
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F9S4Sk; > 0. (7.23)
By employing (7.18), (7.20), (7.21), (7.22) and (7.23) in (7.19), we obtain that

0 > FIWy (7.24)

ij 1
QIJSl(uij + §Qijk5k - 5ijS)l . C3ea(m2—5) Z}'ﬂ

>
- [VS]?

. 1
—Oéea(mQ_S)fZ] (Uij + §kaSk — 6115)

1 .
+§a26a(m2_s)f“5i2 — 20em2=%) f
Vv g
— —’l “Q’ — 3nae™2=nf 4 (aS — Cy)e*m2=5) g F*

v

Loem-9 pige
2 (]

Note that by Newton-Maclaurin’s inequality, we have (see Guan [Gu04])

n—1

Y F'=C(n)en =C >0 (7.25)

Choose « large, such that am; — Cy > 1. It follows from (7.24) and (7.25) that

y V f| _
it (] 2 < 2| a(ma—S) 92
% FH1+5;) S| + 3ae f (7.26)

< 2max |V f] + 3nae®? max f.

On the other hand, by using Garding inequality (see Garding [Gab9]), we see
that

n—1

Y FiI1+S]) = n (H u> N (H(l + SE)) ' (7.27)

3=~

> nf'n (14 |VSP)n.

Putting (7.27) into (7.26), we conclude that

VS| < C(n,my, my, max f, max |V f7], | Flcaom))-
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7.2.3 (? estimate

The C? estimate for the classical Minkowski problem is somehow direct and fine
due to the structure of its equation. In particular, it involves the exact formula of
Gauss equation. In our problem the gradient term in the determinant also brings
troubles. We brings here some idea from Yau’s proof [Ya78| in Calabi conjecture
and Guan-Li’s proof [GL10] for more general complex Monge-Ampére equations to
our equation. It avoids the use of explicit formula for Gauss equation.

Lemma 7.9. Let S be an admissible solution of (7.2) on W . Let f = -. Then
there exists a constant C, depending onn,my, ma, || f|lcz, min f, || F°||csow), such that

V23| < C. (7.28)
Proof. Let F(u;;) = logo,(u;;) and u® be the inverse matrix of u;;. Then
Fi = fyil Fiokl = kit (7.29)

For an admissible solution S, 0 < 203(u;;) = (37, wii)?* — 27, ; |ug*. In view of
Lemma 7.7 and 7.8, to bound |V2S], it is sufficient to bound AS from above. Here
A denotes the Laplace operator with respect to g. We may assume that AS > C
for some C' > 0.

Let ® = log(a + AS) + €#m279) with a = supyy, | — Qi Sk + nS|, B > 0 to be
chosen later. Suppose that ¢ attains its maximum at point z; € W. Choose the
orthonormal basis at z, such that u,; is diagonal. Clearly Fi is also diagonal at z.
Then we have

@)
' a+ AS

BePm2=9) g, — ), (7.30)

Fij FUAS)  FUAS)
> Fiid,, = ~ d 31
0277 a+AS  (a+ AS)? (7:31)

—,Beﬁ(mQ_S)Jf‘iiSii + ﬁQGﬁ(mQ_S)‘/—:‘iiS,?.

We estimate the term F*(AS); and F*(AS)? by using (7.30) as follows.

FHAS)y = F*(Sigr + Riem * V>S + VRiem % V.5) (7.32)

, 1 _
Flui + 5 QS = S = Cs ) F(IV2S| +|VS))

v

v

_ 1 .. _
Af — F2 gy + éplQiil(AS)l — Cs Z}—%(‘VQS‘ +1V5))

v

Lo _. 1 =i Tii
uuu]]u?jk + ﬁeﬁ(mQ_S)./T"uiQiilSl(a + AS) — 07 ZJT"“AS — Cg(l + Z ‘/—_'u)'
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Here and in the following we use Riem to denote the Riemannian tensor of g and
the notation * to denote scalar contraction of two tensors by g.

IN

VAN

FHAS)? = F(Sier + Riem x VS)? (7.33)
FSh + CoF | Stk + Cro Yy F*

F'Sj, + CoF" ((a+ AS)[Si|Be?™) + |Riem  VS|) + Cro Y F*

< FUShy + Cu(BeP O S |AS + 3 F.
Since
1
Sikk = Wik + (§Qik151 — S0ik ) ks
we have
1 1
Siek — Uik = 2uikk(§Qilel — SOk )k + (§Qik151 — S6i)7 (7.34)

<

1 1
2Sikk(§Qilel — SOik)k — (§Qiklsl — S}

. 1 1
2 ((a+ AS)Be”™79 S, + Riem x V.S) (5@-“5[ — S0 )k — (5@-“51 — 56,3

Cia(1 4 Be’m=915,|) (AS)* + AS +1).
Now using (7.33) and (7.34), we obtain

Fi(AS)?

it Q2

< B(ma—S) Fii| @ i '
T A9 < arAgy T sl IS S 3 ) (7.35)
ﬁ”u?kk B(ma—S) [ii it
m—f‘CM(ﬁe 2 P|Sz|+zp)
Fiig,2 1 f _ 1 1 _ _
—(a n AZ]?)Q + 5014636’8("‘2_5).73“522 + 5014556ﬁ(m2_5) Z}"” +Cuy Z]:“-

In the last inequality, we used the Holder inequality.

We estimate the term F*u2, by Cauchy-Schwarz inequality,

Fii 2 dig, i 2
Flujy, < E u' (uju uijk) (7.36)
Z"j7k
- W, JJ, 2
< E :UJJE u''u Uijk
J 4,5,k

< (a+ AS) Z u T udy

1,5,k
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It follows from (7.32), (7.35) and (7.36) that

) AS).. it A 2 1 —.. 3 ..
F ( S)u . F ( S)Z > ﬁeﬁ(m27s)§-r“@iilsl — Cl5ﬁ§eﬁ(m2is)f”si2<7.37)

a+AS  (a+AS)?2 —
—C’lﬁﬁ%eﬁ(m_s) Zﬁ” — 017 Z./—?“

We also have

.. _ .. 1
_Beﬁ(mng)J—_'zJSij = —Beﬁ(mrs)]:"”(uii + 5@@‘[5[ — S) (738)

1 .. _ .
> —Beflma=8) 56/3(7112—5)5]:%@“[5[ + my BePm2=5) Z]:“’
where m; is the uniform positive bound of S in Lemma 7.7.
Therefore, by combining (7.31), (7.37) and (7.38), we get
0 > e mH(mB— Ot — Cis) Y F" (7.39)
P (52 — Cy587) S — Ci.
Choose f large enough in (7.39), we obtain
Y Fi<c, (7.40)

where €' depends on my, ma, |z, [Sles. |F%lcsom.
Recall the following elementary inequality (see Yau [Ya78]),

n—1
%i\”g (ZAZ-1> for \; >0,Vi=1,--- . n.

Since F¥% = u® = u;"', det(u;) = f we use the previous inequality by \; = uy
and (7.40) to get

Zuii < Oy Huzz < Cy
; i

which implies
AS<C

where C' depends on my, my, || fl|c2, [|S]|c1, || Flleson). Note that our computation is
only valid at the maximum point z; of ®. Nevertheless, we have

d < B(z) = log(a + AS(z)) + e’m2=50)) <

which yields the C? estimate for S at every point. O]
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Proof of Theorem 7.6: Once we have C? estimate, Theorem 7.6 follows from the
Evans-Krylov theorem and the standard elliptic theory. O]

7.3 Openness and proof of Theorem 7.1

By virtue of Theorem 7.6, we can assume that K € C*°(W). We will use the method
of continuity to prove Theorem 7.5. To be precise, let

1t
— =+ (11 YO<t<1,
o U Ysts

It is easy to see that K; > 0 and satisfies (7.1). Define

1 1
S ={t €]0,1]|det(S;; — §Qijk5k + 50;5) = 7 has an admissible solution on W}.

t

Clearly, 0 € S since W has anisotropic Gauss curvature 1 (see Example 6.9). We
will apply the implicit function theorem to (7.2) to prove the openness of the set S.

Proposition 7.10. The set S is open in [0, 1].

To prove the openness of §, we shall study the linearized operator of S +—
det(Sij — %Qiijk + SéU)

Denote u;; = S;j — %Qiijk + 56;j. Let Lg be the linearized operator of S
det(u;;), namely,

_9on

Ls(v) Ee
ij

1
(wig)(vij — 5 QigkVk + v0;j)

for any v € C*°(W). The following proposition shows that Lg is a self-adjoint
operator.

Lemma 7.11. For any S,v,w € C*(W), we have

/Wng(v)du:/WvLs(w)dp.

Proof. From the Gauss equation (6.13), we have

1
Sijk - Sikj - Rpijk’Sp = Sj5zk - Sk5z] + Z(Qijm@mkp - szQO]p)Sp(741>
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By using (6.12), namely Q;jx; = Qux,; and (7.41), we see that
Uijk — Uikj (7.42)
1 1 1
- Z(Qijm@mkp - Qikm@mjp)sp - §Qijmsmk + QszmSmj

1 1

1 1
—5QigmSmk + 5 QikmSimj
1 1

- _Qikmumj - _Qijmumk-
2 2

By definition,

1 n
_ — il“‘in . . .« .. . .
Jn<u2j) - TL‘ 5 5j1...jnu11]1 uznjn-
g, =1,
Jiydn=1

n

Oo 1 i
Fu ) = T 2 S e

i1, in—1=1,
J1,in—1=1

Here 6;13" denotes the Kronecker symbols, i.e., it equals to 1 (—1 reps.) if (i1 -+ -i,)
is an even (odd reps.) permutation of (j; - - - j,) and it equals to 0 in other cases.

Thus using the antisymmetry of the Kronecker symbols and (7.42), we obtain

" [ do,
j=1 v J
1 - i1 lp—11
= 2(n—_1), Z (n — 1)5]'1...]'”,13- (Wiyjng = Wirjj ) Wings * " * Wiy s
i1, ip—1=1,
j’;l?"'?j’lll*l:l

1 ipin 1i {1 1
- 2(n —2)! Z Oy (§Qz’1jmumj1 - QszljlmUmj> Wiggy ** " Wiy, 11

11, in—1=1,
j7j17"' 7jn—1:1

We assume u;; is diagonal at some point py, i.e., u;; = Nd;j. We will use the
notation P(1,---,n) to denote the permutation group of {1,--- ,n} and similarly,
P(1,--+ ,i,--+,n) the permutation group of {1,--- ,n} without index i.
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Then at the point py, (7.43) reduces to
" [ do,
ouy 7.44
Z <3uzj(uj>>j (7.44)
1 ~ i (] 1
a m Z 531] <§Qi1jj1)‘j1 - §Qi1jlj)\j) Z iy Ai

(2, yin—1)€
P(17 77::i17"' 7n)

1 i 1 1
— 2n—2)! Z <§Qi1ii1)\i1 - §Qi1i1i>\i> Z Aiy -+ A

J=i,j1=i1#i (42, yin— 1)6
P(1,- z 11
1 1
_'_—' Z <_1) _Qilili i Qzlul i1 Z i2 e )\in,;l
2(n—2)! &~ 2
J1=t,j=i1#i ln 1)
P(l i1, )

1 1 1
= (n . 2)' ( Z <§Q117«7«1 A7:1 Tt )\in71 - §Ql1zlz>\2)\12 et )\an) .
i9,,in—1)€

P(17 ’27{17'" ,TL)

On the other hand, at py, we have

do, 1
oy - X s
1] . (ilu""iP*1)€
P(1, iy )

Recall from Lemma 6.10 that du = ¢dV, and ¢; = %22:1 Qirkp. By combining
(7.44) and (7.45), we obtain at py,

do,, do, 1
(au,(“ij)) vip 5 ~—(ui;) (Uz‘%’ + §Qz‘jkzvk§0> (7.46)
) j ij

1 < 1
= m Z Z (§Qz’m‘1)\i1 Ny — §Qi1i1iAi)\i2 e >‘in1> vip
i=1 (i1, ,in—1)€

P(1,- g... n)

1) 1l Z | Z PVIREED VI <w(—% ; Qikkp) + ; %Qiikvk@> )
(41 zn 1) = =

P(17 )t 7"'7n)

It is easy to see that the second term in the right hand side of (7.46) can be viewed
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as

1 n n
(Uz’(—§ ; Qikkp) + ; %Qiikvk@) . (7.47)

A simple computation shows that

1
(n—1) Z Z §Qi1ii1>\z‘1 “ Aiy Ui (7.48)
- 7‘1) Z'n, 1 G
P(1, i, ,n)

- Z Z Z lQikk’)\il e N U,

=1 k#l 11, yin— 1)€

P(1,~~~,z,~~~,n)
(n—1 Z Z Qilfhi/\i)‘ig e i Vi (7.49)
p(ll ...’Z...ﬂn)

- Z Z Z Qiik>\z’1 c N Uk

=1 k#i (i1, Zn 1)
P(1,- m)

Substituting (7.47), (7.48) and (7.49) into (7.46), we see that

do,, do, 1
(au“(uiﬂ')) Vit 5 > (uis) <Uz‘90j + §Qijkvks0) =0. (7.50)
) j ij

Since at every point we can choose a local normal coordinate such that u,; is diagonal,
(7.50) holds for any points in W.
With the help of (7.50), we are easy to achieve the lemma. Indeed, integrating

125



by parts, we have

/W wLs(v)dp

do,,
= w@ (uij)(vij kavk + U(SZJ)%OdV
w OUij
do,,
= - > — () wv;dVy + 0 u”)éwwvgod\/
ij

doy, do, 1
- /W w { (%(uij))] Vi + D = (ui) (Ui%‘ + §Qz‘jkvk90) } dVy

do,
= - / 5 (g Jwivgdp + / 5 (i) dggwvdy,
w U

U5
which is symmetric in w and v. We finish the proof of Lemma 7.11. [

The following is an immediate consequence of Lemma 7.11. It also generalizes
the necessary condition (7.1) to any functions S € C?*(W), not just the anisotropic
support function for some convex hypersurface.

Corollary 7.12. Let S € C*(W). Let E* denote the standard a-th coordinate
vector of R"*1. For the position vector = € W C R™!, we have

/ G(2)(z, E) det(S;; kaSk + 56;;)dp=0,Yvao=1,--- ,n+ 1
w

Proof. Recall the equation (7.6),
Ls(G(2)(2 B%)) = 0.

Then it follows from Proposition 7.11 that

/ G(2)(z, E*) det(S;; Q”ksk+55”)d
w

1 /W Ls(G(2)(2, E*))Sdy = 0.

n

. /W G()(2) B Ls(S)dju =

]

We observe from (7.6) that the function space span{G(z)(z, E'),--- ,G(z)(z, E"1)}
lies in the kernel of Lg. Next we show that the kernel of Lg contains only the func-
tions in span{G(z)(z, E'), - ,G(2)(z, E")}.

Lemma 7.13. Let v € C*(W) be a function such that Ls(v) = 0. Then, v =

S a,G(2)(2, E*) for some constants ay,- -+, Gpy1.-
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Proof. We follow the idea of Cheng-Yau’s proof. Let e, 1 = z be the position vector
of Wand {ey,- - ,e,} is alocal orthonormal frame field with respect to g on W such
that {e1, - ,e,11} is a positive oriented orthonormal frame field with respect to G
in R"™. Let {w', - ,w"™'} be the dual 1-form of {ey, - ,e,11}, i.e., w*(ep) = dap.
Clearly we have

W =0, ei(ent1) = e,

1
ei(ej) = Ve — EQijkek — dij€nt1.

Consider the vector valued function Z = 3" | v;e; +veny1. Then v = G(2)(z, Z)
and on W ( we compute at normal coordinates, namely, V.e; = 0),

dZ = e;(Z)’ = [eje;i(v)e; +viej(e) + €;(v)enss +vejlenn)]w’  (7.51)

1 A
= |:Uij€i + Ui(—§Qijk6k — 5ij6n+1) + Vj€n41 + UGJ} w’
1 ,
= [("Uij - §Qijk?}k + 5ij0)6i] w’.
Let X =" | Sie; + Se,tq, then the same computation as (7.51) gives
1 )
dX = |:(SU — §QU]€S]€ + 51]S)€Z:| w’.

Consider the (n — 1)-form Q = X AZ AdZ ANdX A --- ANdX, where dX appears
(n —2) times. Since Lg(v) = 0, we see that

AX NZNAZNAX N--- NdX
{aan

)

1
(Um’)(UZ'j — éQijkvk + 5ijv):| (Z AN IARERIAN Gn) & ((,dl VANKIEIVAN w”) =0.
Hence we have
0:/ dQ:/ XNAZNAZNAX N --- NdX.
w w

The same argument as in [CY76], Page 507, leads to the conclusion that

1
Uij — §Qijkvk + (5@'1] =0 Vl,j = 1, s, M.

Thus Z is constant due to (7.51) and can be written as Z = a,E® for some constants
a,. Consequently,

v=G(2)(z,Z2) = a,G(2)(z, EY).
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Now we are ready to prove Proposition 7.10 and then Theorem 7.5 and 7.1.

Proof of Proposition 7.10: Without loss of generality, we assume that S satisfies
(7.7). By virtue of Proposition 7.6 we may further assume that K € C>®(W).
Let H™(WW) be the Sobolev space of YW with the Riemannian metric g. Choose
m sufficient large such that H™(W) Cc C*(W). Consider Lg as a bounded linear
map from H™2(W) to H™(W). Tt follows from Lemma 7.13 that Ker(Lg) =
span{G(z)(z, E'),--- ,G(2)(z, E")}. On the other hand, Lg is self-adjoint due to
Lemma 7.11. Hence by the standard Hilbert space theory, we have

Image(Lg) = Ker(L5)* = span{G(2)(z, E"),--- ,G(2)(z, ")) }*.

Consequently, for any f € H™(W) with [ G(2)(z, E*)f(z)du =0, Va=1,--- n+
1, we have f € Image(Lg), which means Lg : H™™(W) — H™(W) is surjective.
The standard implicit function theorem yields that the operator S — det(S;; —
%Qiijk + 50;5) is locally invertible near S, which implies the set S is open. O

Proof of Theorem 7.5: We see from Theorem 7.6 that S is closed. Since § is also open
and non-empty, we conclude that & = [0, 1]. In particular, (7.2) has an admissible
solution on W.
We now turn to the uniqueness part. Assume S and S are two solutions to (7.2).
Denote by U = (u;;) = (S;; QQZ]kSk—i—S(LJ) and U = (W) = ( i QQWS;C#—S%)
For any n x n symmetric matrices Wy, -+, W,,. Let o,(W1,--- ,W,) denote the
complete polarization of o, i.e.,

1 a"
oW W) = i g (oMW 4 A W)
Clearly,
do,, -
D —(ui;); = nop( U,---,U, U).
(n—1) times
It follows from Lemma 7.11 that
. 1 _
/ San(U)du:/ S —Lg(S)du (7.52)
w w N
1 . U .
_ / L ()5 = / Son(0,-+- T, U)dp.
w W
In the same way, we have
/ S (U)dps = / Son(U. - U, T)dp. (7.53)
w w
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Combining (7.52) and (7.53), we obtain

Q/WS (on(U) —on(U,--- U, U)) dp (7.54)

- /W[s(an(U,U,---,U)—an(U))—S(an(U,---,U,U)—an(ff)ﬂdw

Recall the Garding inequality for the polarizations of o, (see Garding [Gab9)),

~ ~ n—1

on(U, - U, T) > o (Now™ (U), (7.55)

with the equality holds if and only if U and U are proportional. In view of the
assumption that o, (U) = 0,,(U), we see from (7.55) that the left hand side of (7.54)
is non-positive, whence the right hand side is also non-positive. However, the right
hand side of (7.54) is anti-symmetric with respect to S and S, we conclude that
it vanishes. This implies the equality holds in (7.55), and in turn, U and U are
proportional. Since o, (U) = ¢,,(U), we obtain that U = U for every point in W. In

particular,
Ls(S = 8) = n(o,(U) = 0, (U,--- ,U,T)) = 0.

By Lemma 7.13, we conclude that S — S = caG(2)(z, E¥). The proof is completed.
]

Proof of Theorem 7.1: The existence part follows directly from Theorem 7.5 and
Proposition 7.2 and 7.3. Notice that for two hypersurfaces M and M with the same
anisotropic Gauss-Kronecker curvature,

U

G(2)(z M(2) = M(2)) = S(M(2)) — S(M(2)) = caG(2) (2, BY).

Therefore, M(z) — M(z) = coE®, which is a constant vector in R™™, namely, M
and M coincide up to a translation. O
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