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Abstract

This thesis can essentially be split up into two parts.

The theoretical part (Chapters 1 and 2) is devoted to a thorough study
of uni- and multivariate generalized hyperbolic (GH) distributions which are
defined as normal mean-variance mixtures with generalized inverse Gaussian
(GIG) mixing distributions. We provide moment formulas and analyze the tail
behaviour of the distribution functions and their convolutions, including all
possible limit distributions which are derived in detail. Univariate GH and GIG
distributions are shown to belong to the class of (extended) generalized I'-
convolutions which allows an explicit derivation of their Lévy—Khintchine rep-
resentation and the construction of weakly convergent approximation schemes
for the associated Lévy processes. From the formulas of the Lévy measure of
multivariate GH distributions we conclude that, in contrast to the univariate
case, not all of them are selfdecomposable. Moreover, we take a closer look at
their dependence structure and show that they are either tail independent or
completely dependent.

In the applied part (Chapter 3) we give a detailed introduction to synthetic
CDOs and discuss the deficiencies of the normal factor model which is used
as a market standard to price the latter. We demonstrate how these can be
remedied by implementing more flexible and advanced factor distributions. Ex-
tended models using GH distributions provide an excellent fit to market data,
but remain numerically tractable as the calibration examples to DJ iTraxx Eu-
rope spread quotes show. We also discuss further possible applications of the
developed algorithms.






Acknowledgements

TucunDp1 AcTi LABORES. Cicero, de finibus bonorum et malorum.

It is, however, not only a pleasure to finish the thesis itself, but also to thank
all the people without their help this would not have been achieved successfully.

First of all, I would like to express my gratitude to my academic teacher and
supervisor Prof. Dr. Ernst Eberlein for his confidence, patience, and valuable
support. He introduced me to mathematical finance and gave me the opportu-
nity to participate in numerous conferences on this field.

I would also like to thank my former and present colleagues from the De-
partment of Mathematical Stochastics at the University of Freiburg for stimu-
lating, serious as well as funny discussions, especially Jan Bergenthum, Kathrin
Glau, Zorana Grbac, Wolfgang Kluge, Ilse Maahs, Antonis Papapantoleon, and
Volker Pohl. Prof. Dr. Hans Rudolf Lerche and Prof. Dr. Peter Pfaffelhuber
gave helpful comments which improved the manuscript. Special thanks go to
Monika Hattenbach who has been an inexhaustible source of help for all kinds
of IATEX-problems and many more.

I cordially thank my family and friends for all the encouragement, support,
and impetus through the years.

I also gratefully acknowledge financial support from the DFG-Graduierten-
kolleg “Nichtlineare Differentialgleichungen: Modellierung, Theorie, Numerik,
Visualisierung” as well as from the BMBF-Projekt “Risikomanagement in Fi-
nanz- und Versicherungsdiensten: Hochdimensionale Modelle im Kreditrisiko-
management II”.






Contents

1 Univariate GH distributions and their limits 1
1.1 Infinitely divisible distributions and normal mean-variance mix-

tures . . . ..o 2

1.2 Generalized inverse Gaussian distributions . . . . . . . . .. . .. 8

1.3 Generalized hyperbolic distributions . . . . . ... ... ... .. 13

1.4 Limits of generalized hyperbolic distributions . . . . . . .. . .. 20

1.4.1 Limits with finite parameters . . . . . .. ... ... ... 20

1.4.2 Limits with infinite parameters . . . . . . . .. . ... .. 26

1.5 Generalized and extended generalized I'-convolutions . . . . . . . 28

1.6 GIG and GH distributions as subclasses of I' . . . . .. ... .. 34

1.6.1 GIG distributions and their limits . . . . .. ... .. .. 34

1.6.2 Lévy-Khintchine representations of GIG distributions . . 37

1.6.3 GH distributions and their limits . . . . . ... ... ... 40

1.6.4 Lévy-Khintchine representations of GH distributions . . . 46

1.7 Approximations based on Gamma and Normal variables . . . . . 51

2 Multivariate GH distributions and their limits 65
2.1 Multivariate normal mean-variance mixtures and infinite divisi-

bility . . . . . 66

2.2 Multivariate generalized hyperbolic distributions . . . . . . . .. 72

2.3 Lévy—Khintchine representations of multivariate GH distributions 79
2.4 On the dependence structure of multivariate GH distributions . . 88

3 Applications to credit portfolio modeling and CDO pricing 105

3.1 CDOs: Basic concepts and modeling approaches . . . . . . . . .. 106
3.1.1 Structure and payoffs of CDSs and synthetic CDOs . . . . 107
3.1.2 Factor models with normal distributions . . . . . ... .. 110
3.1.3 Deficiencies and extensions . . . ... ... ... .. ... 113

3.2 Calibration with GH distributions . . . . . ... ... ... ... 116
3.2.1 Factor scaling and calculation of quantiles . . . . . . . .. 118
3.2.2 Calibration results for the DJ iTraxx Europe . . . . . .. 120

3.3 Summary and outlook . . . ... .. Lo oo 127

A Bessel functions 131






Chapter 1

Univariate GH distributions
and their limits

In continuous time finance prices S = (S¢)>0 of risky assets are often modeled
by exponential processes of the form

S, = Spelt

where L = (L¢)¢>0 is a Lévy process. This approach is based on the assumption
that log returns from price series which are recorded along equidistant time
grids are independent and identically distributed random variables. The model
is completely specified by £(L1), the distribution of the Lévy process at time 1.
It is a crucial property of this model that the log returns In(S;) — In(S;—1) =
Ly — L;_; are independent and, because of the stationarity of L, also £(L1)-
distributed. Thus if £(L1) is the (infinitely divisible) distribution derived from
fitting data—say daily closing prices—the log returns from the model should
have almost exactly the distribution which one sees in the data. The goodness
of fit of theoretical to empirical densities shows if the model is able to reproduce
the observed market movements reasonably well. In the classical case, the so-
called geometric Brownian motion, the Lévy process is

2
Lt:aBH—(u—UQ)t, pER, o >0, (1.1)
where (B;)¢>0 denotes a standard Brownian motion, p is a drift and o a volatility
parameter. In this case the distribution of daily log returns is a normal one.
This model has become the standard in financial mathematics, although its
deficiencies are widely known. Comparing empirical densities with normal ones
exhibits substantial deviations between them. Empirical densities are typically
leptokurtic, that is, they have more mass around the origin and in the tails,
but less in the flanks, and in addition they are often skewed. It is therefore a
natural task to look for alternative classes of infinitely divisible distributions
which provide a better fit to market data and induce a Lévy process L such that
the model above admits more realistic log return distributions. We just name a
few references from the large amount of literature on this line of research here, a
more comprehensive overview can be obtained in the books of Schoutens (2003)
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and Cont and Tankov (2004). One of the first to investigate the deviations from
normality was Mandelbrot (1963). He suggested to replace the Brownian motion
by a symmetric a-stable Lévy process. Other proposals include the Student’s
t-distribution (Blattberg and Gonedes 1974), the Variance Gamma distribution
(Madan and Seneta 1990; Madan, Carr, and Chang 1998), the Normal Inverse
Gaussian distribution (Barndorff-Nielsen 1998; Barndorff-Nielsen and Prause
2001) and the CGMY distribution (Carr, Geman, Madan, and Yor 2002).

Most of the above mentioned distributions are, as we shall see in the follow-
ing sections, either special subclasses or limiting cases of the class of generalized
hyperbolic distributions which allows an almost perfect fit to financial data. The
hyperbolic subclass was the first to be introduced to finance as a more realistic
model for stock returns in Eberlein and Keller (1995) and Eberlein, Keller, and
Prause (1998). The general case was considered in Eberlein (2001), Eberlein
and Prause (2002) and Eberlein and Ozkan (2003). Generalized hyperbolic dis-
tributions have further been successfully applied to interest rate theory where
they allow for a very accurate pricing of caplets and other derivatives, see for
example Eberlein and Raible (1999), Eberlein and Kluge (2006) and Eberlein
and Kluge (2007), and on currency market data (Eberlein and Koval 2006). In
Chapter 3 it will be shown that generalized hyperbolic distributions also enable
significant improvements in credit portfolio modeling and CDO pricing. But
first we want to provide a thorough investigation of this distribution class itself
and give detailed proofs for some of its most useful and interesting properties.

The present chapter is devoted to the study of univariate generalized hy-
perbolic distributions. Section 1.1 contains some technical preliminaries and
inroduces the concept of normal mean-variance mixtures. In Section 1.2 we
take a closer look at a special class of mixture distributions, the generalized
inverse Gaussian distributions, which lead to the class of generalized hyperbolic
distributions. After presenting some basic facts of the latter in Section 1.3, we
derive all possible limit distributions in Section 1.4. Section 1.5 gives a short
introduction to the class of extended generalized I'-convolutions. In Section 1.6
we show that this class contains both the generalized inverse Gaussian and
the generalized hyperbolic distributions as subclasses which allows an explicit
derivation of their Lévy—Khintchine representations. Moreover, this result en-
tails the possibility to approximate these distributions and the corresponding
Lévy processes by sums of suitably scaled and shifted Gamma variables which
is discussed in Section 1.7. Greater parts of this chapter are based on Eberlein
and v. Hammerstein (2004) where many of the results can also be found.

1.1 Infinitely divisible distributions and

normal mean-variance mixtures
We want to provide some basic definitions and facts which will be referred to
in later sections and start with

Definition 1.1 A probability measure p on (R, B) is infinitely divisible if for
any integer n > 1 there exists a probability measure p, on (R,B) such that p
equals the n-fold convolution of pu,, that is, (1 = fin * -+ * [y =2 %1 .
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The characteristic function ¢, (u) := [ €™“u(dz) of every infinitely divisible
distribution p can be repesented in a very special form, the Lévy—Khintchine
formula:

du(u) = exp <iub - %cu2 + /R(ei”x — 1 —durl_y (a;))u(dx)) .

In this representation, the coefficients b € R, ¢ > 0 and the Lévy measure v(dz)
which satisfies #({0}) = 0 and [ (#*A1) v(dz) < oo are unique (see for example
Sato 1999, Theorem 8.1) and completely characterize p.

Definition 1.2 Assume a filtered probability space (2, F, (Ft)i>0, P) with in-
creasing filtration to be given. An adapted process L = (Li)t>0, with values in
R and Lo = 0 almost surely, is a Lévy process if the following conditions hold:

1. L has independent increments, that is, Ly — Ls is independent of Fs,
0<s<t<o0.

2. L has stationary increments, that is, Ly — Ls has the same distribution as
Ly 5, 0<s<t<o0.

3. L is continuous in probability, that is, lims_; P(|Ls — Ly| > €) = 0.

The stationarity and independence of the increments L; — Ls imply that the
distribution £(L;) is infinitely divisible for all ¢ € R4, and its characteris-
tic function ¢y, fulfills ¢r,(u) = ¢, (u)!. Conversely, every infinitely divisible
distribution x induces a Lévy process L via ¢r,(u) = ¢, (u)t (Sato 1999, Theo-
rem 7.10).

An important subclass of infinitely divisible distributions are the selfdecom-
posable distributions (also called (Lévy’s) class L) which are defined as follows:

Definition 1.3 A probability measure p on (R, B) is called selfdecomposable
if for every 0 < s < 1 there is a probability measure ps on (R,B) such that

Pu(u) = du(su)dp, (u).
Equivalently, a real valued random variable X is said to have a selfdecomposable

distribution if for every 0 < s < 1 there exists a real valued random variable
X ) independent of X such that

X 2Lsx 4+ X,

where < means equality in distribution.

The selfdecomposable distributions are uniquely characterized by the following
lemma which can be found in Sato (1999, Corollary 15.11).

Lemma 1.4 A probability measure p on (R, B) is selfdecomposable if and only
if it is infinitely divisible and has a Lévy measure of the form v(dx) = % dz
where k(x) is non-decreasing on (—oo,0) and non-increasing on (0, 00).

In particular, the Lévy measure of every selfdecomposable distribution possesses
a Lebesgue density that is strictly increasing on R_ and strictly decreasing on
R+. The properties of this subclass are very useful in financial modeling; a
discussion of the implications on option pricing can be found in Carr, Geman,
Madan, and Yor (2007).
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Figure 1.1: Discrete normal mixture of four equally weighted normal densities

As already mentioned in the introduction, realistic models for return distri-
butions should also allow for skewness and kurtosis. For a distribution F' having
a finite fourth moment, the skewness v1(F') and the excess kurtosis vyo(F') are
defined as follows: v1(F) := mg m2_3/2 and Yo(F) := mymy? — 3, where my, de-
notes the kth central moment of F. For every normal distribution N (u,o?) one
has 71 (N (ut,0%)) = 0 = 42(N (1, 0?%)). Although normal distributions are nei-
ther skewed nor leptokurtic themselves, it is, however, fairly easy to construct
new distributions from them which do have these properties: one just has to pass
from single distributions to mixtures. In the simplest case, a normal mixture
is a weighted average of several normal distributions with different means and
variances which has the density fmix(z) = > ;" aidN(Mﬂlz)(ZL') where a; > 0,
> iz @i = 1 and dp, -2y denotes the density of N(u,0?). Figure 1.1 shows an
example where four normal densities are mixed with equal weights a; = 0.25.
Apparently, the obtained mixture density funix (in black) is skewed and has
positive kurtosis. Some simple calculations yield that for the above choice of
parameters we have 1 (Flix) = 0.543 and ~2(Fiix) = 0.522. This concept can
be formalized by

Definition 1.5 A real valued random wvariable X is said to have a normal
mean-variance mixture distribution if

XLut+pz+VZW,

where u, B € R, W ~ N(0,1) and Z ~ G is a real-valued, non-negative random
variable which is independent of W.
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Equivalently, a probability measure F' on (R, B) is said to be a normal mean-
variance mizture if

F(dz) = X N(u+ By,y)(dz) G(dy),

where the mizing distribution G is a probability measure on (R4, By).
We shall use the short hand notation F' = N(u+ By,y) o G. If G is a class of
mizing distributions, then N (pu+By,y)oG := {N(u+py,y)oG |G € G, u € R}.

REMARK: Sometimes random variables with normal mean-variance mixture dis-
tributions are defined more generally by X 4 m(Z) +/ZW with an arbitrary
measurable function m : R4 — R (see for example McNeil, Frey, and Embrechts
2005, Definition 3.11), but for most purposes the above setting m(z) = u+fz is
completely sufficient. If 5 = 0, one obtains the so-called normal variance miz-
tures which are obviously symmetric around p and therefore have no skewness.

Also note that the mixture distribution F' in general does not possess a
Lebesgue density. If for example G = Pois(\) with A € R4, then F({u}) =
e~ > 0. Necessary conditions that ensure the existence of a density of F are
that the mixing distribution G either possesses a density itself or has an at most
countable support which is bounded away from 0.

The most important facts about normal mean-variance mixtures are summa-
rized in the following lemma. It especially shows that properties like stability
under convolutions, infinite divisibility and selfdecomposability are inherited
from the mixing distributions.

Lemma 1.6 Let G be a class of probability distributions on (Ry,By) and
G, Gl, Gs € G.

a) If G possesses a moment generating function Mq(u) = f]R+ " G(dx) on
some open interval (a,b) with a < 0 < b, then F = N(u+ By,y) o G also
possesses a moment generating function and Mp(u) = et MG(%2 + Bu),
a< “72 + Bu < b.

b) If G = Gy %Gy € G, then (N(u1 + By, y) o G1) * (N(u2 + By, y) o Ga) =
N(p1 + p2 + By,y) oG € N(u+ By, y) o G.

¢) If G is infinitely divisible, then so is N(u+ By,y) o G.
d) If G is selfdecomposable, then so is N(u+ By,y) o G.

PROOF: a) Since the moment generating function of a normal distribution

N(u,0?) is given by My (02 (w) = e 2 THU we get with the help of Fubini’s
theorem

My (u) = / / N+ By, y)(de) G(dy) = / Gldy) / ¢ N (i + By, y)(de)
R Ry Ry R
= / et e(%Jrﬁ“)y G(dy) = et ]\4@(%2 + Bu)
R+
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b) Since G1, G2 are measures on (R4, B4 ), their Laplace transforms £¢, (u) =
fR+ e " G;(dz) are well defined for w € Ry and can be extended to complex
arguments z € C with Re(z) > 0 because f]R+ le™**|G;(dx) = La,(Re(z)) < oo.
From Doetsch (1950, p. 123, Satz 3) we have £q,.q,(2) = £, (2) L6, (2) (see
also Raible (2000, Theorem B.2)). Similar to a) we obtain for the characteristic
function of F':= N(u + By,y) o G:

br(u >=/ ¢ F(dz) / [ N+ s Gy

= [ Gy [ NG pda) = [ e (5 Glay)
R, R R,
= elur 2@(”2—2 — iuﬁ).

Now if F' = N(p1 + pe + By,y) o G, F; := N(u; + By,y) o Gi, i = 1,2, and
G1 *x G = (G, then

Or (W)pp, (1) = €™ L6, (% — iuB)e™ £a, (% — iup)
=e' (“1+“2)SG(7 —iuf) = ¢pp(u)

which proves F} x Fo = F.

c¢) If G is infinitely divisible, then by Definition 1.1 for every n > 1 there exists
a probability measure G,, on (R4, B4) (which not necessarily is an element of
G itself) such that G = *]"_; Gy,. Analogously to part b) it follows

N(pu+ By, y) o G =1 (N (5 + By,y) 0 Gy),

hence again by Definition 1.1 also N(u + By, y) o G is infinitely divisible.

d) Here we give a short proof for the special case that F' = N(u,y) o G is a
normal variance mixture, using the idea of Halgreen (1979). The general result
was established in Sato (2001, Theorem 1.1).

Because probability measures on (R4, B4) are uniquely determined by their
Laplace transforms (see for example Feller 1971, Chapter XIII.1, Theorem 1),
we may rewrite the first part of Definition 1.3 for G in the following way: For
every 0 < s < 1 we have £5(u) = Lg(su)Lq, (u), where Gy is some probability
measure on (R4, By), too. If 0 < s < 1, then also 0 < s2 < 1, so it follows from
the proof of part b) that

| Loy -
iy oy o st ont
2

where Fs := N((1 —s)u,y) o G2 is a probability measure on (R, B), hence F' is
selfdecomposable by Definition 1.3. O

Lemma 1.7 Let (fin)n>1 and (Bn)n>1 be convergent sequences of real numbers
with finite limits p, 5 < oo, and (Gp)n>1 be a sequence of mizing distributions
with Gy, — G. Then N(pin + Bny,y) 0 Gn — N(u+ By,y) o G.
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PRrROOF: Let F, := N(un + Bny,y) o Gy and F := N(u + By,y) o G. According
to the proof of part b) of the previous lemma we have to show that for an
arbitrarily fixed u € R

op, (u) = elukn £a., (“72 - zuﬁn) n;)() etum 2@(“72 - zuﬁ) = ¢p(u).

Because e’*n — ™ holds trivially, it suffices to prove convergence of the above
Laplace transforms. From Doetsch (1950, pp. 71/72 and 156) it follows that the
Laplace transform £p(z) of every finite measure H on (R4, B4) is holomor-
phic on the open complex half-plane C9. := {z € C| Re(z) > 0}, and the weak
convergence of the sequence (Gy,),>1 implies £¢, (v) — L£a(v) pointwise for all
v € Ry. Moreover, [£¢,(2)] < £a,(Re(z)) < 1. In particular (£¢,)n>1 is a
locally bounded sequence of holomorphic functions on C9 which converges on a
subset that has an accumulation point in C%. Thus by Janich (1996, Korollar on
p. 96) the sequence converges uniformly on every compact subset of €. Since
Bn — B < oo by assumption, {“—22 —iufp|n e N}U {“72 —iuf} is a compact sub-
set of €9 (remember u is fixed), hence we have £¢, (“2—2 —iuf,) = La (“—22 —iup)
which completes the proof. ]

As pointed out before, the Lévy processes induced by infinitely divisible
normal mean-variance mixtures provide a natural and more realistic general-
ization of the classical model (1.1). The next proposition shows that they can
be represented as subordinated Brownian motions where the subordinator is
generated by the mixing distribution.

Proposition 1.8 Let F' = N(u+5y,y)oG be a normal mean-variance mixture
with infinitely divisible mizing distribution G and (Xt)t>0, (7(t))e>0 be two Lévy
processes with L(X1) = F and L(7(1)) = G. Then (Yi)t>0, defined by

Yy = pt + Br(t) + Bry),

where (Bt)t>o is a standard Brownian motion independent of (7(t))t>0, is a
Lévy process that is identical in law to (Xt)t>0-

PROOF: First observe that the process (7(t)):>0 is increasing because the fact
that £(7(1)) = G is a measure concentrated on Ry implies that for every ¢t > 0
the same holds for £(7(t)) (Sato 1999, Theorem 24.11). By stationarity we have
L(T(t+¢€)—7(t)) = L(7(€)), hence for arbitrary ¢ > 0 and € > 0 the increment
T(t +€) — 7(t) is almost surely non-negative.

If (Bt)t>0 is a standard Brownian motion independent of (7(¢)):>0, then
(BT(t) + Br))i>0 is a Lévy process according to Sato (1999, Theorem 30.1)
and hence so is (Y;)¢>0. The characteristic function of Y is given by

byi (1) = B[e™1] = ¢ B [eBrWE[einBra) |7(1)]]
- e@'“NE[e‘(?ﬁ‘i”mT(l)} = & Lo (Y —iup),

because L£(7(1)) = G. From the proof of Lemma 1.6 b) we know that ¢y, (u) =
or(u) = ¢x, (u), so (X¢)e>0 and (Y;)e>0 are Lévy processes with £(X) = L(Y7).
The assertion now follows from Sato (1999, Theorem 7.10 (iii)). O
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REMARK: By Jacod and Shiryaev (2003, Corollary VII.3.6) a sequence of Lévy
processes (X}');>o converges in law to a Lévy process (X¢)i>o if and only

it X7 £, X;1. Combining Lemma 1.7 and Proposition 1.8 we see that if
(tn(t))t>0 are Lévy processes with £(7,(1)) = G, then the sequence (Y;")i>0
with Y} := pnt + Bnn(t) + By, (¢) converges in law to the process (Y7)i>o.

This can easily be extended to general subordinated Lévy processes; a cor-
responding result can be found in Kiichler and Tappe (2008, Lemma 3.2).
The proof given there is similar to ours of Lemma 1.7, but—in our opinion—
incomplete since they just claim the uniform convergence of the Laplace trans-
forms would hold and could be proven analogously to Lévy’s continuity theorem.
They do not seem to be aware that this line of argumentation only yields uni-
form convergence on compact subsets of R, whereas in the present case the
domain of the Laplace transforms is C,, and the extension of the well-known
convergence result to complex arguments requires a more precise justification.

Comparing the Lévy processes (Y;)¢>0 defined in the proposition above and
(Lt)e>0 from (1.1) one might also conclude that more realistic models emerge
from the classical one via suitable time changes ¢ ~» 7(¢). This new time 7(¢)
is often called operational or business time and can be regarded as a measure
of economic activity. Since the latter is obviously not evolving uniformly, the
introduction of a “random clock” seems to be quite natural also from this
perspective. An extensive discussion on this topic can be found in Geman,
Madan, and Yor (2001).

1.2 Generalized inverse Gaussian distributions

In this section we are concerned with a special class of mixing distributions:
the generalized inverse Gaussian distributions (henceforth GIG). This class was
introduced more than 50 years ago (one of the first papers where its densities
are mentioned is Good (1953)) and rediscovered by Sichel (1973, 1974) and
Barndorff-Nielsen (1977). An extensive survey with statistical applications can
be found in Jorgensen (1982). The density of a GIG distribution is as follows:

v A 1 A—1 7l(521_1+721)
=(=) —— 1 1.2
dara(xsqy) () ( 5) TR 2 (0,00) (7)), (1.2)

where K (z) denotes the modified Bessel function of third kind with index A
(see Appendix A for further details). Permitted parameters are

§>0,v>0, if X\>0,
0>0,v>0, if A=0,
0>0,vy>0, if A<O.

Parametrizations with § = 0 or v = 0 have to be understood as limiting cases.
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Figure 1.2: Densities of various GIG distributions

By equation (A.8) we have

2\ A
1
(72) T A>0,0-0,

L'(A)
(fy)A 1 0, A>0, vy—0,
-
6/ 2K\(0v) 0, A<0, 50,

2\* 1
= | =——, A<0,v—=0
(52) F(—A) ) ) ’Y ?
hence in the second and third case one obtains no probability density in the

limit. (Here and in the following I'(z) denotes the Gamma function.) In the two
other cases the limits are given by

2\ A L A-1 2
x —5T
dorcnan@ = (5 ) Ty e T los@.  Az0. (13)
9 A l’)‘_l 82
dGlG(A,é,O) (z) = <52> ﬂ e 2z 1(g ) (), A <0, (1.4)

,YQ

T
2

distribution iG (A,%), respectively. The blue and red densities in Figure 1.2

show an example of each case.

If A = 0, then equation (A.9) implies

(1)A L 1 L 0 om0
5) 2K\(57) ~ 2Ko(6y) " —2In(év) T

which are the densities of a Gamma distribution G ()\ ) and an inverse Gamma
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therefore a GIG(0, 9, )-distribution does not converge weakly if § — 0 or v — 0.

If A = —3, we get with the help of (A.7)

dGIG(fé,é,'y) (x) = \/ﬁ ® ]1(0,00) ($)’

which equals the density of an inverse Gaussian distribution IG(9,7), so the
GIG distributions are in fact a natural extension of this subclass.

Proposition 1.9 The Laplace transforms of GIG distributions are given by

A
o () = ~ K\ (042 + 2u) 50
GIG(X,6,7) \/m K)\((s"}/) 3 , Y )
2u —A
Laranoqy) (u) = <1 + 72) ) A >0,
2\ 2K, (6v2u)
£ = : A <0.
GIG(0,5,0) (1) (5\/ﬁ> By

PROOF: Let ni(\, d,7) := (%)/\ Wl(év) denote the norming constant of the GIG
density, then

1

0
- / ni(\, 8,7) ar e 2 (a7 H (0 H2u)) gy
0

_ ni(A,6,7) ol * K\ (6v/4% + 2u)
ni (A, 6, v/~ + 2u) V2 +2u Kx(67) .

Similarly, we get with na (2, 7—22) = (%Z)AF()\)_l

e (u)—”Q—(Hz“)A
GIG.0m) na (A, L+ u) )

For the inverse Gamma limit we set ng (), %) = (%)A I'(—\)~! and calculate

[ee] 5 3 _ﬁ
Larainso)(u) :/0 nz(\ &) et e 2 da
> 52 A—1 71(621_1+2u:p)
- [Tmo gy s
0

() _( 2 )*m(ém
"M, V2u)  \6v2u L(=A)

O
REMARK: The proof of Lemma 1.6 b) also implies that the characteristic func-
tions of GIG distributions can be obtained from the above via the relation

P16 (1) = £G1G(A5,7) (—1u).-
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Corollary 1.10 Let ¢, denote the degenerate distribution (or unit mass) lo-
cated at a € R. If § — oo, v — oo and % — 0 >0, then GIG(\, 6,7) — €.

PROOF: From equation (A.10) it follows that for §,7 — oo we have

A
Lara5) (1) ~ S — 0 =120/ or=0v/142u/4?

h Vi +2u) \ VA2 +2u
Using the Taylor series expansion /1 + 2z = 1+ x + o(x), z — 0, we conclude
hm €67_67(1+u/’y2) = e—o’u = »25 <’U,)

SELHM Larapnsqy) (u) = m
5,/'y—n7 6,/7—>a

which proves the assertion (see Feller 1971, Chapter XIII.1, Theorem 2). O

Because the densities of all GIG(\, §,y)-distributions with v > 0 decay at
an exponential rate for x — oo, they possess moments of arbitrary order, and
the moment generating functions are given by

o0 2
Mearasy) (u) = /o e daraney) (@) dz = Larapsqy (—u), u e (—oo, % ).

The rth moments can easily be derived with the same technique and notation
used in the proof of Proposition 1.9. If X ~ GIG(],6,7), then

where n(\, d,7) again denotes the norming constant of the corresponding GIG
density. Exploiting this relation we get the following expressions:

pxr) = K0y (5> . HfAER, 67> 0,

Kx(67) \v
TA+7r) 2\ .

E[X"] = I‘(/\)<fy2> A A Ay >0, 020,
0, lf TS—)\
D(=X—71) (62\" .

E[X"] = F(—)\)<2> i r <A and A < 0,6 >0,v=0.
o0, lf TZ—)\

We close this section with an examination of convolution formulas for GIG
distributions which by Lemma 1.6 b) transfer to the corresponding normal
mean-variance mixtures derived from them.

Proposition 1.11 Within the class of GIG distributions the following convo-
lution properties hold:

a) GIG(—3%,01,7) * GIG(—1,62,7) = GIG(—3%,61 + 62,7),

b) GIG(—3,61,7) * GIG(},02,7) = GIG(3,61 + 02,7),
c) GIG(=M\6,7)* GIG(\,0,v) = GIG(\, 0,7), A> 0,
d) GIG(A1,0,7) * GIG(X2,0,7) = GIG(M + As2,0,7), A1, Az > 0.
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PRrROOF: We use the Laplace transforms derived in Proposition 1.9 and the fact
that £, (u)L€q,(u) = Lg(u) implies Gy * G2 = G.

a) In case of the inverse Gaussian distribution the Laplace transforms simplify
considerably using equation (A.7):

1

-3 2

v 2 K_1(0vy + 2u) I L=
V2 +2u K_1(7)

201@(—%,5,7) (u) =

Thus
— 1=V H2u) O2(v—y/ 7P 42u)

— oO1402)(y—v/7V?+2u) _

b) Again with equation (A.7) it follows

g Sy—6+/~v2+2u
£ 1 U) = ————e” v
GIG(L 5.7) (W) 2

’QG[G(— % ,01,7Y) (u)'SGIG(— % ,02,7) ('LL)

’SGIG(f%,Jl +62,7) (u).

and hence

Y S
’QGIG(_%JSIKY)(U)SGIG(%,(SQ,V)(U) — \/ﬁe(&ﬂb)(v m)

= 2@10(%,51%2,7) (u).
c) Using K_)(z) = Kx(z) (see equation (A.2)) we calculate

Lara-xsm) (WLaramo) (w) =

:< ~ >‘A K_\(63/~2 + 2u) (1 2u>‘A

V2 +2u K_x(67) 72
_ v ) K0V 2u)
S \VAEr2u K\(67)

A
_ y K\ (6y/72 + 2u) . (1)
V24 2u K (07) LGOS

d) It is easily seen from Proposition 1.9 that

2u

—(AM1+A2)
La160n.,07) (WEG1G (0,0 (1) = <1 + 72> = LGI1G(M+20,0,7) (1)

O
REMARK: The convolution formulas a) and d) of Proposition 1.11 imply the

well-known fact that
2

IG(3,7) =+, IG(5.7) and G(A ) =+, G(3 %),
so all inverse Gaussian and Gamma distributions are infinitely divisible accord-
ing to Definition 1.1. But this property is not restricted to these two subclasses.
Actually every GIG distribution is not only infinitely divisible, but even selfde-
composable. This was shown in Barndorff-Nielsen and Halgreen (1977) and
Halgreen (1979) and also follows from Propositions 1.20 and 1.23 later on.
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1.3 Generalized hyperbolic distributions

Generalized hyperbolic distributions (henceforth GH) have been introduced in
Barndorff-Nielsen (1977) in connection with the modeling of aeolian sand de-
posits and dune movements. They are defined as a normal mean-variance mix-
ture with a GIG mixing distribution as follows:

GH(\, o, 8,0, 1) == N(pu+ By, y) o GIG(X, 6,v/a? — 32). (1.5)

The parameter restrictions for GIG distributions (see p. 8) immediately imply
that the GH parameters have to fulfill the constraints

§>0,0< |8 <a, if A>0,
AMp€eR and §>0,0< |8 <a, if A=0,
§>0,0<|8|<a, if A<o0.

As before, parametrizations with § = 0 and || = a have to be understood
as limiting cases which by Lemma 1.7 equal normal mean-variance mixtures
with the corresponding GIG limit distributions. We defer a thorough study
of these limits to the next section and assume in the following, if not stated
otherwise, that § > 0 and || < a. Note that by (1.5) and Lemma 1.6 c¢) all GH
distributions (and their limits) inherit the property of infinite divisibility from
the GIG distributions. For the Lebesgue densities one obtains

daH(\a,8,6,)(T) =

—/ AN (u+-By.y) ( )dGlG(A,S,\/m) (v) dy (1.6)
_1
= a(A, @, 8,8,1) (3% + (& — 1)) TR,y (/07 + (@ = pr)?) )

with the norming constant

A
2

)
V2T a3 K, (6y/a? — B%) .

(A more detailed derivation will be given in Chapter 2 for the multivariate case.)
A closer look at the densities reveals that the influence of the parameters is as
follows: a determines the shape, 3 the skewness, 1 is a location parameter and §
serves for scaling. A characterizes certain subclasses and considerably influences
the size of mass contained in the tails. See also Figure 1.3 for an illustration. «
and S can be replaced by the alternative parameters

B s ._ 1
p= (:=0va?2-p or x:=p &: Viewa (1.8)
From Theorem 2.11 ¢) in Chapter 2 it follows that if X ~ GH(\, o, 3,0, 1),
then X = aX +b ~ GH (), ﬁ‘, a,é\a| ap + b), hence for a > 0 the last two
parametrizations are scale- and location-invariant. Moreover, the above men-
tioned parameter restrictions imply 0 < |y| < £ < 1, so all possible values for
x and £ lie within a triangle with upper corners (—1,1), (1,1) and lower corner

(0,0), the so-called shape triangle.

a(>\7a76757:u') = (17)
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Figure 1.3: Influence of the GH parameters 3 (left) and A (right), where on
the right hand side log densities are plotted.

Let us mention two important subclasses of GH distributions which will also
be used in the calibration procedures described in Chapter 3. For A = 1 one
obtains the class of hyperbolic distributions (HYP) whose densities have, com-
bining equations (1.6) and (A.7), a much simpler form:

\/ OéQ - ,82 _ 52 —_1)2 _
d N ) = e~V O+ (z—p)?+B(z—p)

Its name stems from the fact that the exponent —a\/6% + (x — p)? + B(xz — p)
describes a scaled and shifted hyperbola, or, in other words, the graphs of the log
densities are hyperbolas with asymptotes having the slopes a+  and —(a— ).
The green log density on the right hand side of Figure 1.3 shows an example
with parameters («, 3,0, u) = (10,0,1,0).

Setting A = —% leads to the subclass of normal inverse Gaussian distri-
butions (NIG). By (1.5) these are the normal mean-variance mixtures arising
from inverse Gaussian mixing distributions which explains their name. Using
again equations (1.6) and (A.7), its densities are given by

&6 Kl (Oé\/ 62 + (SU - ,M)Q) 66 /a27ﬁ2+,3(x7u)

u 0%+ (z — p)?

AdNiG(a,8,6,)(T) =
Lemma 1.6 b) and Proposition 1.11 imply the following convolution prop-
erties of the GH family:
NIG(«, 8,01, 1) * NIG(«v, B, 92, o) = NIG (v, 3,61 + 02, pu1 + p2),
NIG (v, 8,01, p1) * GH(%, a, 3,09, ug) = GH(%, a, 3,01 + 02, 1 + ,ug),
GH (=M, o, 3,6, 1) * GH(\, o, 8,0, pa) = GH(A, i, 8,9, p1 + p2),
GH(M\,a,,0,u1) * GH (A2, o, 5,0, u2) = GH (A + A2, v, 8,0, g + p2),

(1.9)

where in the last two equations of course A, A1, Ao > 0.

REMARK: Inspecting the Laplace transforms of GIG distributions given in
Proposition 1.9 more closely one can deduce that the list of convolution for-
mulas in Proposition 1.11 is complete, that is, no other convolution of two GIG
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distributions will yield a distribution that itself is contained in the GIG class.
Consequently there do not exist more than the four convolution formulas (1.9)
for the GH family either, and the NIG subclass is, apart from the limiting dis-
tributions with § = 0, the only one which forms a semigroup under convolution.

From Lemma 1.6 a) and Proposition 1.9 we conclude that all GH distribu-
tions (except for some of their limits) possess a moment generating function of
the following form:

MGH()\,a,B,cS,u) (u) = el GIG(\,6,\/a2— 52)( + ﬁu)

- ¢ uSGIG(A,&, a2_52)(_7 — Bu) (1.10)

_eu“( r g >3 K/\(é a27(ﬁ+“)2)
B 2—(B+u)? Ky(0y/a? = p2)

which is defined for all u € (—a — 3, — 3).

REMARK: The characteristic functions of GH distributions are easily obtained
via the relation

PCH (a8, (1) = e GIG()\ 5,n/a®—p2) ( —iuB) = Mg (a8, (i)
which follows from the proof of Lemma 1.6 b) and equation (1.10) above.

The existence of a moment generating function implies that GH distribu-
tions possess moments of arbitrary order which can be obtained by calculating
the derivatives of Mgp(xa,86,,)(w) at u = 0. With the help of equation (A.4)
we get the following expressions for mean and variance:

36> Ky+1(Q)
G 6. 1)] = el
E[GH(\ o, 3,0, )] = p + AR AGE

2 4 2
Var[GH(, , 8,6, 1)) = iw L (Klgfég) - ngéé)o) |

Skipping the tedious details of the differentiation, we arrive at the following
formulas for skewness and kurtosis:

B (Eois(Q)  3Knaa(QFrn(Q) | 2K3(0)
SR K3(C) K3(Q)

+ 3554 (KM-Q(O K§+1(<))]

(1.11)

m(GH) = Var[GH]_f [

2\ Kx\Q K3}

Y% (GH) = —3 + Var[GH] 2

0B [ Exsa(Q)  AKn13(Q)Kx+1(¢) +6KA+2(C)K§+1(C) 3KA+1(C)
¢\ KA KX(C) K3(C) K3(¢C

)
L0982 (680 i5(Q)  12Kn2(QO) i (Q) | 6K3,1(¢)) | 307 KA+2(C)
¢ K\(Q) K3(Q) K3(Q) 2 K\
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Figure 1.4: Dependence of kurtosis and skewness on GH parameters o and 3.
Left: skewness of NIG(10,3,0.01,0). Right: kurtosis of NIG(«,0,0.01,0).

It was already mentioned in Section 1.1 that mixtures of normal distribu-
tions are capable of having non-zero skewness and kurtosis. Figure 1.4 shows
that for GH distributions the range of attainable values of each quantity can
be fairly large. Moreover, it clarifies the role of a as a shape parameter which
considerably influences the kurtosis of a GH distribution.

From the existence of a moment generating function one may also con-
clude that the tails of the GH densities decay at an exponential rate. More
precisely, for |z| — oo we have 62 + (x — u)? ~ 22 and by equation (A.10)
K)ﬁ% (/8% + (z — p)?) ~ /5= 2| ~1/2 e=@l7l | consequently

dar (e (@) ~clzM e AT g too, (1.12)

where ¢ = \/5-a(), a, 8,0, 1) and a(X, «, 8,0, 1) is the norming constant from
(1.7). Thus the GH densities have semi-heavy tails in the sense of the following

Definition 1.12 A probability density f with support R has semi-heavy tails
if there exist some constants aq,as € R and by, ba, c1,co > 0 such that

f@) ~erlz/m el 25 0o, and  f(z) ~cpz®e T 1 — +o0.

REMARK: From the above definition it can be easily deduced that every prob-
ability distribution F' having a Lebesgue density f with semi-heavy tails also
possesses a moment generating function which is defined at least on the open
interval (—b1,b2). In case of the GH distributions we have a; = ag = A — 1,
bi=a+8,bs=a—Fand c; =cy =c.

A remarkable and probably surprising property of densities with semi-heavy
tails is that the tail behaviour of the corresponding distribution functions is the
same up to a multiplicative constant, which is shown in the next proposition.

Proposition 1.13 Let f be a probability density with semi-heavy tails char-
acterized by a1, az,b1,be, c1,c0, F(x) := ffoo f(y)dy be the associated distribu-
tion function and F(x) := 1 — F(z). Then f(x) ~ by F(z) as x — —oo and
f(x) ~ by F(x) as x — +o0o0.
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PROOF: Let us consider the right tail F(x) first. From the assumptions we get,
using partial integration,

() = = = az ,—boy 3, _ €2 as —box €202 > as—1 ,—boy
F(r)= [ fly)dy~ca | y™e dy—gzc e = Y Te dy.
X xX X

The claim now follows if we can show that (f;oy“rl e b2y dy) (x“ze_bz‘”) 150
as ¢ — 0o. But the latter quotient equals

_ az—1
1/00 (g>a2 1e_b2(y—x) dy = 1/00 <y+x> 2 €_b2y dy
x ), \x x Jo x

and thus converges to zero as * — oo because the existence of an integrable
majorant ensures that the integral on the right hand side remains bounded.
Possible majorants are g(y) = (y + 1) te™®Y if a3 > 1 and g(y) = eV if

as < 1. Using the change of variables z = —y we see that for x — —o0
xX o0
F(.%') ~ Cl/ ’y‘m €—b1|?f\ dy — Cl/ 201 e—b1z dz,
—o© |z|

hence the assertion for the left tail immediately follows from what we have
proven above. ]

It seems worthwhile to be noticed that distributions with semi-heavy tails
form a subclass of %, , the class of distributions with exponential tails with
rates a and b, which we define as follows:

Definition 1.14 A distribution function F is said to have expomnential tails
with rates a >0 and b > 0 (F € Z,y) if for ally € R

F(x — F(r —
lim M =e % and lim M = e,

REMARK: Most definitions of exponential tails only use one index which char-
acterizes the behaviour of the right tail F'(z). This is due to the fact that these
arose from extreme value theory or more generally actuarial sciences where one
typically works with probability distributions on R,. The above is a natural
generalization to distributions having support IR we are concerned with.

The class .Z, ; is closely related to the class %, of regularly varying functions
to be introduced in

Definition 1.15 A measurable function g is reqularly varying with exponent

peR (g€ %) iflimoo % = sP for all s > 0.

REMARK:We have F € %, iff F(—1In(z)) € %, and F(In(z)) € Z_p. To see
this, put s = e¥ and t = e %, then

e F@—9) . Pl -ln(s) | F(=n(sh)
=t Tre M TR mE) e B W)

and the assertion for the right tails follows analogously with s = e™¥ and ¢t = €”*.
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Using Definition 1.12 and Proposition 1.13, it is immediately seen that for a
probability distribution F' possessing a density f with semi-heavy tails we have

lim F(x ) — lim flz—y) — lim <‘$ — y‘>a1 e~ b(lz—yl=lz]) — —bry

T——00 (x) Z——00 f(x) T——00 |x’

and an analogous limit is obtained for the right tails, hence F' € %, 4,. For
practical purposes, especially in risk management, also the behaviour of con-
volution tails is of some interest. An easy solution occurs if the factors of the
convolution have semi-heavy tails which decay at different rates: the convolu-
tion tails are determined by the factor with the heavier left (respectively right)
tail. This seems to be a well-known result for distributions on R4 with expo-
nential tails which is stated, for example, in Cline (1986, Lemma 1), but since
we could not find an explicit proof in the literature, we provide one here.

Proposition 1.16 Let Fi € £y, p,, I> € £, B with moment generating func-
tions Mp, (u) and Mp,(u). If by < by and by < by, then Fy + Fy € %, 4, and

fim FE@ gy gy B @)

T——00 Fy (1‘) - T—r00 Fl (.T) = MF2 (b2)

PROOF: Suppose X and Y are independent random variables with distribution
functions F; and Fb, respectively. For x € R and s > 1 we have

PX+Y>z)=P(X+Y >z, X<%)+P(X+Y >z, YV <a—I)
+P(X>2)P(Y >z —%).

With the help of Fubini’s theorem, the first summand can be written as
P(X+Y >z, X <2) / / AdFy(z — y) Fi(dy) = / By(z — y) Fi (dy),

and the second one can be represented analogously, thus

xZ

(Fi*Fa)(z) [+ Fy(z —vy) -5 Fi(z —vy)
Rl /. F12) Fl(dy”/oo Fiw) (1.13)
Fi(2)Fy(z - 2) '
Fi(z)

Since by < BQ by assumption, we can find some s > 1 such that 52(1 - %) —% > by
which is kept fix for the arguments to come. Observing that Fy(x — y) is in-
creasing in y, we have

T

s Fy(x—vy) s Fy(z—1%) Fy(x— %)
| PRl Rl s [T S Ry s SR

From Definition 1.12 and Proposition 1. 13 we conclude that for sufﬁmently large
zo and x > o the inequalities e —(bat3)e < Fi(z) <e —(b2=3)7 5nd Fy(z) <
e=(02=3)2 hold. Consequently
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F _z
lim / F2 Fl(dy) < lim 2(_:1: S) < lim e (2—%) (1=1)+(bo+ 1)z
T—00 T—00 Fl(x) T—00
= lim e_x<52(1_%)_%_62+%> 0
T—00 ’

because the term in brackets in the last exponent is positive by the above choice

of s. To determine the limit behaviour of the second and third summand on the

right hand side of (1.13), we first derive an upper bound for Flézi As pointed

out before, F| € %, ;, implies that Fy (ln(x)) € %_p,. By Bingham, Goldie,
and Teugels (1987, Potter’s Theorem 1.5.6 iii)) there exists some z; > 1 such

o\ —by— 1L
that F08E) <2 (2)77% if 7,2 > 21 and 2 < 7. Setting 2 := %, 7 = ¢ gives

}_71(2) < 2e~ b2+ (E—a)  jf z,x > In(z1) and z < z.
Fi(z)
Therewith we obtain
T—00 Fl(gj) S T—00
= lim 2 (@ Dl2-b2=3) 0,
Tr—r00
hence by (1.13) we have
. (FixB)(x) L Fi(z —y)
lim ~——22~"2 =1 ArZY g dy) .
dn TERe) an ) The R

Ifyg(),then%(;)y)g1forally:.IfOSygx—f,then%gx—ygx,and

the above considerations imply

AE=Y) _ g-or Dy Z 9ot Dy if 5> sIn(ay).
Fy (1‘) o -

Since the moment generating function M, (u) of Fy is defined on (—by, by) and

0< by + % < by, the function e+ g integrable with respect to F», and the
dominated convergence theorem yields

* T +o0 Py (z — oo
li L)) / lim W@(dw - / e Fy(dy) = M, (ba).

T—00 Fy (:L') oo T 1T —00

Analogously it can be verified that lim,_, . % = Mp,(—b1), and both

limit equations together entail F * Fy € %, 1, which completes the proof. [J

REMARK: The assumption above that both tails of F} are heavier than those
of I, was just made for notational convenience. As it is easily seen, in general
we have Fy * Fy = D%IABI,IJQ/\?U’ that is, one factor may determine the left tail of
the convolution and the other one the right tail. Embrechts and Goldie (1980,
Theorem 3 b)) have shown that if the right tails of F} and F» are both expo-

nential with the same rate a, then the right tail of F} x F5 is also exponential
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with rate a, so we may conclude that Fy * Fy = £,
by = by and/or by = bo.

Ay banl, TEMAINS valid if

Since GH distributions possess densities with semi-heavy tails as pointed
out before, an application of Propositions 1.13 and 1.16 to this class yields

Corollary 1.17 Let F' be the distribution function of GH (A, «, 8,9, 1), then

c ‘:L,|)\—le—oc|:c\+ﬂa: and F(l’) ~ c :EA—le—ax-i-ﬁa:

~ )
T—r—00 04—|—B T—r00 Oé—B

F(x)

where ¢ = /55 a(A, a, 8,6, 1) and a(X, «, 8,0, 1) is given by (1.7).
Moreover, GH (A1, 1, B1,01, 1) ¥ GH (A2, a2, B2, 02, u2) € Ly, p, where by =
min(ag + B1, @z + f2) and by = min(ay — B, as — B2).

1.4 Limits of generalized hyperbolic distributions

This section is devoted to a thorough study of possible weak limits of GH
distributions. As was already mentioned in the last section, most of them can be
obtained as normal mean-variance mixtures where, according to Lemma 1.7, the
mixing distribution is the corresponding GIG limit. However, in the following we
shall derive the limit distributions by investigating the pointwise convergence
of the GH densities (1.6) instead of calculating lots of mixture integrals for two
reasons: firstly, the latter method is often more lengthy and extensive, and in
addition it can not capture all possible limiting cases.

To determine the limits of GH densities, we will frequently use some asymp-
totic properties of the Bessel functions K, which are collected in Appendix A,
so the careful reader is encouraged to take a look out there before continuing
here. As we shall see, some limiting cases occur when one ore more GH param-
eters tend to certain finite values, whereas for other limits some GH parameters
necessarily have to tend to infinity. Because the limit distributions obtained in
the first case are much more interesting and will also be used in Chapter 3 for
CDO pricing, they will be examined first within the next subsection, thereafter
we consider the limits with infinite parameters.

1.4.1 Limits with finite parameters

From the mixture representation (1.5) of GH distributions and the properties
of the GIG distributions described on page 9 one can deduce that limiting cases
with finite parameters can only be obtained if A > 0,6 = 0 or A < 0,|8] = «a.
Indeed, if A = 0, then by (A.9) the behaviour of the norming constant (1.7) is

Vi va
VIR, (0Va? — ) | Varln(sy/a? - ?)

consequently no weak limits exist, and we can concentrate on the case \ # 0.

—0 ifd—0 or|f — «,
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Positive A\

By equation (A.8), the asymptotic behaviour of the norming constant (1.7) for
A > 0 is given by

(a2 _ 52)/\

a()\aaaﬂa 5a N) ~ \/%a)\7%2>\_1r()\)

if 6 =0 or|f] — «,

hence a non-degenerate limit can only be obtained for § — 0. In this case we

have /62 + (x — )2 — |x — p|, and inserting into (1.6) yields for = — p # 0

lin desinapin (@) = — & IV YK (ol — ) HEH
§—0 ( ,a7B7 7,“') \/7?(2@))\_%1—‘()\> )\75
(1.14)
=: dyg(ragp (T)

(if A > 0.5, convergence also holds for z — u = 0) which equals the density of
a Variance-Gamma distribution (henceforth VG). This class was introduced in
Madan and Seneta (1990) (symmetric case 5 = 6 = 0) and Madan, Carr, and
Chang (1998) (general case), but with a different parametrization VG (o, v, 0, fi).
The latter is obtained by

, 2) 1
a2 - pY TN

28\
o 0 = po ? = ma n=p.

Variance-Gamma distributions themselves are a subclass of CGMY-distribu-
tions introduced in Carr, Geman, Madan, and Yor (2002) which corresponds

to the setting Y = 0. The other parameters are related as follows:

2

1 G-M 0 G+ M v o2
CZ*Z)‘? 7:—:5, + — 2_
v 2 o o
If A =1 (hyperbolic limiting case), (1.14) simplifies using (A.7) to
042 — /82 —ajr— T—
dv (s (T) = € |z —pl+B(x—p)

which is the density of a skewed and shifted Laplace distribution.

Now we can reformulate the fourth line of the convolution properties (1.9)
of GH distributions as follows:

VG(AbO‘a/Ba ,ul) * VG()‘ZvauBa MQ) = VG()\l + )‘27 «, 67#1 =+ IUQ)a (115)

and by Lemma 1.7 all VG distributions are normal mean-variance mixtures
with -
VG a,B,1) = N(u+ By, y) o G(\, 255,

Lemma 1.6 a) and Proposition 1.9 then imply that all VG distributions possess
a moment generating function of the following form:

, o — (2 A
_ —u =" 57—
Myanap(w) =e Laraon, aQ—ﬂQ)( 7~ Pu) =e (az - (B+ U)2> .
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The characteristic functions are easily obtained via the relation ¢y gz a,8,.) (v) =
My (xa,8,u) (iw) which can be justified analogously as in the GH case. Calcula-
ting the derivatives of My g(x a8, (1) at u = 0, we get the following expressions
for mean and variance of VG distributions:

2058
a? — 32

2\ N 432
o2 — B2 (a2 - B2)2
Some more tedious and lengthy calculations yield the following formulas for
skewness and kurtosis:

120 N 16133
@ =7 " (a2 57

12\ (4N +8)B% (4N +8)3?
=52 \ (= " (a2= 3?)
Comparing GH and VG densities it is obvious that the latter show an identical
behaviour for large arguments:

E[VG\ o, B,p1)] = p+
(1.16)
Var[VG(\ o, B, )] =

ol o

nVaG) = < 3> - Var[VG]~

% (VG) = + A+ 1> Var[VG] ™2 -3

dVG()\,oz,B.u) (1‘) ~C |$|>\_1 e—a\xH—ﬁa}’ T — :|:OO,

(0127,32)A
(22T ()
heavy tails, and the assertions of Corollary 1.17 remain valid also in the VG
case (only ¢ has to be replaced by ¢).

where ¢ = . Hence also VG distributions possess densities with semi-

Negative A
If § — 0, then equation (A.8) implies
2 2\2 A3 52X
- 24732 5
a(\, o, B,0,1) = P : —0

V21t 3 6 Ky (6y/a? — 3?) b VT ET (=)

and thus lims 0 dgp(r a6, () = 0 if A < 0. In the limiting cases where
|B] — « there are two possibilities: |5| = a > 0 or f = a = 0. We investigate
the latter one first.

If a, 8 — 0, then we conclude from (A.8)

(02 = 822 Ky 1 (/@ + @ =) T(-at (84 (- p)2) 92

_) b
V21 0?2 60 Ky (8y/a? — 32) VRO
hence
' L(-x+13) 223
a%godGH(A,aﬁﬁvﬂ)(aj) - m (6 Flemw ) (1.17)
1
far) () op)
S WAL VA I it oA = d o
T = t60) (7)
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which is the density of a scaled and shifted ¢ distribution with f = —2X\ degrees
of freedom (the usual Student’s t-distribution is obtained with 6> = —2\). Using
I'(1) =1 and I'(3) = /7, (1.17) reduces in the NIG limiting case (A = —3) to
0
dGH(—%,0,0,(;,;,L) (.T) = T ((52 + (x — M)Z) )

the density of a scaled and shifted Cauchy distribution.
Again by Lemma 1.7, all t distributions are normal variance mixtures with

. 52
t(X, 0, 1) = N(p,y) 0 iG(N, % ).

The pointwise convergence of the densities of course implies weak convergence

of the corresponding probability measures and hence convergence of the char-

acteristic functions as well. From equation (1.10), the remark thereafter and
(A.8), the characteristic function of t(X,d, 1) is found to be

a2 — B2 >§K}(5V&f3—(ﬁ—%ﬂ02)

Pr(ro (1) = lim e <a2

,f—0 — (B +iu)? Ky (6y/a? - 32 (L.18)
_ (2)%’(6!\) |
~\o) TN

In the NIG limiting case, (1.18) simplifies using (A.7) and I'(0.5) = /7 to
Br(—1/2,6,) (W) = en=olul the well-known characteristic function of a Cauchy
dlstrlbutlon Specializing 62 = —2)\ = f we get the characteristic function of a
Student’s t-distribution with f > 0 degrees of freedom:

12K .

2
If f =m is an odd integer, by equation (A.6) this coincides with the formulas
given in Johnson, Kotz, and Balakrishnan (1995, p. 367).

It is immediately seen from (1.17) that the asymptotic behaviour of the
densities is given by dy s,.) (%) ~ ¢lz|1, 2 — 400, consequently rth mo-
ments exist only if r < —2X = f or, in other words, t distributions only possess
moments of orders smaller than the degrees of freedom. The symmetry of the

densities implies E[t(),d,p1)] = p if A < —3, and for A < —1 the variance can
be calculated as follows:
+0o0
Varlt b)) = [ @ ) diag (o) do
+o0 F(—)\ + l) A—1
2, $2_ 52 2 2 2
= - 0 =6 ——=r=—= (0 - 2d
[ (@8 = ) 2 (P =) e
o T(=A+3) A+
— 52 _ 2 +2 d 52
L TRy & o) de

_T(Ad) VEPEICA-D)
S VEAT(=N) r(-a-1)

A3 5
_ 52 2 _ _
._5<A+1 1) — 5 (1.19)
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If 62 = —2)\ = f, then the above expression becomes %, the familiar formula
for the variance of a Student’s t-distribution with f > 2 degrees of freedom.
For skewness and kurtosis we obtain by similar considerations and calculations

A+1

" (t()\,d, ,u)) =0, vg(t()\,& ,u)) =3 <)\+2 — 1) , A< =2,

Note that the kurtosis 5 is always positive and tends to zero if A = —oo, reflec-
ting the fact that t distributions become approximately normal if the number
of degrees of freedom is increasing.

The above mentioned asymptotic behaviour of the density dyy s, implies
di(x5,0) (£2) € For—1 and Fyy 5, (—2), Fyn6,0)(2) € Zox. Applying Bingham,
Goldie, and Omey (2006, Theorem 1.1 and the Theorem on p. 54) we get

Corollary 1.18 Let Fy, Fy be the distribution functions of t(A1,01,p1) and
t(A2, 02, p2) with corresponding densities f1, fa, then

lim le and lim M: im @:
lz| o0 f1(2) + fo(x) az——oo 1 (z) + Fa(z) z—o0 Fi(x) + Fa(x)

REMARK: If A1 < A, then with the notations of the preceeding corollary we
have fi(z) = o(f2(z)) as |z| — oo and Fy(z) = o(Fy(z)),x — —o0, as well as
Fi(z) = o(Fy(z)),z — oo, consequently

(Fy % Fy)(x) . (Fy % Fy)(x)

i M = n im ————~= = lim ——————~ =
|x1\1inoo f2($> =1 and wL*OO FQ(.%') T—00 F2(IL‘) !

(see also Bingham, Goldie, and Omey 2006, Theorem 2.1). Hence also in this
case the tail behaviour of the convolution and the asymptotic behaviour of the
convolution density is determined by the factor with the heavier tails.

Now suppose that |3| — « > 0, then by equation (A.8) we have
(a2 — ﬁ2)g oA +3
_> b
V2rar 2 A K, (/a2 — B2) Jmat 2 6P T(=A)

and inserting into (1.6) yields

CL()\,O&,,B, 67 :u) =

2/\4‘%
VTN Tz §2AT(=))

. K)\—% (am) eia(a:—u)

which is the density of a normal mean-variance mixture N (u+ay,y)oiG ()\, %)
by Lemma 1.7. This was called generalized hyperbolic skew Student t distribution
and applied to financial data in Aas and Haff (2006). Its characteristic function
is obtained similarly as before:

(52 + (.le _ M)?)()‘*E)/Q .
(1.20)

lim d -
Pl GH(NoB,6.)(T)

(@8 \} K6/ ET)

dcH(akasn () = lim e <a2 - (5+2~u)2> K\ (5y/a2 — B7)
B (2)A 2K, (6v/u? F 2iua)
0 (=) (u? F 22‘u0¢)%

e™H,
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The tails of the density (1.20) behave completely different for large argu-
ments. If 5 = «, then by (A.10) the asymptotic behaviour is as follows:

S A1 =2
dGH()\,a,a,é,p,) (:B) ~C |l’| e a|:v|’ T — —0Q,
= A1
dGH()\,a,a,é,,u) (l’) ~ C2 |ﬂ§| ) T — +00,
and the other way round if 8 = —a, hence rth moments exist only if r < —\.

Consider a sequence of random variables X,, ~ GH (X, a, By, d, ) with |5,] < «
and 8, =3 +a, then (1.20) implies X, Ly X o~ GH(\, o, +a, 0, 1) and
hence also X, £, X". Further it follows from the convergence of the norming
constants a(\, a, By, d, 1) = a(\, a, £a, d, 1), (1.12) and the above asymptotics
that there exist some constants ¢, g > 0 such that dgp (e g,,6u) () < € || A1
for all n and |x| > zo, consequently the sequence (X}, ),>1 is uniformly integrable
if r < —A\, and therefore we also have E[X] ] — E[X"]. Expressions for the rth
moments of the limit distributions can thus be obtained by determining the
limits of the corresponding formulas for ordinary GH distributions for |5| — «
and hence ¢ = §y/a? — 2 — 0. If A < —1, then by equations (1.11) and (A.8)
we get,

E[GH(\ o, £a, 0, p)] =

oy BO* Kni(Q) _ 862 T(—(A+1)) [\
= im o B e B HEA (6
— ad® T(=(A+1)) _ ad?

2 TN Tt

Similarly, we find for A < —2
Var[GH (X, v, £av, 0, )]
02 Kx1(Q) | 20" [ Knpa(Q) KR (¢)
+ =

= o, lgwo KO K3

= i [‘Szw <C)A+1_A+6254 (F(—(A+2)) <C>>\+2—)\

T goda | ¢ TN 2 C2 ( 2
F(—()\ + 1))2 ¢ 2(A+1-X)
GE (2)

0 N a2t 11
220 —2 40+ \(A+2) (A+D))]
which is strictly greater than Var[t(\, 0, u)], but converges to the latter if & — 0.

Some analogous, but longer calculations yield the following formulas for skew-
ness and kurtosis:

Njw

- 356 3ot
N(GH\, o, £a,0, 1)) = v (ﬂ@ TR+ AN+ + 1)2> ’

58at(3)\ — 15) 364
DDA L2017 2021 D)
3652 (XN — 1) ) 2 g
A+3)A+2)(A+1)3 ’

72 (GH()" a, ta, 57 :U’)) = (16

"1
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where v = Var[GH (), o, +, 6, 1)] and A < —4. From the asymptotic behaviour
of the densities we conclude that GH(\, a, -« 0, p1)-distributions possess one
semi-heavy and one regularly varying tail, so the tail behaviour of their convo-
lutions can be determined by combining Corollaries 1.17 and 1.18.

1.4.2 Limits with infinite parameters

Now we turn to the limiting cases arising if «, 5 or ¢ tend to infinity. As we
shall see, at most two of the three parameters can do so, whereas the third one
necessarily has to remain finite to obtain a well-defined weak limit. We first
consider the case where «, 8 — co. More precisely we assume

/8:0[—777, Oz—>OO, 5_>0, a62_>w27 a‘ndn7¢>0

2
By equation (A.10), for sufficiently large o we have

A—1

@+ =)D ey (P e p)?)
a—1 P (Oé + ('ZE ,u) ) > 5
V2m a2 6 2 20 6 V02 + (@ —p)

and the above assumptions on the parameters imply /6% + (z — )2 — |z —pl,
a2 = >, 5v/aZ — B2 — ) and

2 7%\ 2

a2—,82% (a—(a—7)> o

(@ = ) _ () o
a2 o

Collecting these results we find

dar(na,8,0)(T) =

A
2

2 _ 2 62 + (2 — )2 (A=3)/2 N
_ (o aﬁ ) \/27504“(; KM)(a)\/m) KA_%(Q\/m) )
2 5 N —

A _
~ <77> o — p eBla—p)—ay/6%+(z—p)?

V) 2Kx\(n)

Comparing the last expression with the GIG densities (1.2) the conjecture of
weak convergence to a shifted GIG distribution is obvious. To prove the latter,
it remains to show that

S -a/Fra—? _ (o= ) @-w)-ay/5TH a2
e~ (V- @-w) g s 0,
_>
0, z—pu<0.

From the Taylor series expansion V1 + 22 = 14 % +o(2?), z — 0, we conclude

m:uwmww(1+2(;5_2W+o<62>),
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consequently if z — p > 0, then

(0= 2) -y s iaP - ().

T~ p

and if z — p < 0,

2
(a— 772> (x —p) —ar/0% + (x — p)? ~ —2alx — u| = —oo,

thus dar(aa,86)(T) = darawy (® — ) pointwise for all z € R under the

above assumptions on «, § and §. Setting f = —a + g, analogous calculations
yield dgr(xa,8,6) (%) = darawn) (—=(z—p)), so in this case the GH distribu-
tions converge weakly to a shifted GIG distribution on R_. If in addition we let
n — 0 or ¥ — 0, we may also obtain Gamma and inverse Gamma distributions
as possible limits.
If 6 tends to infinity instead of 5 and we further assume
0 2

o — 00, 0 — 00, — =0,
!

then GIG (X, 6,/a? — ?) 5 €,2 by Corollary 1.10, and Lemma 1.7 entails

GH(\ a,B,6,p) == N(u+ By, y) 0 €y2 = N(u+ Bo?,0%). (1.21)

This is probably the easiest way to prove weak convergence to the normal
distribution, but since we announced to show pointwise convergence of the
densities before, we also do this here for the sake of completeness. Again by
equation (A.10), we have for «, ¢ large enough similar as before

o? — B2)2 L
-3 5§ KA(f\/)m) ( 5+ (z - M)Z)(/\ 3)/2 KA_%(Q\/W)

~ (o 52)% (62 (:E_M)Q)% \[(O‘ _ﬁ2)i fa\/52+(x7#)2+6\/a2752
> N '

The above assumptions on « and § imply

(o? ;ABZ)Z L, @ (ng— DL
Vo (a? - i <a>§ (1-2) o1
VOZ+ (x—p)? \6 1+ (2542 Vo?’

and together it follows

dGH(A,Oé,ﬁ,é,M) (w) ~ W €
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Again from the Taylor series expansion 1+ 22 =1+ ‘%2 + 0(:102), x — 0, the
convergence of the above exponent is found to be

—a/62 + (z — 2+5\/a2 B2+ B(x — p)

= —ady/1 —i—ad
1

= —ad [1 + 5

1(z—p)?

2 o2

7+ﬂ

< et

/8 —p)=- 21 (z — (u+ Bo?))*
(z

which shows dGH()\,aﬂ’g’u)( z) = dn(u4p02,02)(2) pointwise for all z € R.

REMARK: Note that a necessary condition for normal convergence is that o and
0 grow with the same rate. If § is growing much slower than « or even kept fixed
instead, then 0 = 0, and from (1.21) we conclude GH (\, o, 3,6, it) — €,,. This
can alternatively be deduced from

MM GG a,p0 () = im Mepa,s.eu (iu) = e
which immediately follows from equation (1.10).

Because we always have to have |5| < «, 8 cannot tend to infinity if «
remains bounded, and if § — oo while «, 5 are kept fixed, then equation (A.10)
implies

(0% + (x — u)2)(**%)/2KA_% (/5% + (= — p)?) p—ba-t+0y/aT_p2
~ — 0,
K\ (6y/a? — 3?) Vvad (a2 — 2)-1/4

hence in the latter case the GH densities degenerate. Therefore the considera-
tions in this section are sufficiently general and cover all possible limiting cases.

1.5 Generalized and extended generalized ['-convo-
lutions

In this section we give a short introduction to the families of generalized and
extended generalized I'-convolutions. They provide a unified framework which
allows an easy derivation of many important properties of GH and GIG distri-
butions. Our presentation follows Thorin (1977a), Thorin (1977b) and Thorin
(1978). A thorough investigation of generalized I'-convolutions with many fur-
ther examples can be found in the book of Bondesson (1992).

Gamma distributions G (A, o) have already been encountered in Section 1.2
as possible limits of GIG distributions (see page 9). Here we are concerned with
the slightly more general case of right-shifted Gamma distributions G(\, o, a)
which are defined as follows: If X ~ G(\,0) and ¥ = X + a with a > 0,
then G(\,0,a) := L(Y) = G()\,0) * €. From Proposition 1.11 d) we have
G(A1,0,a1) * G(Ag,0,a2) = G(A1 + A2,0,a1 + az) which implies the infinite
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divisibility of G(\, 0, a). By Proposition 1.9 and the remark thereafter the char-
acteristic functions are given by

N
. iua mu iua
96(naa) (1) = Lo (iu) e =< ‘a> ‘

which can also be represented in the following form:

PG(r0,a)(U) = exp [iua - /000 ln<1 - Z;) )\eg(dy)} , (1.22)

where In(z) denotes the main branch of the complex logarithm. If more generally

n
Un($) = Z)‘iﬂ[ai,oo)(x)v AN>0,1<1<n, 0<oi<oy< <o, <0,
=1

n
and Oga:Zai, a; >0,1<1i<n,

i=1

then it follows from (1.22) and the above mentioned convolution property that

& iu
o n U :exp[iua—/ ln<1—> U, dy].
iilG()\i»Uiyai)( ) 0 Yy (dy)

These considerations lead to the following

Definition 1.19 The class T'g of generalized I'-convolutions consists of all
probability distributions G on (R4, B+) whose characteristic functions ¢g can
be represented in the following form.:

oc(u) = exp [iua —/ ln(l - zu) U(dy)} ) (1.23)
0 Y

a>0, U:Riy— Ry non-decreasing with U(0) = 0,
1

| v < . (1.24)
<1

/ —U(dy) < oo.
1

Y

The last two conditions of (1.24) ensure the finiteness of the integral term in
(1.23) such that |¢g(u)| > 0 for all u € R. The above definition suggests that
every distribution given by (1.23) and (1.24) is infinitely divisible. In fact, this
holds true as we will prove below by showing that the characteristic functions
of all elements G € I'y also possess a Khintchine representation

, oo e iur \ 1+ 22
¢G(u) = exp <ZGGU+/ (e —1-7 +$2> = 1/Jg(dx)> :

This is an alternative representation of infinitely divisible distributions (see,
for example, Loeve (1977, pp. 310-313 and 344)) which for technical reasons is
sometimes more convenient than the equivalent Lévy—Khintchine formula

1 .
¢c(u) = exp (iubg — §CGu2 + /]R(e””” —1- iu:c]l[_lvl](x))yg(dxo .
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Both formulas can be transformed into each other via the relations

bg = aGJr/R(ﬂJ]l[_Lu( z) — 2 gy (1,1(2)) e (da),
A1/1G( ) = va(0) — ¢a(0-), (1.25)
volda) = 2 yo(da),

and since bg, cg and vg are uniquely determined, so are ag and ¥g.

cq

REMARK: Wolfe (1971) has shown that for every infinitely divisible distribu-
tion F with Lévy measure vp one has the equivalence [, |z" F(dz) < co &
f]R\[—l,l] |z|" vp(dz) < oco. Thus if the distribution G has finite first moments,
we can omit the truncation function within the integral of the Lévy-Khintchine
formula, and the first equation of (1.25) simplifies to

ba =ag + /Jroox w(;(daj) = E[G]

—0o0

Proposition 1.20 A generalized I'-convolution is uniquely determined by the
pair (a,U) defined in equations (1.23) and (1.24).

Moreover, every G € Ty is selfdecomposable, and the characteristic pair (ag, ¥a)
of its Khintchine representation s given by

aG:a~|—/ / d:z:U(dy)

0, r <0,

/0 Vg (y) dy, >0,

PROOF: Inserting the above expressions for ac and g into the Khintchine
formula yields

1n(¢G(u)):zua+zu// T2 deU(dy)
iur \ 1+2% =« *®
ur 1 _ T
+/ <e 1+x2> > 1—|—x2/0 e U (dt) dz
:zua—i-zu// //
0o Jo
+ / / ;e*th(dt)dx
— e—x(t—iu)
:zua—// dz U(dt)

oo poo pt—iu
/ / e " dz dze U(dt)
0 0 't

— jua — /0 b / o % dz U(dt) = iua — /O “in(t — i) — In(t) U(dt)

Ya(r) =

valy) = 5 f 72 /0 e v U(dt).

(dt)
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which equals the exponent on the right hand side of (1.23) as desired. Since
the characteristic pair (ag, %) of the Khintchine representation is uniquely
determined, the uniqueness of (a,U) immediately follows from the formulas
verified above (observe that the density of the Khintchine measure is ¢ (y) =
ﬁ Lu(y), so the Laplace transform £y (y) and thus U are uniquely charac-
terized, hence so is a). Together with the last equation of (1.25) we have

1+ 22 1+22 =z

votdr) = 75 () = 1) L

/ e "t U(dt) du,
0

thus the Lévy measure of every generalized I'-convolution has a density of the

form % where k(x) = 1(g ) (2) [~ e * U(dt) is non-decreasing on (—o0,0)
and non-increasing (actually decreasing) on (0, 00), so all generalized I'-convo-

lutions are selfdecomposable by Lemma 1.4. O

The class I'y is closed under weak limits (see Theorem 1.22 below). If it is
enlarged by permitting translations to the left and thus canceling the condition
a > 0in (1.24), one obtains a class I'_, which is not closed under passages to
the limit: Take for example a,, = —n and U,(x) = n2]l[n7oo)(x), then we have
for n sufficiently large
(iu)? u?

2 2 _u
5 o) =2 —5

In(¢n(u)) = —iun—n’ 1n<1 N Zu) = —iun—+iun+
n

hence normal distributions are in the closure of I'_,, but obviously not in I'_
itself. Also note that the weaker condition a € R allows, according to (1.24),

the decomposition
- [ v
a=a-— ——U(dy).
o 1+y?

The closure of I'_, is called the class of left-extended generalized I'-convolutions
and denoted by I';,. With the above considerations, its elements G can be
defined as probability distributions on (R, B) whose characteristic functions
are uniquely given by

2 00 . -
o (u) = exp [iub - % _/0 <ln(1 - Z;) + 1Z_Zny> U(dy)] ,

beR, c>0,
U : Ry — Ry non-decreasing with U(0) = 0,

1 o) 1
/0 | In(y)| U(dy) < o0 and / LU <o

REMARK: As before, the two integrability conditions ensure the finiteness of the
characteristic exponent such that [¢¢(u)| > 0. They immediately follow from
the asymptotic relations In(1 — %) = In(y —iu) — In(y) ~ —In(y), y — 0, and

. , A , A > o
121;/2 +1In(1 - %) ~ St Z—Q + 0(5—2), y — oo. Note that the additional
y

summand lif:yQ allows a weakening of the last condition compared to (1.24).
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Analogously to Proposition 1.20 it can be shown that all elements G € T'y, are
selfdecomposable and possess a Khintchine representation obtained by

00 00 oYz y
—b dr — — VU
a +/0 (/0 1+z2 7 1—|—y2> (dy),

0, z <0,

[e.9]

) :0, ! - Yy —
va@=4" ) Vo) = [ e U@,
e+ [ vl ay. a0,

Of course we could have started our investigations with negative Gamma
variables leading to the counterpart Iy of I'y consisting of distributions on
(R—,B-). In the same way as above one obtains the class I'g as the closure of
right-shifts of I'},. Following Thorin (1978), we define the class I' by

Definition 1.21 The class I' of convolutions I'r, xI'r, called extended general-
ized T'-convolutions, consists of all probability distributions F on (R, B) whose
characteristic functions ¢ are of the form

dr(u) = exp [zub - 6“22 - /+oo <1n<1 _ “‘) Ly ) U(dy)] . (1.26)

e 1+y

beR,c>0, U:R—R non-decreasing with U(0) = 0,
1
In U(dy) < oo,
/()| Utan) (1.27)
—1 1 “+oo 1
/ — U(dy) +/ — U(dy) < oo
—c0 Y 1 Yy

Again, this representation is unique, and all elements of I" are also selfdecom-
posable. Their Khintchine representations are

0o 00 oy y
— b+ £ dr— U(d
ar /0 (/0 1+z2 7 1+y2> (dy)

(1.28)
S L e ) v
/ Vi (y) dy, <0,
Yp(x) = c+/ Wi (y x =0, (1.29)
/ Vp(y) dy, © > 0,

0
Wely) = (oo (®) / eI T(d) + 100y (1)

1+ 92

D - eV U(dt).
s /0 (dt)

REMARK: Equations (1.25) remain of course valid if G is replaced by F'. Further
note that not only every normal distribution belongs to I' (take U(y) = 0),
but also all a-stable distributions with 0 < a < 2. The latter are obtained from
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the generating triplet (b,0,U) with
C1

T T 1) oc’ <07
T Y
Uly) = ey c1,¢2 >0, ¢ +ca > 0.
P R ) >O
Tarp? ¥20

It is easily seen that U fulfills the conditions (1.27), and from equations (1.28)
and (1.25) it follows that for the proof of the assertion it is sufficient to show
that the above choice of U yields the correct Lévy measure. By (1.29) and
(1.25), for = < 0 the density d,,. (z) of the Lévy measure is given by

1 2 0 1 0
dzzF(l') = _L;U * / G_ﬁ U(dt) = |,7,"/ elw\t F(Cilama—l dt
—00

22 1422 J_ a+1)
1 0 0
= (ellte 4 [ (zlel e at
F(Oé + 1) |CU’ —00 — 00
C1 1 o _ —1—
= o+ 1) oo /0 e Yy* dy = cq|x|7 ¢

and analogously we get d, . (x) = coz™1~% for > 0, which together equals the
density of the Lévy measure of an a-stable distribution (see Sato 1999, p. 80).

The next theorem, taken from Thorin (1977b) and Thorin (1978), shows the
closedness of the classes I'g and T".

Theorem 1.22 (Continuity Theorem) If a sequence (Gy)n>1 of generalized
I'-convolutions generated by (ar, Up)n>1 converges weakly to a distribution func-
tion G, then G is also a generalized T'-convolution generated by (a,U) where

U(x) = lim U,(x) in every continuity point x of U,
n—oo
. . *1
o= g Ji font [ vnan)].

If instead (F,)n>1 is a sequence of extended generalized I'-convolutions gener-
ated by (b, cn, Up)n>1 which converges weakly to a distribution function F, then
F is also an extended generalized T'-convolution generated by (b, c,U) where

U(x) = 7}1_}1{)10 Un(x) in every continuity point x of U,

b= lim by, c= lim lim
n—00 M—o00 n—0o0

1
cn + / — Un(dz)
R

\[—M,M] €z

By construction every sum of a finite number of positive (and negative) Gamma
variables is an (extended) generalized I'-convolution. Thus it follows as a special
case from the continuity theorem that if a sequence of such sums converges in
distribution to a random variable X, then £(X) is an (extended) generalized
I’-convolution as well. Conversely, every extended generalized I'-convolution
generated by (b, ¢, U) may be approximated arbitrarily well in distribution by
sums of suitably scaled and shifted independent Gamma variables. As it is
easily seen from our considerations on p. 29, the main task in the latter case
is to choose the parameters A\; and o; of the summands in such a way that the
functions U, corresponding to the finite sums converge pointwise to U.
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1.6 Representations of GIG and GH distributions as
subclasses of I'

We now show that all GIG and GH distributions belong to I'g and I', respec-
tively. The first statement was already proven in Halgreen (1979), the second
was indicated in Thorin (1978). We give detailed proofs of both and extend
the results with the help of the Continuity Theorem 1.22 to the limiting cases
which allows to explicitly compute the Lévy—Khintchine representations for all
distributions.

1.6.1 GIG distributions and their limits

The results of the present subsection are summarized in the following

Proposition 1.23 Every GIG(\, 4, y)-distribution is a generalized T'-convolu-
tion with generating pair (agra,Ucra) as follows:

a) If 6,7 > 0, then

agra(rsy) = 0
Uara(rs) (@) = 1y2/2,00) () (maX(O,)\) +6° /72 g5 (26%y — 6°7°) dy)
2

where g, is defined by
2
gu(z) == v > 0.

w2z [T (V) + Y2 (V)]

b) If A > 0 and 6 =0 (Gamma limiting case), we have

acranom) =0, Uara(noq) (T) = Ay2/9 00) (7).

¢) If X <0 and v =0 (inverse Gamma limiting case), then

acrcns0) =0, Uciainso) (@) = 671 ) (95)/0 g3 (26%y) dy.

d

d) The degenerate limiting case (6,7 — 00, ooz 0) is characterized by

a=o0,U(z)=0.

PROOF: a) From Proposition 1.11 ¢) and equation (1.3) of Section 1.2 we have
GIG(=X,6,7)*GIG(X,0,7) = GIG(—X,8,7)«G (X, g) = GIG(\,0,7), A > 0.

Since the class I'g is closed under convolutions with Gamma distributions by
construction, it suffices to prove that all GIG(), 6, )-distributions with A < 0
belong to I'g to establish the general result. Therefore we suppose —A =: v > 0
for the moment. By Proposition 1.9 and equation (A.2) the Laplace transform
of GIG(), d,7) is given by

2 \% K,(5v/+2 + 2u)

. 2
Larcnsy (u) = (72 + 2u) K, (67)
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Combining equations (A.3) and (A.4) we get K{(z) = —K)_1(z) — 2K, ().
With the help of this we find

SIGIG()\,&'y) (u)

/
In(L€arapsm (W) = Le16(06.7) (1)

-2 u _ A+l / m

I (o2 2u) 2 BV 5 (2 g gy s KOy
a K, (6y/72+2u
(2 + 2“) (KV ) )

v 0 (5\/7 +2u)
72+2u VY2 +2u K, (5\/7 +2u)

v 5 K1 (6vA2 + 2u) + v(5y/A2 + 2u) K, (642 + 2u)

V+2u /24 2u K, (8v/42 + 2u)

Ky 1 (V)
= 029, [0%(* + 2u)], here @, (t) := ———~.
[6% (7% + 2u)] where @, (t) VK (V1)
Using the integral representation of Grosswald (1976),
@(t)‘/ool (v)dz with g, (z) = . (1.30)
I e VT OV R 1 V2 | M

(Jy(z) and Y, () denote the Bessel functions of first and second kind with index
v, see Appendix A for further information) we obtain with Fubini’s theorem

u [e'e) 52
ln(ﬂ(;[G(A,é,,y) (u)) = —/ 52 9% T a gy(z) dzdt

= /72 / —_— g,, 252 5272) dt dy
2

= —/72 ln< y> 629,,(2523/ — 5272) dy.

2

Since the corresponding characteristic functions are given by £c16(1,6,7) (—iu), it
immediately follows from (1.23) in Definition 1.19 that all GIG(A, 9, )-distribu-
tions with A < 0 and §,~v > 0 are generalized I'-convolutions with characteristics

x
acgig =0, Ugig(x) = 521[72/2700) (x) /72 N (252y — 6272) dy,
Ea
if Ugye fulfills the integrability conditions (1.24) which is shown below. Since
a Gamma distribution G()\, 772) is characterized by a jump of U of height X\ at

T = g (that is, A = U(l;) — U(72—2—), see also equation (1.22) and the consider-
ations thereafter), the general representation of GIG(A, 6, y)-distributions with
arbitrary A € R and 4, > 0 immediately follows from what we have shown so

far and the above mentioned convolution property of Proposition 1.11 c).
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To verify conditions (1.24), note that fol |In(y)| Ugra(dy) < oo holds triv-

ially if v > 0 because Ugra(y) =0 on [0, %) Equations (A.16) and (A.17) im-
ply the following asymptotic behavior of the Bessel functions Jy(z) and Yy (z)
for z — oc:

[ 2 AT /2 . AT
J)\(CL‘)N mCOS<$—2—4>, Y)\(x)w mSln<x_2_4>’

therefore gy (z) ~ (7x) 2, 2 — 00, and consequently [~y ! Ugra(dy) < oo.

b) Observing that GIG(A,0,7) = G()\, 7—22), the corresponding result has al-
ready been shown implicitly in the proof of part a). However, we also provide
an alternative proof here which is based on the Continuity Theorem 1.22 since
we need some of the enclosed calculations later anyway.

First we require the asymptotics of the Bessel functions near the origin.
According to equations (A.13) and (A.14), for |A| > 0 these are given by

@ ~ (Do v ~ TR

For an arbitrary but fixed z > L; we get combining the results of part a),

equation (1.30), and the above mentioned asymptotics

2
lim U/ z) = lim =0,
o2 Corasn ™) =3 e R ovEr ) + VR 0v/Ee )
hence lims—,0 Ugra(r,s.) (%) = ALy2/2,00) (%) = Ugra(r,0,)(z) by the Continuity
Theorem. Further we conclude from the asymptotic behaviour of the Bessel
functions that

1 , 52)\(2$ _ ,72))\—1

" UGra(nsqm (@) ~ T2 1y ovx — 0,
Lo 5(2*73 — ’72)_%

p UGrc(nsq) (@) ~ - ov/x — o0,

consequently 71Ul (z) is bounded on [M, oc) by an integrable majorant for
sufficiently large M and 0 < § < 1. The Continuity Theorem and the dominated
convergence theorem then yield

AGIG(A0,y) =

. . o 1
= lim lim |:aG[G'()\757,Y)+/M xUGIG’()\,d,'y)(d.%')]

M—00 §—0
o oo

. . . ! _ . ! _
= m fm J 2 Yeronen (z)dz = lim 2 UGG (z)dz =0,

where the last step follows from U’GIG( () = 0 for sufficiently large x as

shown above.

2,0,7)

c¢) The asymptotics of U 1G(\6.) (x) derived in the proof of part b) imply

- >1 . <0 s
Jim %11)% [GGIG(A,a,v) + /M ~ Usraos) (dl')] = Jim ey L dz =0,
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hence by the Continuity Theorem every inverse Gamma distribution G ()\, %) =
GIG(),6,0) € T'g with generating pair agrg(xs0) = 0 and, as is obvious from
part a), Ugra(ns0)(2) = imy—0 Ugrasq) (€) = 0% 100y () [3 9101 (26%y) dy.
d) The generating pair (a,U) of the degenerate distribution €, can of course
immediately be obtained by comparing the characteristic function ¢, (u) = e’
with the general representation (1.23) in Definition 1.19. We derive it here again
with the help of the Continuity Theorem which also provides an alternative
proof of Corollary 1.10.

By part a) we have Ugrg(xs,)(z) =0 for z € [O, l;), consequently U(x) =
lims 4500 Ugra(rs,y) (%) = 0 for all # > 0. The first further implies

. . 1 ) *1
i lim [GGIG(M,V) + /M xUGIG()\,é,’Y)(dx)] =, m 2 ~ Uarc(ns.)(d2)
and from the Continuity Theorem and the asymptotics of x_lU’GlG(A 5) (x)
derived in b) we finally conclude
> 1 62z — 72)_%

a = lim - U, dzx) = lim
dy—oo J2¥2 @ GIG()\’&V)( ) §y—o0 J 22 T

. d 2 < 2x — 72)
= lim — — arctan|{ ~———
d,y—+00 T 7Y vy

dx

o

= lim - =o.
g d,y—o00 Y

0

REMARK: The proof of part d) also shows that the limits occuring in the Conti-
nuity Theorem must not be interchanged. By (1.24), the measure induced by the
function U of every generalized I'-convolution has to fulfill [~z *U(dz) < oo,
so a swap of the limits would imply

>*1
a= lim lim [an—i-/ Un(dx)} = lim a,.

n—oo M—oo M T n—oo

Therewith one would obtain in the situation of Proposition 1.23 d) that a =
lims 400 aGrG(2,6,y) = 0 Which is obviously false in general.

1.6.2 Lévy—Khintchine representations of GIG distributions

With the above characteristics (agra, Ugra) of GIG distributions, their Lévy—
Khintchine representation can now easily be derived using Proposition 1.20 and
formulas (1.25). Again we summarize the results in

Proposition 1.24 The characteristic functions of GIG(\,0,~)-distributions
can be represented as follows:
a) If 6, > 0, then

- 0K 41(07) / < . >
u) = exp | tu—r———> + e — 1 —jux z)dz
PGrarsqy) (W) p( 1 (57) ; ( ) 9c1G(05) ()
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where the density of the Lévy measure is defined for x > 0 by

—zy

/O WQQ[J‘QM (5\/@) + Y|§\| (5\/@)]

(& 2

9garc(rsy) () = dy + max(0, )\)] .

b) If A >0 and § =0 (Gamma limiting case), we have

. 2X < .
da1a(r0,) (1) = exp (w b + /0 (e™® =1 —iux) gora(r0.) () dl‘) ,
2
and the density of the Lévy measure is garc(r,0,4)(T) = 1(0,00) () % e~ T,

c) If A <0 and v =0 (inverse Gamma limiting case), then

—e T

. 1
barc(rs0) ()= exp <1u52 /0 g (20°2) da

T

+/O (e —1 —iualyy (%)) garc(rs0) (@) d$>

with corresponding Lévy density

1 -y

f’f/o 2y 75, (0v2y) + Y, (6v2y)] dy’

x> 0.

9ara(rs,0) () =

PROOF: a) Since all moments of GIG(A,d,y) distributions with 6, > 0 exist
(see p. 11), according to the remark on p. 30 the truncation function within the
integral of the Lévy—Khintchine formula can be omitted, and the drift term bg
then equals the mean of the distribution. From the moment formulas given on
p. 11 we get bgraosy) = EIGIG(N,6,7)] = KI?:(IS)W)%' Thus it only remains
to prove the above formula for the Lévy density. By Proposition 1.20, the last

equation of (1.25) and Proposition 1.23 a) we have

14 22 x
gara(req) () = 2 122

/o eV Ugrars,7)(dy)

1

/00 28% " |
e 12w - R (Vo =) 7 (VR )]

2
+ max(0, A) e_xé]

—zy

v [/0 2y [ I3 (0v2y) + Y5, (0v29)]

dy + max(0, /\)] , x> 0.

b) Because Gamma distributions G(A,g) = GIG(A,0,7) also possess mo-
ments of arbitrary (positive) order, analogously to part a) we conclude that a
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truncation function within the Lévnyhintchine representation is dispensable,

bara(ro,y) = EIGIG(X,0,7)] = 23, and the Lévy density is given by
1+a2? = <y
gara(oq) () = o el N Uara(r0,)(dy)
o 2
:)\/ e 2(dy) i —Fe x>0,
T Jo €T

because Ugra(r,0,7)(T) = Ay2/2,00)(2)-

c) Contrary to a) and b), the limiting reciprocal Gamma distributions have
finite first moments only if A < —1 (see p. 11), so in general we have to use a
truncation function and determine the drift term bz 5,0y according to (1.25).
By Proposition 1.23 c) the measure induced by Ugra(rs,0) is concentrated on
R4 and agrg(as0) = 0, so Proposition 1.20 and (1.25) imply

00 00 ,—ay
barc(rs0) = / / 1522 dx UGIG(/\,é,O)(dy>

e Y
/ / ( T+ 22 Mo (@) = 7 T 22 IR\, 1z )) dz Ugra(x.s0)(dy)
—zy o [F1—eY 9
- e dzUgrgs0)(dy) =0 9| (26%y) dy,
0 /o 0 (7

and similarly to part a) the Lévy density is obtained to be

@=-1 [
gGIG()\’&O) B T Jo WZQ[J‘ZM((S\/@)"'— |/\|( \/7)]

e Y
x> 0.

0

REMARK: If the GIG distributions arise as a limit of GH distributions studied
in Section 1.4.2, and the parameter y of the converging sequence is not equal to
0, all characteristic functions have an additional factor e’**. The corresponding
formulas for the “negative” GIG distributions on (R_,B_) are obtained from
the above by changing bgrg(xs,) 10 —bara(ns,y), the integration interval from
R+ to R— and the truncation function from 1y ; to 1;_; ). In the expressions
for the Lévy densities = has to be replaced by |z|.

Observe that the Lévy densities of GIG(A, 9, v)-distributions with § > 0 are
essentially Laplace transforms of the function g, defined in Proposition 1.23:
’Y2

e T2

9GIG(\6,7) (z) =

Y
0

This fact allows us to derive their asymptotic behaviour near the origin with
the help of the following Tauberian theorem which can be found in Feller (1971,
p. 446, and Problem 16 on p. 464).
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Theorem 1.25 Let G be a measure concentrated on Ry with density g and
existing Laplace transform Lq(x) for every x > 0. Suppose g(y) ~ v(y) for
y — 0o and v is monotone on some interval (yo,00). Let 0 < p < oo, then as
z — 0 and y — oo, respectively,

ot~ ~r (L) i o~ L L)
AT \a YT Y
for some positive function L defined on Ry and varying slowly at oo (that is,

or every fired x > 0 and t — oo we have Ltz) —1).
J y fi L(z)

As we have already seen on p. 36, the asymptotic Pehaviour of the Bessel func-
tions Jy and Y, implies 5Qg|/\‘(252y) ~ §(27%y)"2, y — co. The assumptions

of Theorem 1.25 are thus fulfilled with p = 0.5 and L(y) = 61:/(2%5) =6(2m)”

hence for x — 0 the asymptotics of the Laplace transform above are 6(27x)~
2

)

[T ST

Using the expansion et =1— xg +o(z),  — 0, we see that the behaviour
of gara(r,s5,) near the origin is dominated by the integral term, multiplied with
the preceeding factor =1, which gives

3
9IGIG(\5.)(T) ~ Nor z"2, r ] 0. (1.31)

Only the Lévy densities of the limiting Gamma distributions show a different

behaviour; in this case we have ggrg(x0,7) () = %6_172/ 2 and consequently

A

gara(roq) () ~ ot x ] 0.

1.6.3 GH distributions and their limits

The fact that GH distributions are a subclass of I' is an immediate consequence
of the more general result to be shown below that every normal mean-variance
mixture is an extended generalized I'-convolution if the mixing distribution

belongs to I'g. This was already mentioned, but not rigorously proven in Thorin
(1978).

Proposition 1.26 If F = N(u+ By,y) o G is a normal mean-variance miz-
ture where the mixing distribution G € T'g is a generalized I'-convolution with
characteristic pair (ag,Ug), then F is an extended generalized T'-convolution
(F €T) generated by (bp, cr,Ur) with

28(2y — 1)
2y +1)2 4452

brp = u+ Bag +/ ( Ug(dy), CF = 4G,
0

Ur(y) =40, —|Bl =B <y <|[B]— B,
Ua(% +By), y=>1|8— 5.
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PROOF: At first we note that equation (1.26) is equivalent to

+oo
or(0) =1, h%@ﬁun/:ib—cu+i/1 (yjiu—»lfy2>cudy)(Lgm

(conditions (1.27) justify the interchange between differentiation and integra-
tion). Because G € I'y by assumption, equation (1.23) implies

sgm):@ﬂmy:wpLﬂmkiéwm<1+z>ugmw}

From the proof of Lemma 1.6 b) we further know that the characteristic function
of F = N(u+ By,y) o G is given by

op(u) = etur 2@(% - Zuﬁ)
2 o] u? —q
iu(p + Bag) — ag% — /0 In (1 + 2yZU6> Ug(dy>]

= exp

and therefore

1n(ng(u))/ =i(u+ Bag) — agu +i/000 VT tut Ug(dy).

(% — iuB)

We thus have to show that the right hand side of the last equation admits a
representation in the form of (1.32). A first calculation yields

oo i+ B
—————— Ug(d
/0 Y+ (“2—2—iu[3) c(dy)

T,
0 ( 2y+ﬁ2+6+zu)( 2y+ﬁ2—ﬁ—zu)

Y 2(iu+ B) 7 (de
N /W—ﬁ (x4 28 + iu)(x — iu) Uldz)

with x = \/W B and U(x) = Ug(g + Baf;). Extending the function U
to the whole real line requires some care because by (1.24) the domain of Ug is
R4, but %2 4+ Bz < 0if <0 and 0 < x < —28. Therefore we set

- {O, 0<az<|B]—
U(z) = )
Ug(% +Bx), =>|8]—

and complete it to a non-decreasing function on R symmetric around —g by

—1B] =B <z <0,

0,
U(z) ::{ )
~Uc(% +Bz), =<—|8]-
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Continuing the calculation (and writing y again instead of z) we find

QL R 1 P (. (L ) 5
| VT (2 i) LW [ et @

e 2(iu+ ) S e iu+p -
_/O e , U(dy)—/ —— U(dy)

)+ (w—if)? oo WA B2+ (u—iB)?
B +o00 ZU—i—ﬁ y_|_6 i
- [ G G e U

+o00o 1 _
= U(d

where the second and third lines follow from the symmetry of U(y) around —f.

. !/ . . )
Summing up we have ln(gbp(u)) =i(u+ Pag) —agu +1 fj;oo ﬁ U(dy), and
a comparison with equation (1.32) reveals that F' is an extended generalized
I"-convolution with

—+00

bF:u+BaG+/ Ur(dy), cr=uag, Ur(y)="U(y).

N

To complete the proof we must verify conditions (1.27) and show that the sum-
mand f o 1 +y (dy) of bp is finite and admits the desired representation.
The definition of U implies

1 1
/ |In(x)| Up(dz) = / | n(x))| Up(da)
0 {

Bl-B)A1
5+8
- /0 [ In(v2y + 52 = )| Ua(dy), B> —3,
0, B<—3.

If3>—%andye [0,1+4], then1> /2y + 528> 1g|ﬁl/+25y+ym—ﬂ,thus

1

2 5+8
/0 lln(\/2y+ﬁ2 B)| Ua(dy) < / |In( ﬁfl|/2 y+ 18] — B)| Ua(dy) < oo

because Ug fulfills the mtegrablhty conditions (1.24) since G € I'y. Analogously
it can be verified that f |In(|z])| Ur(dz) < oo. Using similar arguments we
conclude, again with the help of (1.24), that

oo o0 o0

1
[t = [ Uslas) - / Ua(dy) <
x2 x2 (V2y + 32
i (181-pv1 oviivg VY ﬁ
and, with almost the same reasoning, f_ = Up(dz) < oo.

Since U is symmetric around — 3 and UF( ) =0forz e [—|5]— 5,8 — 0]
by definition, it follows that for some z9 > |5| — 5 >0 and 1 = —29 — 28 <0



1.6 GIG and GH distributions as subclasses of T’ 43

we have —Up(z1) = Up(x2), consequently

tooo g o0 x T+ 28
Urp(dz) = — Ur(d

_/°° 268(z% + 2Bz — 1)

282y — 1
:/0 (2y+(11)/2_,_i52 Uc(dy) < o0

where the finiteness of the last integral follows again from (1.24). O

REMARK: An alternative proof of the statement of the previous proposition
can be found in Bondesson (1992, Theorem 7.3.2). It uses a different technique
and therefore is much shorter, but does not provide any information about the
generating triplet (bp,cp,Ur) of F and its connection to (ag,Ug) we are in-
terested in to derive the Lévy—Khintchine representations thereof.

With the help of Proposition 1.26 we now can easily derive the generating
triplet (b, cam, Ugn) of GH distributions using the mixture representation

GH(\ o, 8,0, 1) = N(p+ By,y) o GIG(X, B,+/a? — ?) and the characteristic
pairs (agra,Ucia) of the corresponding GIG distributions given in Proposi-

tion 1.23. We obtain

Corollary 1.27 All GH distributions are extended generalized I'-convolutions
with generating triplets as follows:

a) If § > 0 and |B| < «, then

* 282y —1)
bG’H(A,a,ﬁ,é,M) = [L—{—/O 2y + 1)2 a3 UGIG(A,&,\/(fBQ)(dy)’

caH(Na,B.0m) = 0,

Uct (o800 (®) = (La—p00)(®) = L(—o0,—a—pg)(2))

+,Bar
max(0, \) + 62 / g2 I (252y —6%(a? — 52)) dy

b) If A >0 and § =0 (Variance-Gamma limit), we have

20B(a? — g% — 1)
bvenapu = 1+ (a2 — B2+ 1)2 + 452’ CVG(A\oB,m) =

UVG(/\,a,,B,,u)(‘T) = )‘(]l[afﬁ,oo) (x) - ]l(foo,fafﬁ] (‘T))

0,

c) If N\ <0 and o = 8 =0 (t limiting case), then

binsp) = Ko Cenou) = 0,

Uiins () = (Ir, (z) —1r_( / 52 g1 (20%y) dy.
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d) In the limit case with A < 0 and |3| = o > 0 we have

> 20(2y — 1) 62 5
bGH()\,a,:I:a,&/L) = :l:/O (2y T 1)2 T 402 9g|A| (25 y) dy,

CGHMa,tasu) = 0,

S tax ) )
UGH(/\,a,ia,&,LL)(x) = (]l[a$a,oo)(x) - ]l(foo,fa$a} (x))/() 0 g|)\\(25 y) dy‘

PROOF: a) The representation follows almost immediately by combining Propo-
sitions 1.23 a) and 1.26. A direct application of the latter yields that the first
factor of Ugy (which constitutes the symmetry around —/) has the following
form:

12
Lita2—p2)/2,00) (5 + B2) (L151-p.00) (%) = L0081 (2))

But since the solutions of x + Bz _”B ® are given by —a — § and o — 3,
and —a— 8 < —|B| — B as Well as a — B > |B| — B because a > ||, the above
expression can be simplified to (]l[a_ﬁpo) () = 1 (_oo—a—g] (:1;))

The generating triplets (b, ¢, U) of the GH limit distributions could be obtained
from part a) using the Continuity Theorem 1.22, but a careful determination of
the limit expressions would require lengthy calculations and estimations. How-
ever, by Lemma 1.7 we know that the GH limits considered in b)—d) can also
be represented as normal mean-variance mixtures, so we can apply Proposi-
tion 1.26 directly to the pairs (a,U) of the corresponding GIG limits derived in
Proposition 1.23 b) and c¢). For the rest of the proof we follow this approach.

b) As seen on p. 21, the mixture representation of Variance-Gamma distribu-
tions is VG(A, a, B,11) = N(p + By,y) o G(A, (a? — 32)/2), and according to
Proposition 1.23 b) the generating pair of the mixing Gamma distribution is

given by ag()\7(a2_52)/2) = 0 and Ug(A,(og_ﬁz)/g)(y) = /\]1[(a2_ﬂ2)/2’00)(y). By
Proposition 1.26 we thus have cy g .a,5,,) = 0 and

Uy Gnann (@) = M{(a2—s2)j2,00) (% + B2) (L151-,00) (%) = (o055 ()
= A(]l[afﬂ,oo)( ) - ]l(foo,fafﬁ}( ))

where the last equation follows with exactly the same arguments as in part a).
With UG(A’(QQ,BQ)/Q) (y) = )‘]l[(a2752)/2,oo) (y) we further obtain

< 28(2y—1)
bva(napm = B+ /D Oy + 12 £ 472 Ue0n0-52)/2) ()
NB(a® — 82— 1)
(062 _ /32 + 1)2 +4/82

c) The limiting t distributions are normal variance mixtures with an inverse
Gamma distribution: t(\,d, ) = N(u,y) o zG()\ ) By Proposition 1.23 ¢)
we have a;c() 52/2) = 0 and Usg(y 52/2)(z) = 61 00) (@) [y g|>\‘(262 ) dy. Thus
the generating triplet can be obtained from the formulas derived in part a) by
inserting & = 5 = 0 and observing that max(0, \) = 0 in this case.
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d) This case is very similar to the latter one. Here we have GH (A, a, £av, 0, 1) =
N(p+ay,y) oiG(A, %), so we get the generating triplet analogously as before
by inserting f = +« and max(0, A) = 0 in the formulas of part a). O

Observe that the function Uy gy o,8,,) has only two jumps of height A at —a—p3
and a — 3, and is constant elsewhere. From the definition of (extended) genera-
lized T'-convolutions (see pp. 29-32) we infer that these jumps correspond to the
Gamma distributions G(\, @ — ) and —G(\, a+ ) (where the latter denotes a
Gamma distribution on (R, B-) with density d_g( a+8)(Z) = dg(r,a+8)(—7))
and conclude that a VG distributed random variable equals in probability the
shifted difference of two independent Gamma, variables. More precisely we have

Corollary 1.28 For every VG distribution we have the decomposition

VG(\ a,B,p) = =G\, a+ )« GX\, o= B) * €.
Equivalently, let X ~ VG(\, «, B, ) and X1, Xo be independent random vari-
ables with L(X1) = G\, a—p) and L(X2) = G(\, a+[), then X 4 X1—Xo+u.
PROOF: From the proof of Proposition 1.26 we know, using ag(x,(a2—p2)/2) = 0,

that bycna,gu = L+ [ o # Uva(ra,p,u)(dy). Thus inserting the generating
triplet given in Corollary 1.27 b) into the general equation (1.26) yields

] oo . .
Pva(na,Bu (1) = exp _iubvc — /OO <ln<1 - Z;) + 1Zj:yy2> UVG(dy)]

B o0 i
= exp|iup — In(1-— g Uvaina,s,u) (dy)

—00

= exp | iups - Aln(l + afﬁ> - )\ln<1 - oﬁﬁﬂ
_ <1+ i“ )A (1— u )Aei“ﬂ

a+p a—pf
= O_anat8) (W) Para—p) (1) Pe, (1)

where the last line follows from Proposition 1.9 and the remark thereafter (see
also p. 29). The reformulation in terms of random variables is obvious. O

REMARK: The fact that all GH distributions and their limits discussed above
are extended generalized I'-convolutions in particular implies that all of them
are selfdecomposable. This can be shown analogously as in the proof of Propo-
sition 1.20: Combining equations (1.29) and (1.25) one easily sees that the Lévy
measure of every extended generalized I'-convolution possesses a density that is
increasing on (—o0,0) and decreasing on (0,00), hence the corresponding dis-
tributions are selfdecomposable by Lemma 1.4. Alternatively this can also be
proven with the help of the mixture representations: Since GIG distributions
and, by the Continuity Theorem 1.22, all of its weak limits are contained in I'g,
they are selfdecomposable according to Proposition 1.20, and by Lemma 1.6 d)
this property transfers to every normal mean-variance mixture generated from
them.
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1.6.4 Lévy—Khintchine representations of GH distributions

Similarly as in the GIG case, the Lévy—Khintchine representations of GH dis-
tributions can easily be derived from the generating triplets (bgw, cam, UcH)
given in Corollary 1.27 and equations (1.29) and (1.25). The results are merged
in the following

Proposition 1.29 The characteristic functions of GH (A, «, 8,0, u)-distributi-
ons can be represented as follows:
a) If § > 0 and |B| < a, then

. +w
PGH(Na,8,6,) (U) = €xXp [ZUE[GH ]+ /

—00

(ew‘” —-1- zum) QGH(,\,a,ﬁ,é,p)(l’) d:v]

where the mean E[GH| of GH(\, «, 3,9, 1) is given by (1.11), and the density
of the Lévy measure is

9GH(\,B,6,1) (z) =
B (/O@ e—lelv/2y+a?
[J3,(0v/2y) + Y3, (6v2y)]

b) If A >0 and § =0 (Variance-Gamma limit), we have

= ] dy + max(0, \) e—a|$|> . (1.33)

+o0
OvGtrasn(s) = oxp |WEVG] + [

—0o0

(eiux —1—- zua:) JVG(\a,B,p) (x) d$:| .
The mean E[VG] of VG(\, «, B, 1) is given by (1.16), and the Lévy density is
A Br—alz|
IvGrasw(T) = —e : (1.34)

c) If A <0 and a = =0 (t limiting case), then

Pr(x5,)(u) = exp <z’u,u + /

— 00

+oo
(e — 1 —iuali_q 1(2)) g(n o) () dfﬁ) :

and the density of the Lévy measure is
e~ 171vV2y
’3?\ w2yl J5, (0v2y) + Y3 (012 )]

d) In the limit case with A < 0 and |B| = a > 0 we have

emic: (1.35)

PGH(N x50 (W) =

exp [zu (u - /OO < " 152 UaH()a+a6)(dY)

+oo
+/ (e™® =1 —duzli_y 1(2)) 9o H (0 +a6,0) (T) dm] ,

—0o0

and the Lévy density is obtained from (1.33) by inserting 5 = +a.
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PROOF: a) It follows from (1.25) and (1.29) that the parameter ¢ within the
representation (1.26) of the characteristic function of an extended generalized
I"-convolution equals the Gaussian coefficient ¢ of the Lévy—Khintchine formula
(which justifies to use the same letter in both cases). By Corollary 1.27 a)
we have cqp(xa,8,6,,) = 0, consequently the Gaussian part of the correspond-
ing Lévy—Khintchine representation vanishes. Moreover, a truncation function
within the integral term of the Lévy—Khintchine representation can be omitted
since GH distributions possess moments of arbitrary orders, and the drift term
then is given by the mean of the distribution (see the remark on p. 30). Hence
it only remains to show that the density of the Lévy measure has the desired
form. Equations (1.25) and (1.29) imply

0

1 . 1o
gGH(x):_ﬂ(—oo,O)(x)x/ e yUGH(dy)Jr]l(o,oo)(Jf)x/O e ™ Ugn(dy)

—0o0

with Ugpg as given in Corollary 1.27 a). The measure induced by Ugy has
two point masses of size max(0,\) at —a — 3 and a — 8 and the density
sign(:c)UéH()\’a76767N)(:c) = sign(x)d%g)y (6222 4 20°z — 6*(a? — B?))(z + B)
on R\ [—a — B, — f], thus we get

9GH (N ep.6)(T) =

1 —(—a—p)z
= —1(_x0)() - (maX(O, A) e~ (za=h)

—a—f
— / 82 (y + B)gp (%% + 2628y — 6%(a® — 52)) dy)

—00

+1(0,oo) (:U)

Sl

(max(O, A e la=hz

+ /OO 3%y + B)gp (6%y* + 2628y — 62(a® — 7)) dy) :
a—p

and with the substitution z = % + By we finally obtain

9GH (N a,8,6,)(T) =

B
= ]1 ooO)( T) —r E ’ <maX(0 )‘) ~elel
o2_p2
—/ ’ 5269”V2Z+’82g|/\‘(252z—52((12—62)) dz)
b
10,00y () T 7 (maX(O A) el

a2—ﬁ
2

+/ . 526—x\/2z+52g‘)\| (2522 _ 52(a2 _ 52)) dz>
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Bz 00
_ € (/0 526’|I|\/2y+79|>\\ (26%y) dy + max(0, \) eax|)

Ja]
ebe oo o—lz1v/2y+a?
</0 w2yl J5,(0v2y) + Y3 (0v/2)]

e dy + max(0, \) e_O”U') .

b) Similarly as before, VG distributions possess arbitrary moments, and by
Corollary 1.27 b) cygx,a,8,u) = 0, s0 again it only remains to verify the formula
for the Lévy density. With Uy gz a,8,6,)(2) = )\(ll[a_@oo)(:n) —1(—oo,—a—p (2)),
it is found to be

GVG (M a,B,1) (z) =

o L[>~ _,
= @ [ Ul + L)} [ Uia()

A —(—a—p)x A —\a—p)x
= *]1(—00,0)(93);6 (Fa=F) Jr]1(0,00)(90)56 (o=F)

_ ’A| (Pr—alal
€T

¢) Again the Gaussian part within the Lévy—Khintchine representation vanishes
because ¢y 5,,) = 0 by Corollary 1.27 c¢). However, the t distributions have finite
means iff A < —%, so in general the truncation function within the integral term
of the Lévy—Khintchine formula is indispensable, and the drift coefficient has to
be determined according to (1.25). Together with (1.28) and (1.29) we obtain

00 0 LTy y
b=t | e - ] Gt

S Y Usom(d
/_001+x2 T+ H_yQ] o) (dY)

+ /0 <$ﬂ[o,n(w) » 11R\[o,1](w)> 522 /0 e Ui, (dy) dz

0 1 T 0 3
—/ (x]l[—m](if)— x]lR\[—Lo](iU)) H_gcg/ e Ut(A,(S,u)(dy) dz

o] 1
—x Y
= ,Uf"i_/o (A [ ydl’ — ]-_’_y2> Ut()\,5,u)(dy)
0 0 y
B /—oo (/_1 e tdet 1+y2> Ui(xo,)(dy)

+oo 1— 67‘y| y
= u+/ ( y 1492 Usnam(dy) = 1,

because the measure induced by Uy, s,) is symmetric around the origin (see
Corollary 1.27 ¢)) but the integrand is antisymmetric. The density of the cor-
responding Lévy measure can be derived in exactly the same way as in part a).

d) This case is very similar to the previous one: By Corollary 1.27 d) we have
CGH(\a,+as,u) = 0, and the Lévy density can again be derived analogously as
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in part a). In general, the truncation function within the integral term of the
Lévy—Khintchine formula cannot be omitted either because the limit distribu-
tions have finite first moments only if A < —1. The drift term of the Lévy—
Khintchine representation is obtained from almost the same calculation as in
c) if one replaces Uyx 5, by UgH () a,4a,5,4) Dut because of the asymmetry of
the latter function one does not get closed expressions in the end. ]

REMARK: The Lévy measure of a Gamma distribution G(A, o) has the density
9a(rne)(T) = 2 9% (see Proposition 1.24 b)), so equation (1.34) shows that gy ¢
is just the sum of the Lévy densities g_g(x —a—g) and gg(r,a—p)- This agrees with
(and is in fact equivalent to) the statement of Corollary 1.28.

Also note that in the t limiting case the truncation function within the
integral of the Lévy—Khintchine representation can be omitted without further
changes if A < —%, because the Lévy measure is symmetric around the origin.
In the Student’s t limiting case (6> = —2\ = f), we can rewrite (1.35) in the

following form:

/ o lelv )
g(fv) ‘:1}’ 7'['2 f/2 2f) f/2(\/m)] v

which is the density of the Lévy measure of a Student’s t-distribution with f
degrees of freedom.

The asymptotics of the Lévy densities near the origin can be derived simi-
larly as in the GIG case. By equation (1.33) we have

ebr
gGH(A,a,,B,&,,LL)( ) </ 62 —|z|[/2y+a? g|)\\(252 )dy+max(0 A) 0433|>

||

which remains also valid for all limit distributions with negative A as seen above.
Applying the substitution z = /2y + a2 — a we get

eﬁxfa|z| 00
gou(r) = ——— </0 e 1282z + )ga| ((52(22 + 2az)) dz + max(0, /\)> .

]

Clearly, the integral term now is a Laplace transform, hence its asymptotic
behaviour can also be determined with the help of Theorem 1.25. On page 40

we already saw that (529|/\|(2(52 ) ~ 0(2m%y) ™ > , y — o0o. Replacing y by % and

multiplying the result by z we get 62(z + a)g|/\‘(52(z +2az)) ~ £, 2 — o0, 50

T
g

the assumptions on v in Theorem 1.25 are fulfilled with p = 1 and L(y) = 2.

Consequently the asymptotic behaviour of the Laplace transform near the origin
is given by %]m\*l, and for the preceeding factor obviously holds ele;Ia\a:\ ~ |z 71,

x — 0, so altogether we have

0 o

9GHMN e p.6p)(2) ~ — 275 =0, (1.36)

including the limits GH(\,0,0,6, ) = t(\, 0, u) and GH (A, o, v, §, ) with
A < 0. Only the Lévy densities of VG distributions behave differently, namely

A Br—ala , A

x — 0.
[ |’

IVGa,8)(T) =
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REMARK: Apart from the VG limiting case, the asymptotic behaviour of the
Lévy densities implies f[—l,l] |z| vop (dz) = f[—Ll] |z| gap (x) dz = oo, conse-
quently the sample paths X;(w) of all Lévy processes induced by GH distribu-
tions and their limits with A < 0 considered above almost surely have infinite
variation on (0,¢] for every t > 0 (Sato (1999, Theorem 21.9)). The sample
paths of a VG Lévy process, however, have finite variation on every interval
(0,t] almost surely because f[—l,l] |z| vy (de) = f[—171] AePr—alrl 4z < oo. The
latter can alternatively be deduced from Corollary 1.28: it implies that a VG
process equals in law the difference of two Gamma processes which have in-
creasing paths almost surely (see, for example, the proof of Proposition 1.8).

One may ask if the above method could be exploited further to obtain higher-
order asymptotics of the Lévy densities around the origin. Unfortunately this is
not the case. Equations (A.16) and (A.17) imply that 62(z+a)g)(6%(z%+2a2))
has an asymptotic expansion of the form % +> 51 anz” " for z — oo, but pow-
ers " with r < —1 do not provide any information about the behaviour of
the Laplace transform at the origin since the bound p > 0 in Theorem 1.25
cannot be lowered. Thus higher-order terms can only be obtained with different
approaches.

In Raible (2000, Proposition 2.18), the second-order terms have been derived
with the help of the Fourier transform of the modified Lévy measure vgy(dz) =
7?vgp(dr). For GH distributions with 0 < |3| < o and § > 0, he found the
asymptotic behaviour

1

9GH(Na,B,5)(T) = %af? + )\;2 |m|71 + %8 4 0(\x|71), x — 0.
Since the Lévy densities gyx 5,) and ggr(\a,+a.6,) €qual the pointwise limits
of gar (N a,8,6u) for @, 8 — 0 and |B] — «, respectively, it is tempting to infer
that the above asymptotics are also valid for these limiting cases, but in general
this is not necessarily true: A crucial assumption in the proof of Raible (2000,
Proposition 2.18) is that the modified Lévy measure vgy(dx) is a finite mea-
sure on (R, B), that is, [ #?gen(x)dz < co. By the remark on p. 30, this is
equivalent to the existence of finite second moments of the corresponding GH
distribution, but as we have seen before (cf. pp. 23 and 25), for the limit distri-
butions (A, d, u) and GH (A, o, +a, §, p) this imposes an additional constraint
on A, so we arrive at the following

Conjecture 1.30

a) For every t distribution t(\, 6, u) with A\ < —1, the asymptotic behaviour
of the corresponding Lévy density near the origin is given by

6 o At _
gt(A’(;’M)(x) = ;:L‘ 2+T2|x| 1+0(|x! 1), z — 0.
b) For every GH(\, a, £av, 0, u)-distribution with A < —2, the asymptotics of
the corresponding Lévy densitiy are

5 _ +1 . da _ _
gGH()\,a,ioz,é,u)(x):;‘r 2+T2|$’ 1i?1’ 1‘i‘0(|~’lﬂ\ 1)7 x — 0.
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The following example shows that in some cases the asymptotic behaviour of
the Lévy density is still correctly described by the conjecture above although
the constraints on A\ are not fulfilled, so it might be possible that the latter
could either be weakened or be replaced by some other condition.

By (1.35), the Lévy densitiy of a Cauchy distribution t(—%, d, i) is given by

1 o) e*‘ﬂ\/@ d
9u(-4.00 (%) = 77 /O w2y [ 72 (0v2y) + Y2(5v2y)]
2 2

and from equation (A.12) it follows that J% (6v/2y) + YZ(6y/2y) = hence
2 2

_2
mo\/2y’

5 [*e IV 5 [ 5
— d — —|z|zd _ 7 .2
St = 2 W T R

so part a) of Conjecture 1.30 still applies, but A = —% > —1. Finally we take a
closer look at the NIG distributions from which the Cauchy distributions arise
as weak limits if the parameters o and 3 both tend to zero. In this case we have

CB:C o0 e_‘xl\/m q
gmiciess s () = m/o w2y [T2(0v2y) + Y2(5v/2y)] ¥
2 2

B S A L SRR
7|z Jo V2y x| Jo
da

— P
— " K1 (alzl),

where the last equality follows from the fact that e~ lzlvz2+a? equals a non-
normalized density of a symmetric hyperbolic distribution with parameters
a=lz|, =0, =aand u = 0, consequently the value of the integral in the
last but one line must be 3 a(1, |z[,0,a, 0)~" where a(1, |z|,0,a,0) = m
is the norming constant of a HYP(|z|, 0, a, 0)-distribution (see p. 14). By equa-
tion (A.8) Ki(y) ~ % for y | 0, thus

oo 1)
. _ . Bw _ -2
a}gnogNIG(a,B,&u) (z) = a}gno rm e’ Ky (04|33|) ~x T "= Gy(—Ls5u) (),

so the Lévy density of a Cauchy distribution can in fact be obtained as pointwise
limit of the Lévy density of an NIG distribution.

1.7 Approximations based on Gamma and Normal
variables

At the beginning of the present chapter we pointed out that exponential Lévy
processes S; = Spe’ provide a flexible and accurate model for asset prices. A
central application of such models is the pricing of options and other derivatives.
We are not going to discuss option pricing theory and methods in greater detail
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here (an overview of option pricing in Lévy models with many references can
be obtained from Schoutens (2006)), but simply want to make the following
point: If the option to be considered is of European type (that is, it can only be
exercised at some fixed future date T') and its payoff only depends on the asset
price St at the maturity time 7T, then it is usually possible to derive an explicit
formula for the option price which can be evaluated numerically in an efficient
way. If, however, the payoff of the option depends on the whole path (S;)o<i<7
and/or the option is of American type and thus can be exercised at an arbitrary
point of time between the present date ¢ = 0 and the maturity date T, closed-
form solutions of the option pricing problem typically do not exist. In these cases
a fair option price can only be determined by either trying to solve the associated
partial (integro) differential equation numerically (if an appropriate algorithm
for this purpose is known at all) or by Monte Carlo-methods. The main task
of the latter approach is to find an approximation scheme for the driving Lévy
process L which enables a reasonable fast and accurate generation of sample
paths (L})o<i<7 and hence (S}")o<i<7 which converge in law to (Lt)o<i<7 and
(St)o<t<T, respectively.

REMARK: We shall use the notation —= to indicate weak convergence of the
laws of real valued random variables as well as of laws of stochastic processes. In

the latter case (L}')¢>0 N (Lt)¢>0 has to be understood in the sense of Jacod
and Shiryaev (2003, p. 349), that is, as weak convergence of L£(L") to £(L) in
Z(D(R)), where Z(D(R)) denotes the space of all probability measures on the
Skorokhod space D(R) equipped with the Skorokhod topology.

For the classical model where (St):>0 is a geometric Brownian motion and
L,=0B:+ (r — %2)75 is a Brownian motion with drift, a very simple approxima-
tion scheme using only Bernoulli variables exists: Suppose &,;, 1 < i < n, are iid

2

with Q& = %) = §+ 32 = 1-Q(6m = —%), then X1, &ui — Ly
for n — oo. With slight modifications it is also possible to approximate the
process (Ly)o<i<r on the whole time interval. Take iid Bernoulli variables &,
2

1< < ky = [Tn], with Q(én = 2Z) = 1+ 2 =1 Q6 = =),
and define L} := Z[knt] &niy then (LP)o<i<r N (L¢)o<t<t for n — oo. This
approach and its application to option pricing goes back to Cox, Ross, and
Rubinstein (1979). In the following we present some possible approximations of
GH distributions and Lévy processes.

REMARK: If the sample paths (L} )o<t<7 or (S}")o<t<T are generated in order
to derive some option prices thereof, one has to be aware that all simulations
have to be performed under a risk neutral martingale measure ). To emphasize
this fact, we used @) in the notation above and also changed the drift of the
Brownian motion from p to r accordingly. Contrary to the Brownian world, in
models driven by general Lévy processes the risk neutral measure is typically
not unique (in fact, the class of equivalent martingale measures can be very
large, as Eberlein and Jacod (1997) have shown), and it is a priori not clear if
the driving process L remains in the desired model class under a corresponding
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measure change. However, here we do not necessarily need to care about this,
because Raible (2000, Corollary 2.29) has shown that assuming L is a GH Lévy
process under both the real world measure P and the risk neutral measure Q)
imposes no essential restriction.

For the rest of the section we suppose that (L¢)¢>o is a Lévy process in-
duced by a GH (A, a, 8,4, p)-distribution (including the limits with finite pa-
rameters). Our first aim is to define a uan triangular scheme (Xp;)i<i<k, n>1

with 2521 Xni £, Ly for n — oo, where uan means uniformly asymptotically
negligible, that is, limy, o sUPy<;<k, P(|Xni| > €) = 0 for all € > 0. For practi-
cal purposes, one may wish to keep the triangular scheme as simple as possible
and thus ask which minimal requirements the X,,; have to fulfill in any case. If
we denote the distribution function of X,; by F,;, necessary conditions for the
desired convergence of Efﬁl X, are

kin y

ZFm-(y) = ver ((—o0,9]) =/_ geu(z)dr,  y <O,
) = (1.37)
Z(l — Fm(y)) — I/GH([y, oo)) = / 9o (x) dz, y > 0.
i=1 y

(see for example Loeve (1977, p. 323)). The formulas for the Lévy densities
derived in the previous section imply that ggp is strictly positive on the whole
real line, so we conclude from the above that the joint range Uf;l Xni(2) of
the X,,; necessarily must be, at least in the limit, a dense subset of R.

REMARK: If the X,,; are iid and 2521 X N Ly, then (Lt)o<t<1 can easily be
[

i’i’f] Xni, 0 <t <1, because in this case we have

approximated by L} 1=

[knt]

brp(u) = Ox, ()t = (¢hr (u)) Fn,

n

and gb];("nl (u) = ¢r, (u) for every u € R. Moreover, []Z"t] — t uniformly on [0, 1],

so it follows from the equation above that for arbitrarﬁy fixed u the convergence
¢rp(u) = ¢r,(u) = ér,(u)" is uniform in ¢ € [0,1], and Jacod and Shiryaev
(2003, Chapter VII, Corollary 4.43) then assures that (L})o<<1 £, (Lt)o<t<1-
The approximation can readily be extended from the time intervall [0,1] to
[0, T] by using iid copies L™ of L™ to simulate the increments (L — L;)j<t<j+1
where 1 < j < T. Alternatively, if one can find iid random variables X,,; with
Efil Xni i> L7 and defines L} := Egi;f/ Tl Xni, 0<t<T,then a completely

analogous reasoning as before yields (L})o<t<T N (Lt)o<t<T-

Equation (1.37) suggests that a convergent triangular scheme with iid ran-
dom variables (Xp;)i<i<k, n>1 may be obtained from a suitable discretization
of the Lévy measure vgp. This approach was used by Maller, Solomon, and
Szimayer (2006) to derive American option prices from the simulated sample
paths. They choose sequences m;,m,, > 1 and A, with m* — co, A, | 0 and
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limy, _yao mfAn > 0. The random variables X,,; are then defined on an equidis-
tant grid by P(X,; = kA,) = é VGH(((k: — %)An, (k+ %)An]), where —m,, <

k<m}, k#0,and P(X,; =0)=1-— Z;”j_m, o P(X,; = kAy). To ensure
that the X,,; have a proper probability dist]ributni{m7 one has to make the techni-
cal assumption liminf, o vknA, > 0. This essentially amounts to an approx-
imation of the Lévy measure vgy on (—(my +3)An, (mf +2)A,]\ (=52, 5]
with point masses of size vay (((k — 3)An, (k + 3)A,]) located at kA, with
—m,, <k <m}, k+# 0. Because the definition of the X,,; is solely based on the
truncated Lévy measure and neglects possible non-zero drift terms occuring in
the Lévy—Khintchine representation, one further has to add a suitable centering
sequence a,, to get the desired convergence, that is, Zéﬁl(Xm —ap) i> Ly. If
E[L;] < o0, a possible choice is a,, := %ﬁl] +E[Xn1]l{|xn1|§1}], otherwise E[L]
in the preceeding equation has to be replaced by the drift term b of the Lévy—
Khintchine triplet of L.

The results of the previous section allow for an alternative approxima-
tion scheme consisting of suitably scaled and shifted Gamma variables. Let
us note before that the proof of Proposition 1.26 implies that the charac-
teristic functions of extended generalized I'-convolutions F' arising as normal
mean-variance mixtures with mixing distributions G € I'g may be represented
in a simpler form as in equation (1.26) because in this case we have by =
u+Bag+ fjoooo H%’yQ Ur(dy), and the integral term at the end has a finite value,
hence it cancels out with the second summand under the integral occuring in

(1.26). Applying this to the case of GH distributions we obtain

—+00

¢am(u) = exp [WM - /

—0o0

In (1 — Z;) UGH(dy)] (1.38)

und thus arrive at the following

Proposition 1.31 Consider a GH(\, «, 3,9, p)-distribution with corresponding
function Ugp given by either of the cases considered in Corollary 1.27 and the
following assumptions:

a) For allm > 1 there exists some K, > a— [ and a partition o« — = xp1 <
Tp2 <+ < Tpk, = K, Of[a_ﬁaKn]-

b) If X > 0, set Xp1 := X[| — X,.; + p with independent Gamma variables
X:l ~ G\ a—pB) and X,; ~ G\ o+ B), otherwise set Xp1 = pu.
For 2 <i <k, let X,,; = X:er' — X, be independent random variables
where Xt ~ G(Aniyoh) and X . ~ G(M\ni,0.,) are independent Gamma

ng
variables with O’:i = Tni, 0,; = Tpi + 23 and

2
i = Ugr (Tni) —Uch (Tni-1) = 52/2 g (26%y =0 (a® %)) dy.

z2 .
ni—1

T‘i’ﬁxnif 1

If Ky 1 00 and supgc;<y, |Tni — Tni—1| — 0 for n — oo, then 2?21 X £, Ly
where Ly ~ GH(\, o, 3,0, ).
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PRrROOF: The assertion immediately follows from the Continuity Theorem 1.22
and the remarks thereafter (see also the considerations on p. 29). Note that
with the above setting Ugpy is approximated from below on [ — 3, K,,] and
from above on [-K,, — 253, —a — ] by step functions of the form

Un(@) = (Lja—p,00)(€) = L(—c0,—a—p)(x)) - max(0,A) +
b

+ Z(UGH(HJm') — Ut (ni-1)) (Lz,;.00) (#) = L(—oo,—ai—28) (%))
=2

Since Ugyp is continuous on R\ [—a — 8, a — f], this is of course by far not the
only possibility, but probably one of the simplest. ]

The careful reader will also observe that the triangular scheme above is not
completely uniformly asymptotically negligible because X,; does in general
not fulfill the uan-condition, only the X,; with ¢ > 2 do so. But since in this
case all X,,; are already infinitely divisible themselves, the uan-property can be
neglected here. What is more important, the X,,; are obviously not identically
distributed, so the triangular scheme cannot directly be used to simulate paths
of a GH Lévy process (Lt)o<i<7 over some finite time intervall [0, 7], but it can
easily be extended to obtain the desired properties. We first note that Ly can
be approximated along exactly the same lines of Proposition 1.31 if one replaces
by puT and Uggy by UggT. This follows immediately from (1.38) and the fact
that ¢, (u) = ¢€1. Therewith we get

Corollary 1.32 Let (Lt)t>0 be a Lévy process with L(L1) = GH(\, o, 3,6, 1)
and corresponding function Ugp. Suppose that

a) For allm > 1 there exists some K, > a— 3 and a partition o — 3 = xp1 <
Tpo <+ < Tpm,, = Kn of [a — B, K,).

b) If A >0, set Yo =Y 1 =Y + % with independent Gamma variables
Y~ G(%,a — ﬁ) and Y, ] ~ G(%, o+ ,3) otherwise set Y1 = %
For 2 < j < my, let YV,; = Y+ - Y, be independent random wvari-

ables where Y;L ~ G(Apj, o, ) and Y, ~ G()\nj, 0,;) are independent

and U:j = ZTnj, Opj = Tnj + 25 and )\n] =1 (UGH(xn]) UGH(l”nj—l))'

¢) Let (Xpi)i<i<k, be iid copies of X, : Z;.”an Yyj and L} = Z[k nt/T] Xoi,
0<t<T.
If Ky, kn T 00 and suPoc <o, |Zp; — zpj—1] = 0 for n — oo, then we have
L
(Li)ost<r — (Lt)o<t<r-

PROOF: The result is an immediate consequence of the convolution property
of Gamma distributions (see Proposition 1.11 d) and the remark on p. 12),
Proposition 1.31 and the remark on p. 53. ([l

REMARK: In the VG limiting case the approximation scheme simplifies con-
siderably because Uy is constant on [ow — 3, 00) by Corollary 1.27 b) and thus
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YnJ; =Y, =0forj>2 (observe that by Proposition 1.9 limy 0 Lg()(v) =

limy0(1 + %)_A = 1= £, (u), so we may identify a G(0, o)-distribution with
the unit mass located in the origin). If we assume that (Y+)1§i§kn are iid with
Ynﬁ ~ G(%, o — 5), (Y, )i<i<k, areiid with Y, ] ~ G( , o+ 5) and k,, 1 oo,
then the process

[knt/T)] MT [knt/T] (knt/T) [k ¢ ]
Lp= > <Y+ Y +> Z Z oHT
=1

converges on [0,7] in law to the VG process generated by VG(A, a, S, u), and
the two sums in the rightmost equation converge in law to the Gamma processes
generated by G(\,  — ) and G(\, a + ), respectively.

Note that under the assumptions of Corollary 1.32 the range of the approxi-
mating process (L} )o<t<7 is R, in contrast to the approach of Maller, Solomon,
and Szimayer (2006) where by construction L} can only take values on a finite
grid. The latter of course eases the calculation of American option prices (for
which the corresponding scheme was originally designed), but might be less
useful in simulation based pricing of exotic options such as Asian or Lookback
options where it is important to reproduce the path properties in a more realistic
way. Moreover, the Gamma approximation method might in general be easier
to implement than the scheme suggested by Maller et al. It does not require
an additional centering sequence, and the discretization of the measure Ugpy
only involves the evaluation of a single integral (see Proposition 1.31), whereas
the discretization of the Lévy measure vgg usually requires the computation of
double integrals since the formulas of the Lévy densities gopr already contain an
integral term (only some special GH subclasses like NIG or VG admit simpler
representations of their Lévy densities).

Having solved the difficulties of calculating the necessary weights and pa-
rameters, the remaining task is to simulate the random variables X,,;. Within
the framework of Maller et al. this amounts to sampling from a discrete dis-
tribution with finite support, whereas under the assumptions of Corollary 1.32
the X,,; are obtained as sums of finitely many Gamma variables. At first glance
the latter method seems to be fairly ineffective compared to the first one since
generating many random variates to finally obtain a single one appears much
more time-consuming than to sample once from the desired distribution di-
rectly. But one should keep in mind that sampling from an arbitrary discrete
distribution becomes more complicated and thus slower as the number of el-
ements in the support increases. Gamma variates, however, can be simulated
very fast and efficiently by rejection methods for any choice of the parameters A
and o (see, for example, Devroye (1986, chapter IX.3) or Marsaglia and Tsang
(2000) and the references therein). Therefore one could expect that the differ-
ence in performance of both approximation methods is not too large and might
even decrease as n increases, but we leave a thorough investigation of numerical
implementations to future research.

Proposition 1.8 and equation (1.5) imply that every GH Lévy process (L)+>0
admits a representation of the form L; = ut + B7(t) + By (), where (7(t))i>0 is
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a GIG process with £(7(1)) = GIG(X,6,v/a? — 32) and (By)s>o is a standard
Brownian motion independent of 7. This provides an alternative simulation
method for L using approximations 7, of the subordinating GIG process 7:

Suppose X,,; are iid random variables with Zf” Xpi 5 7(T). Define 7,,(t) :=
Z[k"t/T] Xni, 0 <t < T, and L} := ut + Bru(t) + B, (1), then we also have

(LP)o<t<T £, (L¢)o<t<t. This can be proven as follows: Similarly to the proof
of Lemma 1.6 (part b) and c)) we see that

[knt/T]
2

(bLf(u) — eiuutanl (% —Zuﬂ)[knt/ﬂ — eiuut (ﬁ’ (% zuﬂ) ) kn 7

and analogously as in the remark on p. 53 we conclude ¢rn(u) — ¢r,(u) uni-
formly on [0,7]. Jacod and Shiryaev (2003, Chapter VII, Corollary 4.43) then
again yields the desired convergence.

The approximation of GIG processes can be done in a very similar way to
that of GH processes. For the sake of completeness, we summarize the result in
the following corollary which can be proven along the same lines as before.

Corollary 1.33 Let (7(t))i>0 be a Lévy process with L(7(1)) = GIG(),6,7)
and corresponding function Ugrg. Suppose that

2 2
a) For all n > 1 there exists some K, > % and a partition & = x,1 <

2
Tng < -+ < Tpm, = Kn of |5, K.

b) Let Yy ~ G(k , 22) if A\ >0 and Y,1 = 0 otherwise. For 2 < j < m,, let
Yo ~ G(Anj, Un]) be independent Gamma variables with oy; = x,; and

T 82T [Tni
— (Ugrc(zn;) — Ugic(znj-1)) = — g (20%y — 6°9°) dy.

i kn Ju,

Anj =

¢) Let (Xpni)1<i<k, be iid copies of X, := Z] L Y5 and T, (t) := Z[k"t/T] Xi,
0<t<T.

If K, kn T 00 and supscj<py,, [Tnj — Tnj—1] — 0 for n — oo, then we have
L
(Tn(t))o<i<r = (T(t))o<t<r-

REMARK: For inverse Gaussian distributions there exists a much simpler simu-
lation algorithm developed in Michael, Schucany, and Haas (1976) which only
needs a x?- and a uniformly distributed random variable to generate an IG-
distributed random variate thereof. This and the convolution property of in-
verse Gaussian distributions (see Proposition 1.11 and the remark thereafter)
allow for a very fast and easy simulation of inverse Gaussian Lévy processes
(r(t)is0 with L£(7(1)) = IG(6,7): Set k, := [Tn] and 7,(t) = Y1 X,

where Xm ~ IG(k ,’y) are iid, then (Tn(t))OStST i> (T(t))0§t§T~

This also implies an easy simulation method for NIG Lévy processes (L¢)¢>0
with £(Ly) = NIG(«, 3,0, 1): Since the NIG distributions inherit the convo-
lution property from the inverse Gaussian class (see equation (1.9)), the NIG
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process L can be approximated by L} := Zl[-kznlt] Y,; where k, is defined as
above and Y,,; are iid with Y,,; ~ NIG (a, ,%, %) Using the mixture repre-

sentation Y,,; 4 % + B2y + /Zpi Wi where Z,; ~ IG(%, a2 — 52) and

Whpi ~ N(0,1) is independent of Z,;, the increments Y;; can be obtained by
generating standard normal and inverse Gaussian random variates with the help
of the Michael-Schucany-Haas-algorithm.

Let us return to the problem of simulating GH distributed random variables
for a moment. If one uses the triangular scheme defined in Proposition 1.31,
the function U, corresponding to the approximating sum Zf;l Xpni (which is
given in explicit form within the proof on p. 55) is constant outside the interval
[— K, — 20, K,], hence the characteristic function of Zf;l Xn; is given by

K, .
(152521 x,, (W) = exp [iuu - / In <1 — Z;) Un(dy)} .

—Kn—28

A comparison with ¢g in equation (1.38) shows that this procedure basically
leads to a truncation of the tails of the integral in the exponent. If one generates
GIG distributed random variables along the same lines, then analogously the
right tail of the integral within ¢gra(u) = exp UOOO ln(l — %‘)UGZG(dy)] will be
ignored. The next proposition shows that this may be compensated by adding
an independent normal variable to the series Zfﬁl Xni. It goes back to Bon-
desson (1982) where the result was mentioned (in a slightly different form), but
not strictly proven. We first ensure that all required moments exist: Suppose
that Xk is a random variable whose distribution is a generalized I'-convolution
(L(XK) € T'p) with characteristic function

Gxy (u) = exp {— /OO ln<1 — l:) U(dy)} (1.39)

K
where U fulfills the conditions (1.24), then its mean is given by

1 dox (u) Pxp(u) [0 i
= - — = d
=5 u=0 ¢ /K y—iu Vi) “=0 (140
_ / "Lty < oo
K Y

if K > 1 according to (1.24) which also justifies the interchange between differ-
entiation and integration, and for the variance we get
1 d />~ 1

2
:= Var|Xg| = - —
K ar[Xx] t du S y—iu

U(dy)

e N {FO (1.41)
- Z/K TR U(dy) u_o:/K ?U(dy)-

If instead of (1.39) the distribution of X is an extended generalized I'-convolu-
tion (L(Xk) € T') and has the characteristic function

O, () = exp [— Lo (=5 5% ) v

(1.42)
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with U fulfilling the constraints (1.27), then for K > 1 we obtain analogously
1 1
E[Xgk :/ —— —U(dy) and o2 :/ — U(dy). (1.43
K] r\[-k,k] Y(1 +4?) (dy) K TRy ¥2 ( (1.43)
Now we are ready to state the announced

Proposition 1.34 Suppose X has a characteristic function defined by (1.39)
r (1.42). If Kog — oo for K — oo, then

c (XK _UIE;[XK]> s N(0,1)

where E[X k| and 0% are given by (1.40) and (1.41) or (1.43), respectively.

PRrROOF: By the remark on p. 30, every infinitely divisible random variable X
which possesses a finite second moment admits a Lévy—Khintchine representa-
tion of the form

2

¢x(u) = exp <iubx - = +/ (e™* — 1 — juz) VX(da;)>
2 R

from which mean and variance are found to be

E[X] _ ld(bx(u) d2 ln(d)x(u))

i du du?
If ¢x, (u) is given by (1.39), then it follows from Proposition 1.20 and equa-
tions (1.25) that the Gaussian coefficient in the corresponding Lévy—Khintchine
representation vanishes (cx, = 0), and the Lévy measure of X is vy, (dz) =

]l(o o) (T )2 [ e ™ U(dy) dz. Thus the characteristic triplet of X} = Xx—BlXk]

oK
is

= bx, Var[X] = —
u=0

=cx +/ z2 vx(dz).
u=0 R

1 > —OKT
b =0, ex; =0, vxp(dz) =L(oe0)(z) /K e 7KW U(dy) dz.

Applying Jacod and Shiryaev (2003, Theorem VII.2.14), to prove the weak
convergence of £(X};) to N(0,1) it suffices to show that

o0
i) lim limsup/ 2 vxy (dz) =
a

aToo K00

[e%¢} —+00

i) Jim [ gl @) = [ g@)vvea(dn) =0

K—oo 0 —00
for all continuous, bounded functions g : R — R which are 0 in some

neighbourhood of the origin.

(The further conditions [B]] and [y}] of Theorem VII.2.14 are trivially met
because of the standardization of X7..)
Using Fubini’s theorem, the expression in i) can be written as

lim hmsup/ z? / e KU (dy) dx = hrn hrnsup/ / xe 7K dx U(dy)
atoo Koo ateo Koo

0 p—aoKy 1
= lim hmsup/ ——— (1 +aokgy)U(dy) < hrn hmsup/ —5— U(dy),
atoo Koo JK UKZ/ atoo Koo JK AORY
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because y > K and Kog — oo by assumption, so for sufficiently large K we
have e~%9kY < (a0 y(1 + acky))~t. Continuing the calculation we find

o0
1
lim lim sup / / e KU (dy) dz < lim hmsup/ —5— U(dy)
afoo Koo Ja afoo Koo JK AORY
1 1
< lim limsu / U(dy) = lim limsu =0
atoo K_>Oop aKai’( K y ( y) atoo K_mop CLKO'K

as desired.

To verify ii), fix some g and set M := sup,cr g9(x), M_ := inf cr g(z) and
gg :==sup{e > 0]g(z) =0, z € (—¢,¢)} (note that the assumptions on g in ii)
imply —oo < M_ <0 < My < oo and €4 > 0). Then we conclude with similar
arguments as before

oo 1 oo e~ OKTY
lim g(x) / e KU (dy)de < M4 hm / / dz U(dy)
59

K—oo 0

M+

€g

as well as

& 1 [ M_ * 1
lim g(x) / e KU (dy)dr > — lim —= U(dy) =0,

K—o0 Jg x Ji 33 Koo Ji ofy?

thus ii) is also fulfilled.
If ¢x, is given by (1.42), then the characteristics of X} :=
bx;«( = 0, CX}} =0 and

1o K 1000 o
o () = [P [y gy 209 [7 oy,

|JJ’ —00 x K

Xrg—E[XK]
— orx are

and the conditions for normal convergence in this case are

') lim lim sup/ 2?vx: (dz) =0.
R\[~a,q

atoo Koo

“+o0o +00
i) Jim [ g@dn) = [ o) vwen(ds) =0
for all continuous, bounded functions g : R — R which are 0 in some
neighbourhood of the origin.

Either integral occuring in these conditions can obviously be split up into two
integrals over R_ and R4 which then can separately be shown to converge to
zero in exactly the same way as above. This completes the proof. O

By Proposition 1.23 the measure induced by Ugrg possesses the Lebesgue

2
density 52g|)\| (20%z — 624?) on the set (%, 00) for all GIG(A, 8, v)-distributions
with 0 < § < 0o and 0 < v < co. Its asymptotic behaviour for z — oo is given
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by 52g|)\| (252:1c — (5272) ~ (5(27r2x)7% (see p. 40), hence for sufficiently large K

and%ﬁ>0>0wehave

1 o0 2C
o-%z/ 2Uafc,«dy)zc/ y idy=""K"2,
K Y K 3

consequently limg_ oo Kog > limK_mo(%)% K% = oo. Thus if ngl Xniis a
sum of Gamma variables defined along the lines of Corollary 1.33 that converges
in law to some random variable X ~ GIG(A,d,~) with 6 > 0, Proposition 1.34
suggests that the convergence can be improved by adding an independent nor-
mal variate Xk, +1 ~ N(E[XK],U%() to the series Zf;l Xpi- (Here an “im-
provement of convergence” is to be understood in the sense that the total vari-
ation distance between the law of the series and GIG(\,d,v) will be reduced
by amending the summand X, +1.) At first it may be surprising that adding
a Gaussian random variable with range R could lead to a better approximation
of a GIG distributed random variate whose law is concentrated on R, but one
should observe that by (1.40) and (1.41)

> 1 1 *1 E[XK]
ﬁ:/ Ud</FUd: ,

hence E[Xk] > 0% as K increases, so an N(E[Xk], 0% )-distributed random
variable will take positive values with high probability.

Moreover, Corollary 1.27 implies that for all GH (), o, 3, 0, u)-distributions
with § > 0 the measure induced by Ugpg possesses a Lebesgue density of the
form sign(x)0%(x + B) g (6% + 262z — 6%(a? — f2)) on R\ [—a — B,a — f3].
On p. 49 we saw that 6%(z + a)g)y (6%(z* + 20z2)) ~ %, z — 00, consequently
the density of Ugy also converges to % as x — £oo. For sufficiently large K
and % > C' > 0 we thus have

1 1 2C

2
o2 = — Ugn(dy) > C —ay=
K /JR\[—K,K] y? ou(dy) R\[-K,K] Y K

and therefore limg_, Kog > limg_ .o V2COK = o0o. Hence again the condi-
tions of Proposition 1.34 are met, and all conclusions drawn above can also be
transferred to the GH distributions.

REMARK: If a GH distributed random variable is approximated along the lines
of Proposition 1.31, then the characteristic function ¢, of the “error term”
Xk is roughly given by

¢x, (u) = exp [— /]R\[qu 111(1 - Z:) UGH(dy)]

which slightly differs from (1.42), but it is easily seen that this only has an effect
on the mean E[X k] whereas the variance remains unchanged: 5% := Var[Xf] =
o2, where 0% is given by (1.43). Thus the assertion of Proposition 1.34 remains

valid in this case.
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Note that the condition Kox — oo is not fulfilled in the limiting cases with
d = 0, that is, for GIG()\,0,v)- and VG(A, a, B, u)-distributions, because the

corresponding functions Ugrg(x0,1) (%) and Uy () are constant for z > g and

z & [~a — B,a — f], respectively, hence in both cases 02 = 0 if K > g or
K > o+ |S]. But since a VG distributed random variable by Corollary 1.28 in
law exactly equals the difference of two Gamma variables, one does not need
an additional Gaussian variate for the approximation either, and the relation
GIG(\,0,v) = G()\, 72—2) shows that such a variate is also superfluous in the
latter case for trivial reasons.

Of course, Proposition 1.34 can be applied to every summand X,,; occuring
in the approximating schemes of GH and GIG Lévy processes defined in Corol-
laries 1.32 and 1.33 as well. This amounts to the conclusion that for all GH and
GIG distributions with parameter 6 > 0 the approximation of the corresponding
Lévy processes can be improved by adding a suitably scaled Brownian motion
with drift to the processes (L} )o<i<7 and (7,(t))o<t<7. This may be regarded
as a compensation of the small jumps of the processes L and 7 that are not cov-
ered by L™ and 7,, because the tail behaviour of the measures induced by Uqgp
and Ugjg significantly influences the masses the Lévy measures vgg and vgra
concentrate around the origin. (Recall that this is an immediate consequence
of the Tauberian Theorem 1.25 and its application in Sections 1.6.4 and 1.6.2.)

These findings coincide with a result of Asmussen and Rosinski (2001) to
be explained in the following: Suppose (X¢):>0 is a Lévy process without a
Brownian part (this assumption is in general not necessary, but simplifies the
exposition and is fulfilled for all GH and GIG Lévy processes we are concerned
with here). Then X may be represented as the sum of two independent Lévy
processes X — X and X¢ which are defined by the following decomposition of
the characteristic function of Xj:

bx,(u) = exp (mbx + /R (e — 1 —iuxl_y y(x)) Vx(dx))

= exp <iubx + / (e™* —1— iuzl_q q(z)) VX(dx))
R\(—¢,¢)

. exp </(575) (e — 1 — iux) VX(dx)>

=: ¢x,-xz(u) - dxz(u)

The process X — X¢ is a compound Poisson process with drift which contains
all jumps of X whose absolute heights are bigger or equal than e, whereas
X°¢ equals the compensated sum of jumps that are smaller than €. Within the
previous framework, one may, roughly speaking, identify X — X¢ with L" or 7,.
Now let us concentrate on X°. The characteristic function of X| given above
implies

E[X{]=0 and o?(¢) := Var[X}] = / 22 vx (dz).

(_675)
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If the variance 0% (¢) satisfies a certain growth condition, then the scaled process
o(e)71X¢ converges in law to a standard Brownian motion B. More precisely,
Asmussen and Rosinski (2001, Theorem 2.1 and Proposition 2.1) showed that

If lim ole) = oo, then (o(e) ' X;)

i) (Bt)t>0 as € — 0.
e—=0 &€ -

>0

REMARK: Under an additional assumption on the Lévy measure vy, this result
can be extended: If vx(dz) does not have atoms (point masses) in some neigh-
bourhood of the origin, then both assertions above are even equivalent (see
Asmussen and Rosifiski 2001, Proposition 2.1), that is, o(¢) ' X® converges in

law to B if and only if lim._, @ = Q.

From the asymptotic behaviour of the Lévy densities ggra(x.s,7) and 9am(x,a,8,6,4)
derived in equations (1.31) and (1.36) we conclude that

§ (23
roree) ~ 5 (&

hence we have that lim._,q UG%G(‘E) = lim._,q JGI; (€) — 56 holds for all GIG and
GH distributions with parameter § > 0, including the limit distributions with
A < 0. Consequently the small jumps of the corresponding Lévy processes can

be approximated by an appropriately scaled Brownian motion.

=

20

™

1
3
and ogm(e) ~ ( ) for € — 0,

Again this does not hold true for the Gamma and VG processes, because
the asymptotics of their Lévy densities are given by gg(x,0) (x) ~ %, x| 0, and

IVG (a8 (T) ~ ﬁ, x — 0, respectively. This implies lim. o %‘;)(E) = %

%W = /), thus the convergence of the compensated small

jumps to a Brownian motion fails according to the remark above. In the VG
case, this is also plausible from an intuitive point of view: Recall that the paths
of a VG process are of finite variation (see the remark on p. 50), whereas in
contrast to this the paths of Brownian motions are almost surely of infinite
variation, so any approximation of VG processes that comprehends a Brownian
part will lead to sample paths with completely different (and hence wrong) path
properties.

and lim._.q

It was already mentioned in the remark on p. 8 that a sequence of Lévy
processes (X{");>0 converges in law to a Lévy process (X¢)i>o iff X7 £y Xi.
This provides an immediate extension of Proposition 1.34 to

Corollary 1.35 Let (X/)i>0 be a Lévy process defined by Pxx(u) = dxy (u)t
where ¢x . (u) is given by (1.39) or (1.42), and set o2 := Var[X{].
If Kog — oo for K — oo, then

(o5 (X - tE[XlK]))tZO £ (Bt)i>0

where (By)i>o denotes a standard Brownian motion.
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Intuitively one may assume the correspondence € < % such that the above

corollary can to some extent be regarded as a reformulation of the Asmussen-
Rosinski result for the special case that the underlying Lévy process X is gener-
ated by an (extended) generalized I'-convolution. In fact, under some additional
assumptions the conditions limg ..o Koxg = oo and lim. g @ = oo can be
fulfilled simultaneously and are thus equivalent under these circumstances.

Suppose for example that (X;);>0 is a Lévy process where £(X;) € T,
X1 = (X1 — Xk)+ Xk, and ¢x, is defined by equation (1.39). If the measure
U(dy) has a Lebesgue density u with the asymptotic behaviour u(y) ~ cy™* for
y — oo with 0 < a < 1 and ¢ > 0, then the conditions on ox and o(g) are both
met: First, the asymptotics of u imply

o7 :/wlU(dy)Nc/ooy_Q_ady:CK_(Ha) K — o0
)k v K l+a ’ ’

1—a

hence limg_ oo Kog = limg o \/%K 2 = 0o because a < 1. Moreover, by

Proposition 1.20 and equations (1.25) the density of the Lévy measure vx, (dz)
of X is given by g(z) = % fooo e " u(y)dy, x > 0. The assumptions on u allow

the application of Theorem 1.25 with p =1 —a > 0 and L(y) = ¢I'(1 — a) from
which we obtain g(z) ~ cI'(1 — a)z~ %, & | 0. Consequently

a

(1 —
cl'( a)eH

, €—0,
1+a

o2(e) = /0 22g(z) dz ~ (1 — a) /0 2% dz =

. . T'(1— 1 _1—a
and thus lim._.g @ = hmgﬁo(%) 2772 = o0.

If instead £(X71) is an extended generalized I'-convolution (L£(X;) € TI),
then its Lévy measure has a density which is the sum of two Laplace trans-
forms, and analogously as in the proof of Proposition 1.34, every integral under
consideration can be split up into two integrals over R_ and R which can be
examined separately as above. Therefore both conditions on ox and o(e) are
also met in this case if the measure U(dy) possesses a density u which behaves
like u(y) ~ c1|y|~ ™, y — —o0, or u(y) ~ coy™ 2, y — 00, where —1 < aj, a2 < 1
and ¢y, ca > 0 (note that one of these asymptotic relations is already sufficient
because of the possible splitting of the involved integrals).

REMARK: The upper bound a < 1 resp. ai,as < 1 is required by the constraint
p > 0 in Theorem 1.25, the lower bounds a > 0 and a1,a2 > —1 are enforced
by the integrability conditions in (1.24) and (1.27). All GIG and GH distri-
butions with parameter § > 0 can be regarded as special cases of this more
general framework which fulfill the assumptions above with ¢ = \/%, a= % and

c] =cCy = %, a1 = as = 0, respectively.



Chapter 2

Multivariate GH distributions
and their limits

In the last chapter we have focussed on univariate distributions and processes.
However, many tasks and problems arising in financial mathematics are inher-
ently multivariate: consider for example a portfolio of assets or an option whose
payoff depends on two or more underlyings, such as swap-, spread-, rainbow- or
basket options. To determine a trading strategy which maximizes the expected
future value of the portfolio or to estimate potential portfolio losses, as well
as to prize the above mentioned options, one essentially needs a multivariate
model. In other words, one requires an assumption on the joint distribution of
all portfolio ingredients respectively stocks on which the option depends. The
knowledge of the corresponding univariate marginals is by no means sufficient
since they provide no information about the dependence structure which con-
siderably influences the risks and returns of the portfolio and the value of the
option. Specifying the dependencies between portfolio constituents is also a key
ingredient of credit risk models, as we shall see in Chapter 3.

Many higher-dimensional models used in financial mathematics are still
based on multivariate normal distributions, despite the fact that empirical in-
vestigations strongly reject the hypothesis of multivariate normal distributed
asset returns: see for example Affleck-Graves and McDonald (1989), Richardson
and Smith (1993) or McNeil, Frey, and Embrechts (2005, Chapter 3, pp. 70-73).
Apart from the fact that the marginal log return-distributions deviate signif-
icantly from the normal ones, as was already pointed out at the beginning of
Chapter 1, a second reason for the rejection of the multivariate normal distri-
bution is its far too simple dependence structure. The components of a mul-
tivariate normal distributed random vector are only linearly dependent. This
means, their dependencies are already completely characterized by the corre-
sponding covariance matrix, whereas financial data typically exhibits a much
more complex dependence structure. In particular, the probability of joint ex-
treme outcomes is severly underestimated by the normal distribution because
it also assigns too little weight to the joint tails.

To overcome the deficiencies of the multivariate normal distribution, various
alternatives have been proposed in the literature from which we just want to
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mention the following examples (the list could surely be extended much fur-
ther): the class of elliptical distributions (Owen and Rabinovitch 1983, Kring,
Rachev, Hochstotter, Fabozzi, and Bianchi 2009), (extended) multivariate t dis-
tributions (Khan and Zhou 2006, Adcock 2010), multivariate Variance Gamma
distributions (Luciano and Schoutens 2006, Semeraro 2008), and multivariate
GH distributions (Prause 1999, Chapter 4, Eberlein and Prause 2002, Sections 6
and 7, McNeil, Frey, and Embrechts 2005, Chapter 3.2). In the present chapter
the latter are investigated in greater detail, and it is shown how they are related
to the other aforementioned distribution classes.

The chapter is organized as follows: Section 2.1 provides some notations
and technical preliminaries, especially the concept of multivariate normal mean-
variance mixtures. Many of them are natural and straightforward generaliza-
tions of the results presented in Section 1.1 of Chapter 1, but are written down
here explicitly again for the sake of completeness. Multivariate generalized hy-
perbolic distributions are introduced in Section 2.2, in which also some basic
properties and possible limit distributions are described. The corresponding
Lévy—Khintchine representations are derived in Section 2.3, and in the last
section we take a closer look at the dependence structure of multivariate gen-
eralized hyperbolic distributions. In particular we analyze the tail dependence
of GH distributions and provide necessary and sufficient conditions for tail in-
dependence.

2.1 Multivariate normal mean-variance mixtures and
infinite divisibility

Let us first fix some notations which will be used throughout this chapter: The

vectors u = (ug,...,uq) and = (z1,...,24)" are elements of RY, the super-
script | stands for the transpose of a vector or matrix. (u,z) = ule = Z?Zl Ui T
denotes the scalar product of the vectors u,z and |ju| = (u? + -+ + u2)!/?

the Euclidean norm of u. If A is a real-valued d x d-square matrix, then det(A)
denotes the determinant of A. The d x d-identity matrix is labeled I;. In con-
trast to u and z, the letters y, s and ¢ are reserved for univariate real variables,
that is, we assume vy, s,t € R or R4. To properly distinguish between the real
number zero and the zero vector, we write 0 € R and 0 := (0,..., 0)" € R%

REMARK: Note that here and in the following d > 2 indicates the dimension,
whereas n is usually used as running index for all kinds of sequences. In particu-
lar the notation Ny(u, A) will be used for the d-dimensional normal distribution
with mean vector p and covariance matrix A.

Having clarified the notation, we now turn to the more sophisticated parts of
this section. The definition of multivariate infinite divisibility can be transferred
almost literally from Definition 1.1. More precisely we have

Definition 2.1 A probability measure u on (R, B%) is infinitely divisible if for
any integer n > 1 there exists a probability measure i, on (R%, BY) such that p
equals the n-fold convolution of pu,, that is, pt = fin * -+ % [y =2 %1 .
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Similar to the univariate case, the characteristic function ¢, (u)= [z ey (da)
of every infinitely divisible probability measure p on (R%, B¢) admits a Lévy—
Khintchine representation

¢p(u) = exp (z(u, by — %(u, Cu) + /Rd (ei<“’x> — 1 —i(u, ac>]1{x||<1}(m))u(d:c)>

where b € R%, C is a symmetric positive-semidefinite d x d matrix and the Lévy
measure v(dz) on R satisfies v({0}) = 0 as well as [pa(||z[|* A1) v(dz) < <.
Again, the triplet (b, C,v) is unique and completely characterizes p (Sato 1999,
Theorem 8.1).

An Rvalued stochastic process (L;)i>o with Lo = 0 almost surely that is
adapted to some underlying filtration is a Lévy process if it has stationary, inde-
pendent increments and is continuous in probability in the sense of Definition 1.2
in Chapter 1. As before, these properties imply that £(L;) is infinitely divisible
for all t € Ry, and the characteristic functions ¢, fulfill ¢r,(u) = ¢r, (u)'.
Moreover, there is a one-to-one correspondence between multivariate infinitely
divisible distributions p and Lévy processes L via the relation ¢r, (u) = ¢, (u)’
(Sato 1999, Theorem 7.10). Thus we may occasionally speak of the characteristic
triplet of L in the sense that (b, C,v) is the characteristic triplet of 4 = £(L).
Though the class of selfdecomposable distributions is defined in the same way
as in the univariate case, we restate its definition for the reader’s convenience:

Definition 2.2 A probability measure ju on (R, BY) is called selfdecomposable
if for every 0 < s < 1 there is a probability measure s on (R%, B) such that

bu (u) = ¢H(Su)¢ﬂs (u).

The characterization of multivariate selfdecomposable distributions by means
of their Lévy measures is much more involved as the following lemma shows. It
can be found in Sato (1999, Theorem 15.10 and Remark 15.12).

Lemma 2.3 A probability measure p on (RY,BY) is selfdecomposable if and
only if it is infinitely divisible and its Lévy measure admits the representation

V(B)Z/SX(dg)/Ooo]lB(rg)ki@dr VB e B¢

where M(d€) is a finite measure on the unit sphere S := {£€ € R*|||¢|| = 1}, and
ke(r) is a non-negative function that is measurable in § € S and decreasing in
r > 0. If v(dz) is not the zero measure, then A(d§) and ke(r) can be chosen

such that A(S) =1 and [;°(r* A l)k%(r) dr is finite and independent of &.

REMARK: The so-called polar decomposition of the Lévy measure into a spher-
ical and a radial part itself is not a distinguished property of selfdecomposable
distributions, but can be done for every Lévy measure v(dx) of an infinitely di-
visible distribution on (R¢, BY), as Barndorff-Nielsen, Maejima, and Sato (2006,
Lemma 2.1) have shown. The characteristic feature of a seldecomposable distri-
bution is that the radial component of its Lévy measure has a Lebesgue density
k%m with decreasing ke(r) (whereas the spherical measure A(d¢), which should
not be confused with the Lebesgue measure, is not supposed to have a density).
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Definition 2.4 An R%-valued random variable X is said to have a multivariate
normal mean-variance mixture distribution if

X2+ 28+ VZAW,

where u, B € R, A is a real-valued d x d-matriz such that A == AAT is positive
definite, W is a standard normal distributed random vector (W ~ Ng4(0,1;))
and Z ~ G is a real-valued, non-negative random variable independent of W .

Equivalently, a probability measure F' on (]Rd, BY) is said to be a multivariate
normal mean-variance mizture if

F(dz) = ; Na(p +yB,yA)(dr) G(dy),

where the mizing distribution G is a probability measure on (R, By).
We use the short hand notation F' = Ng(u+yB,yA)oG. If G is a class of mizing
distributions, then Ny(u+yB,yA)oG = {Ng(u+yB,yA) oG |G € G, u € RY}.

REMARK: Note that one can further assume without loss of generality | det(A)| =
det(A) = 1, since a (positive) multiplicative constant can always be included
within the variable Z. More precisely, let A = | det(A)|"Y/?A, § = | det(A)|~?/45
and Z = |det(A)[¥?Z, then |det(A)| =1 and p+ ZB + VZAW = u+ Zj5 +
VZAW. Equivalently, if A = AAT and G = £(Z), then also det(A) = 1 and
Na(p+yB,yA) o G = Na(p +yB,yA) o G.

The use of a single univariate mixing variable Z causes dependencies be-
tween all entries of X, as we shall see in Section 2.4. A more general approach
based on multivariate mixing variables which also allows for independence of
all components of X has been proposed in Luciano and Semeraro (2010). But
since the multivariate GH distributions to be studied in the subsequent sections
are defined along the lines above, we shall not extend the setting further here.

The next lemma summarizes the most important properties of multivariate
normal mean-variance mixtures. It is a straightforward generalization of the
Lemmas 1.6 and 1.7 in Chapter 1.

Lemma 2.5 Let G be a class of probability distributions on (Ry,By) and
G,G1,Go €G.

a) If G possesses a moment generating function Mq(y) on some open interval
(a,b) witha < 0 < b, then F' = Ng(u+yB,yA)oG also possesses a moment
generating function Mp(u) = el Ma(w + (u, ,6’)) that is defined for
all u € RY with a < 2% 1 (u, B) < b.

b) If G = G1xGa € G, then (Ng(p1+yB,yA)oG1) * (Na(p2+yB,yA)oGy) =
Na(p1 + p2 +yB,yA) o G € Na(p+ yB,yA) o G.

¢) If G is infinitely divisible, then so is Ng(p + yB,yA) o G.

d) If G is selfdecomposable, then so is the multivariate normal variance miz-
ture Ng(p, yA) o G.
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e) If (ftn)n>1 and (Bn)n>1 are convergent sequences of real vectors with finite
limits w, B € R (that is, ||u||, ||8]] < 00), and (Gpn)n>1 is a sequence of
mizing distributions with G, — G, then Ny(pin, + YBn,yA) o Gy, 2
Na(p+yB,yA) o G.

PROOF: Because the moment generating function and the characteristic func-

tion of a multivariate normal distribution Ny(u, A) are given by My, a)(u) =

(u,Au)
ez TwH and SNy (u,0) (W) = My, a)(iu), respectively, parts a)—c) can be

verified completely analogously to the proof of Lemma 1.6. From this one espe-
cially obtains that the characteristic function of F' = Ny(u+yf3,yA)oG admits
the representation ¢r(u) = " gq (<u AW iy ,3)). Using this and the fact
that the definition of selfdecomposability is the same for uni- and multivariate
distributions, it is easily seen that the proof of Lemma 1.6 d) can also be trans-
ferred almost literally to the present case.

Setting F, := Ny(pn + yBn, yA) o Gy and F := Ny(u+ypB,yA) o G, to prove e)
it suffices to show that for an arbitrarily fixed u € R? we have

b, (w) = e 86, (20 — it 5,)) — 26 (9 — i(u,B)) = ér(w)

but this follows with exactly the same reasoning as in the proof of Lemma 1.7.
(It would even be possible to slightly generalize the assertion by additionally
assuming that there exists a sequence (A™),>1 of covariance matrices which
converges element-wise to A, that is, maxi<; j<a [Af; — Ajj| = 0if n — o0.) O

REMARK: Observe that in contrast to the univariate case the selfdecompos-
ability of the mixing distribution only transfers to the corresponding normal
variance mixtures, but in general not to normal mean-variance mixtures with
B # 0. As an example we shall see in Section 2.3 that multivariate VG distri-
butions are selfdecomposable if and only if 8 = 0.

The next lemma is the multivariate analogon of Proposition 1.8 in Chapter 1.
We state it here for further reference in Section 2.3.

Lemma 2.6 Let F' = Ny(u + yB,yA) o G be a multivariate normal mean-
variance mizture with infinitely divisible mizing distribution G and (X¢)i>o0,
(7(t))e>0 be two Lévy processes with L(X1) = F and L(7(1)) = G.

Set (Bt)t>0 := (ABt)i>0 where (Bt)i>o is a d-dimensional standard Brownian
motion independent of (7(t))i>0, and A is a d x d-matriz fulfilling AAT = A,
Then (Y:)¢>0, defined by

Y, i= pt + Br(t) + By,
is a Lévy process that is identical in law to (X¢)e>o0-

PROOF: The independence of (By);>0, (7(£))i=0 implies that (57(t) + By ))i=0
and hence (Y;)i>0 are Lévy processes according to Sato (1999, Theorem 30.1)
(see Theorem 2.13 in this thesis). The characteristic function of Y7 is given by

by, (u) = E[ei(u,}ﬁ)] — ei{up) E[ei(u,r(l)ﬁ)E[ei<u,BT(1>>|7_(1)H
_ gitu) E[e—(W—uu,m)r(l)] _ it g (b ey g)),
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because L£(7(1)) = G. From the proof of Lemma 2.5 we know that ¢y, (u) =
or(u) = ¢x, (u), so (Xi)i>0 and (Y3)i>0 are two Lévy processes with £(X;) =
L(Y1), and the assertion then follows from Sato (1999, Theorem 7.10 (iii)). O

In the last part of this section we want to highlight the relationship between
multivariate normal mean-variance mixtures and elliptical distributions. From
a financial point of view, the latter are of some interest because they have
the nice property that within this class the Value-at-Risk (VaR) is a coherent
risk measure in the sense of Artzner, Delbaen, Eber, and Heath (1999) (this
has been shown in Embrechts, McNeil, and Straumann (2002, Theorem 1),
see also McNeil, Frey, and Embrechts (2005, Theorem 6.8)). However, in the
following we only report some basic facts of elliptical distributions, for a more
comprehensive overview we refer to Cambanis, Huang, and Simons (1981) and
the book of Fang, Kotz, and Ng (1990). Our presentation here is inspired by
McNeil, Frey, and Embrechts (2005, Section 3.3).

Since elliptical distributions emerge as a natural generalization of the class
of spherical distributions, we first introduce the latter.

Definition 2.7 An R%-valued random vector X has a spherical distribution
if there exists a function ¢ : Ry — R such that the characteristic function
¢x(u) = E[e!X)] of X admits the representation

ox(w) =v((ww)  VYueRL

The function v (t) uniquely determining ¢ x (u) is called characteristic generator
of the spherical distribution £(X), and the notation X ~ Sq(¢(t)) will be used.

REMARK: The probably most popular example of a spherical distribution is the
multivariate standard normal distribution Ng(0, I). Its characteristic function
is given by ¢y, (0,1,) (1) = e~ (ww/2 and from the above definition it immediately
follows that Ny4(0, 1) = Sy (e_t/ 2). Moreover, every normal variance mixture
F = Ny4(0,yl4) o G is spherical because from the proof of Lemma 2.5 we know

that ¢r(u) = £ (%), hence Ny(0,ylz) o G = Sa(Lc(L)).

Not only the characteristic functions, but even the densities (if existent) of
spherical distributions have a very special form as the following considerations
show: Suppose L£(X) is spherical and possesses a bounded Lebesgue density
f(x), then by the inversion formula we have

= [ it (ydu= [ ey () du
F@) = o [ oxwdn = g [ e ()

Now if O is an orthogonal d x d-matrix (that is, OO" = OTO = I), then
(OTu,0Tu) = (u,u) and

f(Oz) = r /]Rd “w,0z) ), ((u,u)) du




2.1 Multivariate normal mean-variance mixtures and id 71

where in the last line we made the coordinate transform @ = O Tu and used the
fact that | det(O)| = |det(O")| = 1. Since the equation f(x) = f(Oz) holds for
every orthogonal matrix O, f(x) must necessarily be of the form

f(@) =h({z,z)) for some function h: R — R .
Consequently the level sets {z € R?| f(z) = ¢}, ¢ > 0, of f are exactly the
d — 1-dimensional hyperspheres {z € R?|(x,x) = ¢}, € > 0, which gave the
class of spherical distributions its name. Now we turn to the more general case

of elliptical distributions which are defined by

Definition 2.8 An R%-valued random vector X has an elliptical distribution
if there exists a function ¢ : Ry — R, a symmetric, positive semidefinite d X d-
matriz ¥ and some p € RY such that the characteristic function ¢x(u) of X
admits the representation
dx(u) = ei<“7“>w(<u, Su)) Vu e RY

The elliptical distribution L£(X) then is denoted by Eq(p,X,1(t)).

REMARK: Clearly Sd(¢(t)) = Ed(O,Id,@ZJ(t)), but in contrast to the spheri-
cal subclass the representation Ejy (,u, >, 1/1(15)) of elliptical distributions is not

unique. Only g is uniquely determined, but ¥ and v (¢) are not: Setting ) =X
and ¥(t) := lﬁ(%) for some arbitrary ¢ > 0 yields E, (u, 3, w(t)) = Ey (,u, Y, w(t)).

A useful alternative characterization of elliptical distributions is provided by

Corollary 2.9 X ~ E, (,u, E,w(t)) if and only if

XZu+Ay
where Y ~ Sy (w(t)) and A is a d x d-matriz fulfilling AAT = 2.

ProoF: If X < p+ AY with Y ~ Sy(1(t)) and AAT = %, then using Defini-
tion 2.7 we obtain
dx(u) = e gy (ATu) = i ((ATu, ATu)) = ' ((u, Suy),

hence X ~ Ey (u, Y, w(t)) by Definition 2.8. On the other hand, for every sym-
metric, positive semidefinite d x d-matrix ¥ it is always possible to find a d x d-
matrix A such that AAT = ¥. Thus we can also go through the above chain of
equations from the right to the left which proves the “only if”-part. O

REMARK: Every spherically distributed random vector Y ~ S4(1(t)) has the

alternative representation Y 2 RS , where R is an R-valued random variable
and S is a random vector which is independent of R and uniformly distributed
on the unit sphere S := {¢ € RY|||¢|| = 1} (see McNeil, Frey, and Embrechts

2005, Theorem 3.22). Hence X ~ Ed(u,Z,zp(t)) if and only if X 4 u—+ RAS
with A as defined in the above corollary.

This allows us to draw some conclusions on the density f(z) of an elliptically
distributed random vector X which exists if £(Y") possesses a Lebesgue density
and the matrix ¥ is positive definite. In this case we have Y = A~1(X — p),
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and since L£(Y) is spherical, its density must be of the form h((x,z)) as shown
above. Because (A™1)TA™! = ¥~!, the density of X is thus given by

1
fz) = ———h({z —p, 2z —

() o) (2= p 27Nz —p))
whose level sets obviously are the ellipsoids {z € R?| (z — p, X~ (2 — p)) = &},
¢ > 0. Therefore this class of distributions is sometimes also called “elliptically
contoured distributions”. The last corollary of this section shows their relation
to the class of multivariate normal mean-variance mixtures.

Corollary 2.10 A normal mean-variance mizture F = Ng(p + yB,yA) o G is
an elliptical distribution if and only if 8 = 0, that is, if and only if it is a normal
variance mizture.

PROOF: The proof of Lemma 2.5 implies that the characteristic function of F'is
given by ¢p(u) = ("1 g (<“72Au> —i(u, 8)) which evidently has the representa-
tion ei<u7“>¢(<u, Eu)) required by Definition 2.8 with ¥ = A and ¢(t) = Sg(%)
if and only if § = 0. n

2.2 Multivariate generalized hyperbolic distributions

Multivariate generalized hyperbolic distributions have already been introduced
as a natural generalization of the univariate case at the end of the seminal paper
Barndorff-Nielsen (1977) and were investigated further in Blaesild (1981) and
Blaesild and Jensen (1981). They are defined as normal mean-variance mixtures
with GIG mixing distributions in the following way:

GHy(\ o, 8,6, 1, A) := Na(u+ yAB, yA) o GIG(A, 6, /a2 — (B, AB)), (2.1)

where it is usually assumed without loss of generality (see the remark on p. 68)
that det(A) = 1 which we shall also do in the following if not stated otherwise.
Due to the parameter restrictions of GIG distributions (see p. 8), the other GH
parameters have to fulfill the constraints

0>0, 0<\(B,AB) <a, if XA>0,
AER, a,d €Ry, BueRY and §>0, 0< (B, AB) <a, if A=0,

§>0,0</(BAB <a, if A<O.

The meaning and influence of the parameters is essentially the same as in the
univariate case (see p. 13). Again, parametrizations with § = 0, « = 0 or
V (B, AB) = a have to be understood as limiting cases.

REMARK: Note that the above definition of multivariate GH distributions as
normal mean-variance mixtures of the form Ny(u + yAB,yA) o G is of course
equivalent to the representation Ng(u —|—y5~ ,yA) oG used in the previous section
because the d x d-matrix A is always regular by assumption. The modification
of the mean term just simplifies some formulas as we shall see below.

For notational consistency with Chapter 1, the term GHy(\, «, 3,9, u, A)
will be reserved for multivariate GH distributions with 3,y € R?, whereas
GH(\ «, 3,0, 1) denotes a univariate GH distribution with 8, u € R as before.
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If 6 > 0 and \/(B3, AB) < a, then the density of GHy(\, «, 3,6, 1, A) can be
obtained from (2.1) with the help of equations (1.2) and (A.1) as follows:

[e.e]
dGHd(A,CX,B,(;,}L,A) (l’) = /0\ de(,u—i-yAﬁ,yA) (‘T;) dGIG (/\,5, a27<ﬁ,Aﬁ>) (y) dy

> A
L2 / (2my)~ 3 e~ 3@ H—yABWA) T e—p—yAB)) (o? — (B,AB))? A1
(1.2) Jo 5 2K\ (6+/a2 — (B, ABY)
e (T rer—3aa) g,
_ (a2 = (8,A8))2 (o)
(27) 262 26,5/ — (3. 25))
-/Oo Pt o (G emp AT @) 8 kay) g
0
A—4d
= (a2 - <B A/8>)A (/3@_“) \/<x — U, A—l(x _ /~L)> i 52 2
(2m)262 2K (/2% — (B, A5)) o

/ g §-1 —l( +5) o/ To—p AT (= I+ 4
0

_ (0 — (8,A8))2 (@
(D (2m)5 0568 K (6v/a? — (B, A5))
’ K,\fg (@\/<95 -, A~ (2 — p)) + 6?) e(Br—p)

where in the last but one equation the substitution y = G A_O;( STtV
z—p, A~ (z—p

was made. The univariate density given in equations (1.6) and (1.7) is immedi-
ately obtained from (2.2) by setting d = A = 1.

_d
— i AN — ) +97) R

REMARK: If the d x d-matrix A is replaced by a matrix A of the same di-
mensions with det(A) # 1, then the normal density AN, (ut+yAsyAa) (@) has an

additional factor det(A)~/2 which will be incorporated in the norming con-
stant of dgp,(xa,8,6,u,A (:c) as the above calculation shows. Suppose A = ¢'/¢A
for some ¢ > 0, then det( ) = ¢, and if we also replace \, «, 3, d, u by the barred
parameters

=\, &::cflda, B := B, 5::c_ﬁ5, o= L,

then it is easily seen from (2.2) that the densities of GHy(\, «, 8,9, u, A) and
GHg(\ &, 3,6, i, A) and thus both distributions coincide. Note that these con-
siderations also remain true for all subsequently defined limit distributions. This
again shows that the assumption det(A) = 1 is not an essential restriction. The
barred parameters will be used later at some points in Section 2.4 to indicate
that det(A) = 1 is not assumed there.

If multivariate GH distributions would have been defined as a mixture of
the form Ng(p + yB,yA) o GIG()\,& a? — <5,A,8>) (see the remark on the
previous page), then the last factor of the density (2.2) would be (AT Ba—n)
instead of e!#*~# and B8 would have to be defined by B = c'/4p.
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For some special choices of A the density formula simplifies considerably us-
ing the representation (A.7) of the Bessel function K1 (z). With A = —3 one ob-
2

tains the multivariate normal inverse Gaussian distribution NIGq(«, 8,0, u, A)
possessing the density

d+1

2 da 2z (B.A8) -
ANIG 4(0,8,6,1,0)(T) = \/; (277)% ((z — p, A Yo —p) + 52)

Kaor (ay/(z — 5, Az — o) + 02) el
2

and A = d+1 yields the d-dimensional hyperbolic distribution HYP 4(c, 8,0, u, A)
with den81ty

d—1

(27T) E (Oé - <ﬁ Aﬁ)) efa\/@:f,u,A_l(xﬁu))Jr(SQ
2065 K a1 (61/a2 — (B, AB))
2

6<57$_ﬂ> .

duyp y(a,8,5u,0) (%) =

The proof of Lemma 2.5, Proposition 1.9 and (2.1) imply that the characteristic
function of GHy(\, o, 8,0, u, A) is given by

i<u7“>£

wpu) Z(’LL, A6>>

PGH (Ao ,B0m,0) (1) = € GIG(\5,\/a—(B,AB)) ( 2

(2.3)

_ i) ( a® — (B,AB) )3 K\(5v/a2 = (B + iu, A(B + iu)))
a? — (B +iu, A(B + iu)) K\ (6y/a? = (8,A8))

Since all GIG distributions and thus by Lemma 2.5 ¢) also all multivariate
GH distributions (including the limits mentioned below) are infinitely divisi-
ble, the above characteristic function alternatively admits a Lévy—-Khintchine
representation which will be derived in Section 2.3.

Let us briefly mention possible weak limits of multivariate GH distributions
here. If A > 0 and § — 0, then by (2.1), (1.3) and Lemma 2.5 e) we have
convergence to a multivariate Variance-Gamma distribution:

GHa(\ a, 8,5, 11, A) - Na(utyAB, yA)oG (A, C=EA0) = VG (A, a, B, p, A).

The corresponding density can easily be derived from equation (2.2) observing

that 6* K(61/a2 — (B, AB)) — 22T (\)(a? — (B, AB)) "M% for § — 0 by (A.8)
which yields

(a® — (8,A8)) (&=, A\ — u»)(x—g)m

(2.4)
K _a (/{2 — p, A = p))) P,

and the characteristic function is obtained by

OV GaOna s (W) = €L o) (9 —ifw 25))

_ citun) ( o? — (5, A9) )
a? — (B+iu, A(B+iu)) )

dVGd()\,a,B,,u,A) (l’) =

(2.5)
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For A < 0 and a — 0 as well as § — 0 we arrive at the multivariate scaled
and shifted t distribution with f = —2)\ degrees of freedom:

GHd()‘v a, 3,0, My A) e Nd(/‘bvyA) ° Y’G()‘a %) = td(Av 57,“’3 A)

Its density can be calculated as follows:

[o¢]
de,0o,0) () = /0 ANy (uyn) (@) diy 52 (y) dy

72

00 A1 2
(124)/0 (2my) % e~ 2 (@ m@A) T (@) <2> y_ e*g*ydy

d
2

2V 2m)7E [\ a1 (At ap) +5)
(6) A “

r(-A+9) (x—p A @ — )\ 2
(527)% (=) <1+ 52 ) ’

(2.6)

where the last line follows from the fact that the integrand in the last but
one equation is equal to the density of iG(A — V(@ —p, A~z — p)) + 62)
A-d/2

without the corresponding norming constant (2/((z—pu, A (z—p))+62))

L(—A+ %)*1. Hence the value of the integral must equal the inverse of the latter.
The characteristic function is given by

i, u,Au i{u,p 2>\2K 5\/m
Dransgnn) (1) = et )%G(A f)(%) = il ><5> F(j\)(\)((u, Au>)§' (2.7)

If A <0, but (3, AB) — a2, then we have weak convergence to the normal
mean-variance mixture

GHy(, 8,6, 1, ) = Na(u+ yAB,yA) 0iG (A, ).
Combining the arguments leading to (2.2) and (2.6), its density is seen to be

2 1 2y(A—9)/2
oM ;
Tanaon AT p58) ) 73T (—A)ar 4 ((z =, ANz = ) +6%)
(2.8)
Ky a0/ (o — p AT (w — ) +6%) P

where a = /(8, Aj3), and the corresponding characteristic function is obtained
similarly as in the ¢ limiting case to be

2\ 2K)\(5\/(u, Au) — 2i<u7Aﬁ))

Yo/ F85 0 ) = <5> T(=) ((u, Au) — 2i(u, AB))? )

Last but not least also the multivariate normal distribution emerges as a
weak limit if @ — 00, § — oo and g — 02 < 0o. Analogously as in the univariate
case, these assumptions entail, together with Corollary 1.10 and Lemma 2.5 e),
that

GHy(\ a, 5,6, 11, A) =% Ny(p + yAB,yA) o €,2 = Ny(p + 02AB, 0% A).
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The most important properties of multivariate GH distributions are summa-
rized in the following theorem which goes back to Blaesild (1981, Theorem 1),
see also Blaesild and Jensen (1981, p. 49f). It shows that this distribution class
is closed under forming marginals, conditioning and affine transformations.

Theorem 2.11 Suppose X ~ GHy(\, o, 3,6, 1, A). Let (X1,X5)" be a parti-
tion of X where X1 has the dimension r and Xo the dimension k =d —r, and
let (B1,B82) " and (py, p2)" be similar partitions of B and u. Furthermore, let

Ay A12>
A =
(A21 Agy
be a partition of A such that Aq1 is an r X r-matriz. Then the following holds:

a) X1 ~ GH,(\*,a*, 5%, 6%, u*, A*) with starred parameters given by \* =

a*=det(Aq1)” o \/ — (Ba, (Aga — Ao AT A1) Ba), B* = Bi+AL A12527
0* = det(An)%d, p* = p1 and A* = det(Aqq)~ rAn.

b) The conditional distribution of Xo gwen X1 = is GHk()\ &, B,0, i, )
with tilded pammeters given by \=\A—L, &= det(An)Qk a, B=0, 6=
det(Aq1) 2% \/52 (r1 — p1, A (21 — Ml)); fi = p2 4+ A A (21 — p1)
and A = det(All)%(AQQ - A21A1_11A12).

¢) Suppose Y = BX +b where B is a regular d x d-matriz and b € R, then
Y ~ GHy(\, &, 8,8, i, A) where A = A, & = |det(B)|"1a, f = (B™1)T5,
5 =|det(B)|46, i =Bu+b and A = |det(B)|"aBABT.

REMARK: An important fact we want to stress here is that the above theorem
remains also valid for all multivariate GH limit distributions considered before.
Thus one can in particular conclude from part b) that the limiting subclass
of VG distributions itself is, in contrast to the t limit distributions, not closed
under conditioning. This holds because the parameter 6 of the conditional dis-
tribution in general is greater than zero, and the parameter A= \— 5 may
become negative if the subdimension r is sufficiently large.

Moreover, all margins of t4(, d, 4, A) are again t distributed ¢, (\, §*, p*, A*¥)
because if the joint distribution has the parameters a = 0 and 5 = 0, part a)
of the theorem implies that a* = 0 and $* = 0 for every marginal distribution.
Similarly, all margins of VG4(\, a, B, u, A) are again VG distributions because
if 6 = 0, then also §* = 0. In addition it can be shown that all margins of
GHy ()\, VB, AB), B, 4, 1, A)—distributions are of the same limiting type as their
joint distribution, too.

Further note that a d-dimensional hyperbolic distribution does not have
univariate hyperbolic margins because part a) of the theorem states that the
parameter A* of the marginal distributions is \* = \ = % # 1 ford>2.

Since every linear mapping X = aX + b with a € R \ {0}, b € RY, of a
GH distributed random vector X ~ GHg(\, o, (3,9, u, A) can alternatively be
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written in the form X = BX + b where B = aly and hence det(B) = a?, it
follows from Theorem 2.11 c) that X ~ GHy(\, |a|"ta, a1, ]ald, ap + b, A).
Thus the parameters

s T . AB
(:=0va?—(B,AB) and IT: T (5.00) (2.10)

which may replace o and 3 are scale- and location-invariant. The definition
and notation of the invariant parameters of multivariate GH distributions is,
however, by no means unique in the literature.

The next corollary deals with the special case of linear transforms (h, X),
h € R?, of GH distributed random vectors X. The corresponding distributions
can, of course, also be derived with the help of parts a) and c¢) of Theorem
2.11, but we shall give a short alternative proof below based on characteristic
functions.

Corollary 2.12 Let X ~ GHy(\, 0, 3,6, 11, A) and Y := (h, X) with h € RY,

2
h+#0, then Y ~ GH(A, &, 3,3, i) where A = A, \/ Ll + (2%
B =i, 0= 06\/(h, AR) and i = (h, ).

)

PROOF: We have ¢y (y) = E[e?"X)] = ¢x(yh) and thus by (2.3)

il < 0? — (8,AB) ) K (6y/a2 — (B + iyh, A(B + iyh)))
— (B +iyh, A8 + iyh)) K\ (6y/a? = (8,AB))

o (<587 + (38)~(128)) )
o (S5550+ (528)" - (838 +9))
s 5 (E3) (83 )
o ovmam e (2~ (130))
_ iyi &% — p? 2 K (5m> )
- ( — (B +z’y)2> K. (8 m) = Paniapsn¥)-

Analogous calculations using the characteristic functions given in (2.5), (2.7),
and (2.9) show that the assertion remains valid in all corresponding limiting
cases. O

Let us finally take a closer look at the moments of multivariate GH distri-
butions. By Definition 2.4, every random variable X possessing a multivariate
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normal mean-variance mixture distribution admits the stochastic representation
x4 p+Z B+ Z AW with independent random variables Z and W ~ N4(0, I).
The standardization of W and its independence from Z imply that
B(X) = 4+ B(Z)8
(2.11)
Cov(X) = E[(X - E(X))(X —E(X))"] = E(2)A + Var(Z)8"

with A = AAT, provided that E(|Z]), Var(Z) < co.If X ~ GHy(\, a, 8,8, u, A),
then by (2.1) X £ i+ ZAB + VZAW and Z ~ GIG(A,6,1/a? — (B, ABY).
Using the moment formulas on p. 11 we get explicit expressions for E(Z) and
Var(Z) which can be inserted into the general equations above to finally obtain

EIGH (o, 8,6, A)] = o+ 222210 5
¢ Kx(Q) (2.12)

K 5 (K K2
CorlGHapa. 5.0, 8] = RS A + 5 ( R - mg)) -

with ¢ = dy/a? — (8, AB) as defined in (2.10). In case of the Variance-Gamma

limits we have

A
E[VGa(\, o, 8,1, A)] = p + Mﬁ,
N ) o (2.13)
Cov[VGa(N, o, B, 1, A)] = a? —(B,A8) A (a? = (B,AB))? o8

Observe that by Lemma 2.5 both multivariate GH and VG distributions pos-
sess moment generating functions and hence finite moments of arbitrary order
because the mixing GIG and Gamma distributions do have this property. This
is no longer true for the limit distributions with A < 0 because the correspond-
ing inverse Gamma mixing distributions only have finite moments up to order
r < —A. By Theorem 2.11 a), the marginal distributions of ¢4(\, d, u, A) are
given by t(\, VA6, 1;), 1 < i < d (recall that « = 0 and 8 = 0 in this case),
and from their tail behaviour (see p. 22/23) one can easily conclude that mean
vector and covariance matrix of the t limit distributions are well defined and
finite only if A < —% resp. A < —1. If these constraints are fulfilled, then

52
T A2
In the other limiting case where (3, AB) = a? > 0 equations (2.11) state that
necessary and sufficient conditions for the existence of a mean vector and co-
variance matrix of the limit distributions are that the inverse Gamma mixing
distributions have finite means and variances which holds true if and only if
A< —1and A < —2, respectively. If A is appropriately small, then
52

E[GHd()V <B:AB>7ﬁ757M7A)] :M—i_mﬂ’

E[ta(\, 6, 1, A)] = p and Cov[ta(A, 6, u, A)] A (2.14)

(2.15)
52 g
COV[GHd()\, <67AB>7676>M1A)} = _2)\_2A+ 4(/\_|_1>2(—)\—2) BBT
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2.3 Lévy—Khintchine representations of multivariate
GH distributions

It was already mentioned on page 74 that also all higher-dimensional GH distri-
butions are infinitely divisible because they are defined as multivariate normal
mean-variance mixtures with an infinitely divisible mixing distribution. In the
present section we derive the corresponding Lévy—Khintchine representations
of their characteristic functions which allows us in particular to characterize
the subclass of multivariate VG distributions that are in addition selfdecom-
posable. It will turn out that, in contrast to the univariate case, in general only
symmetric VG distributions with § = 0 do have this property.

The key result for the subsequent analysis is the following theorem from Sato
(1999, Theorem 30.1) which we cite here (with a slightly adapted notation) for
further reference.

Theorem 2.13 (Subordinated Lévy processes) Let (Z;):>0 be an increas-
ing Lévy process on R with Lévy measure p(dy), drift by and P% =: Gy, that
18,

E[evas] — £Gs (’U) — / e VY Gs(dy) = 68‘11(*1))7 v > ()7
0

where for any complex z with Re(z) <0
U (z) = boz + / (e —1) p(dy) with by >0 and / (IAy)p(dy) < oo
0 0

Let further (X¢)i>0 be a Lévy process on R® with characteristic triplet (b, C,v)
and PXs =: ®,. Suppose (X;)i>0 and (Z;)i>o are independent and define

Vi(w) = Xz,u)w), t=0.
Then (Yi)i>o0 is a Lévy process on RY with
PvieB = [ e.B)Gs),  Bes
0
by, (u) = E[ei(u,Yt)] = ¢tV (log(dx, (W)
and the characteristic triplet ( b C, v) of Y is given by
— bob + / / B, (dz) p(ds), (2.16)
{zeR? | ||lz||<1}
C = bC (2.17)
#(B) = bo(B) + / $,(B)p(ds),  BeBRN\{0}). (218)
0

REMARK: The characteristic triplets (b, C,v) and (b, C, 7) in the above theorem
correspond to the Lévy—Khintchine representation

¢p(u) = exp ( (u,b) — L <u,Cu) + /Rd (ei<“’x> — 1 —i(u, x>]1{x||<1}(m))1/(d:c))
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with g = PX1 or u = PY1. But analogously as in the one-dimensional case one
has the equivalence [p.|z||" p(dz) < oo < f{$|”$||>1} |lz]|" v(dz) < oo (Sato
1999, Theorem 25.3 and Proposition 25.4), so if all marginal distributions of p
possess finite first moments, the truncation function within the integral term of
the Lévy—Khintchine formula can again be omitted, implying that at the same
time the drift vector b is modified to

B:b—i—/ zv(dz) = E[y]
{z[l]>1}

where the integral has to be understood componentwise (see also Sato 1999,
Example 25.12).

Before applying Theorem 2.13 to the special case of multivariate GH distri-
butions resp. Lévy processes, we first have to calculate the required alternative
representation of the Laplace transforms of GIG distributions. This is done in
the following

Lemma 2.14 The Laplace transforms of GIG(\, d,~)-distributions, including
the weak limits with parameters 6 =0 and v = 0, can be written in the form

o0
La16(0,5,) (V) = exp ( /0 (™ — 1) ga160057) (¥) d’y>

where ggra(xs.) (y) denotes the density of the corresponding Lévy measure.

PRrROOF: It has beeen shown in Chapter 1.6, Proposition 1.23, that all GIG
distributions and the weak Gamma and inverse Gamma limits are generalized
Gamma convolutions with generating pairs (0, Ugrg(r,5,))- By Definition 1.19,
their characteristic functions thus admit the representation

o w
bParcrs,q) (V) = exp [—/0 In <1 - y) Uaia(rs.) (dy)] :

Because £ar¢(r54) (V) = dara(nsy) (iv) (see the remark on p. 10), we have

e v
In(Larapey) (V) = —/O In (1 + y) Uara(rsy)(dy)

0o oo vty 1
= —/0 (In(v +y) — In(y)) Ugrce) (dy) = —/0 / n dt Ugransqy) (dy)
y

oo vty oo

= —/ / / e~ dsdt Ugrg(r6.)(dy)
0 Y 0
oo oo pUFY .

= —/ / / e ™ dtUgra(nsq) (dy) ds
0 0 Yy

00 00 =Sy _ e—s(v+y)

= —/ / Uarc(rsy) (dy) ds
0 0
(e—vs

:/0 _1)1 :

8/0 eV Ugransy) (dy) ds :/0 (7 = 1) gargrsq) (s) ds




2.3 Lévy—Khintchine representations of mvGH distributions 81

where the last equation follows from the proof of Proposition 1.20 (see also
the proof of Proposition 1.24). Hence the desired representation of the Laplace
transforms is valid for all GIG distributions with finite parameters 6,y > 0. [J

With the help of the preceeding prerequisites we are now ready to derive the
announced Lévy—Khintchine representations of multivariate GH distributions
and its weak limits.

Proposition 2.15 The characteristic functions of GHg(\, o, B, 9, p, A)-distri-
butions can be represented as follows:

a) If § >0 and (B, AB) < a?, then
PGH (N a,B,5,m,0) (W) =
= exp [i(u,E[GHdD + /le (ei<“’z> -1 z(u,:c>) IGH, (\aB,0.,0)(2) da
where E[GHy| is given in (2.12), and the density of the Lévy measure is

IGH (o B.6.,0) () =

B 9¢(8) /oo (2y+a2)%K% (v (2y + a?)(z, A~ 1x)) .
N (271' <x,A‘1x>)% 0 Q y[J|A\(5ﬁ) + Y\g\| (5\/@)] /
(2.19)
+ max(0, \) a%Kg (a/(z, A~ 1x))

b) If A\ >0 and 6 =0 (Variance-Gamma limit), we have

PV Gy (na,B ) (1) =
= exp [<u E[VGd) + /R (T =1 =i, 1)) gy Ga(ra 800 () dx]
where E[V G| is given in (2.13), and the Lévy density is
da
202 \ef®h)
IV Ga(na,BA)(T) = K

(27T\/<1‘,A_1(E>)g

¢) If A\ <0 and a=0, 8 =0 (t limit), then

(a/(z, A 1z)).  (2.20)

[S1ISW

Dra(nom0) (1) =
= exp [i<u,u> + /}Rd (") — 1 —i{u, 2) L) <1y (7)) Gryrspn) (2) dz |
and the corresponding Lévy density is

Gtq(\6,1,A) (z) = (2.21)

dy.

- 2 /oo (29)5 Kg (v/2) {2, A7Ta))
N (27n/<nz:,A—1a;>)g 0 WQ?J[JEM((S\/@)JFYﬁ\\(‘S\/@)]

If A < —%, then the truncation function within the integral term of the
characteristic function can be omitted without further changes.
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d) In the case A < 0 and (3, AB) = o? we have

PGraOn /BB S (W) =
= exp [z(u, by + /Rd (ei<“’x> —-1- i(u,m)]l{”xugl}(x)) g(x)dx|,

where the drift vector is given by

b= d . d ds,
/0 /{welelllacHgl}:E Nd((sA)ﬂ,sA)(fC)gzw,%)(S) rds

and the Lévy density g(x) = 9GH, O, (ﬁ,A,B),,B,é,u,A)(x) is obtained from
(2.19) by inserting o = /(B,AB). If A < —1, one can omit the truncation
function within the integral term of the characteristic function and replace

the above expression for b by the mean E[GHd()\, VB, AB), B, 4, 1, A)]
from (2.15).

PROOF: a) Suppose i = 0 for the moment, then the defining equality (2.1), the
infinite divisibility of GIG distributions and Lemma 2.6 imply that the Lévy
process (Y;)¢>0 induced by GHg(\, «, 3,9,0, A) admits the stochastic represen-
tation Y; = BT(t) where B, = At + AB; is a d-dimensional Brownian motion
with drift AB and covariance matrix Cov(B;) = AAT = A, and (7(t))r>0 is
an increasing Lévy process with £(7(1)) = GIG(X,0,v/a? — (B3, AB)). Hence
(Y2)¢>0 is a subordinated Lévy process of the form Y; = Xz, assumed in The-
orem 2.13 with X; = B; and Z; = 7(t), and the characteristic triplet (b, C, )
of L(Y1) = GHy(\, «, 3,6,0,A) can thus be obtained from equations (2.16)—
(2.18). The parameter assumptions § > 0 and (8,AB) < o ensure a finite
mean, so by the remark on p. 79f we can choose b = E[GH4(\, a, 3, 6,0, A)] and
omit the truncation function within the integral term of the Lévy—Khintchine
formula. If 4 # 0, then the proof of Lemma 2.5 as well as equation (2.3)
show that this only leads to an additional summand i(u, ) in the exponent
of the characteristic function which by (2.12) is directly included in i(u,b) if
b = E[GHy(\, o, 3,6, 1, A)] and obviously does not affect the components C
and 7 of the characteristic triplet.

Lemma 2.14 shows that the Laplace transforms of all GIG distributions with
finite parameters have an exponent ¥(z) = log(£a1¢(—2)) with drift parameter
bp = 0, therefore by (2.17) the Gaussian part %(u, C’u) of the Lévy—Khintchine
representation vanishes for all GHy(\, a, 3, 9, u, A)-distributions and their weak
limits considered in parts b)—d). Moreover, in the present case we have &, =
L(X,) = L(B,) = Ny(s(AB),sA) and p(ds) = garg(s)ds, so equation (2.18)
and Fubini’s theorem imply that the Lévy measures of multivariate GH distri-
butions and their weak limits are given by

[e.o]

v(dz) :/0 ®,(dz) p(ds) :/0 dn,(s(ap),s0)(7) ggra(s) ds dz

and hence always possess a Lebesgue density. If § > 0 and (8, AB) < a?, this
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density is obtained with the help of Proposition 1.24 a) as follows:

gGHd(A,a,ﬁ,é,u,A)(x):/) de(s(A,B),sA)(‘r)gclg(/\vé’ a27(B,A6>)(S) ds
/ooe 3{2=(s8)B,(s8) " (z—(s8)B)) —5(a®—(B,AB))
0 (27s)

d
3 S

00 -
| [/o w2y [, (6v/2y) + V2, (5v/2y)] dy+maX(0,A)] ds

(2.8) /oo e—%((m,(sA)*lz)—ksaQ)
— el
0 (

2775)% 5

(2.22)

e—5Y

.[/Ooo 2[5 (0v2y) + Y3, (6v2y)]

dy + max(0, )\)] ds

7l <:rA :t)

+s(2y+a )) ds

el®.8) / foo -2~ 2( dy
J| V2y) + |A\(5\/@)]

(2.23)

© <I,A71£L‘>
—l—maX(O,/\)/ sfgflefé(fﬂo‘z) ds
0

(IA L)

Observmg that s~2~1 _7( +s(2y+a?) is the non-normalized density of

a GIG( 5 Vi, A=), /2y + a?)-distribution, the value of the integral over
this function from 0 to co must be equal to the inverse of the corresponding
norming constant. A comparison with (1.2) yields

d
Tt m (22 ey 4a?) g 2y+a’ 2 -1
/0 sT27 e 2 ds =2 (. A1) Kg(\/(2y+a )z, A x>)

(z,A™ :L‘)
Similarly, s~ 51 77( +s0?) is the density of a GIG(—%, (z,A~1z), a)-
distribution without norming constant and thus

/ s 1o 2(M+m ) ds = 2a? ((x,A_lx))f%K% (a/(z, A~ 1z)).
0

Inserting both expressions into (2.23) we obtain (2.19).

b) Because all VG distributions have finite means, it follows from the same
reasoning as in part a) that the drift vector within the Lévy—Khintchine rep-
resentation is given by E[VG4(\, o, B, 1, A)], the Gaussian part vanishes, and
the density of the Lévy measure can be calculated using Proposition 1.24 b) as
follows:

IVGa(ha ) (@) = / Ay, (s(ap).50) () Ia(n M)(s) ds
0 ) 2
00 (=3 (1=(s8)B,(s8) " (2= (s8)B)) ) o~ 3(0*—(B,A8))
0 (2ms)2

ds
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_ A [T te it g
(2m)2 Jo
3§ \el@B)
_ 202 \e _ Kg(a <x,A_1$>)
(27T (ZE,A71$>)§ :

where the last equation has already been shown in the proof of part a).

c) Since the t limit-distributions have a finite mean only if A < —%, we have

to calculate the drift vector b according to equation (2.16) of Theorem 2.13.
To apply it correctly, we again assume p = 0 first. From the normal variance
mixture representation of t4(A,d,0,A) (see p. 75) we then conclude that &4 =
N4(0,sA) and p(ds) = giG(A’%)(s) ds in this case. By Lemma 2.14, by = 0

holds. Therefore we obtain

l;:/ / xd sAy(z)dx g. 2.(s)ds =0,
0 Jwert o<y D@ G0,

because the value of the inner integral is 0 by symmetry. If 4 # 0, then the
drift vector becomes b = 0 + i = p as pointed out in the proof of part a). The
drift vector remains unchanged if the truncation function within the integral
term of the Lévy—Khintchine representation is removed for sufficiently small A,
because E[tg(A, d, u, A)] = p by (2.14).

Moreover, Proposition 1.24 shows that the Lévy density g, , (22 )(s) can be

obtained from ggra(s,4)(8) by setting v = 0 within the latter, hence the den-
Sity gr,(n6,u,4) (%) of the Lévy measure of 4(A, d, u, A) is immediately obtained
from the corresponding calculation in the proof of part a) by inserting a = 0,
B = 0 and observing that A < 0 here. Alternatively, these insertions can be
made directly within the formula for ggm, () a,8,6,u,4)(7), which yields (2.21).

d) The assertions follow along almost the same lines as before, but the drift
coefficient b can hardly be calculated more explicitly because in this limit case
we always have § # 0. Consequently the density of &5 = Ny(s(Ap),sA) is
never symmetric around the origin. O

Note that the Lévy densities (2.19)and (2.21) can be simplified considerably
if A = j:%. Using equations (A.12) and assuming 6 > 0, the inner integral in
(2.22) becomes

o] e Y 5/00 e Sy
dy = — d
/o Py [V + 2 (vay)] U who v
26 1 1 st gy O ,

6 o0
ti=/ % 0o V2r \V2ms /oo \/2m(2s)71 27s

et dt =

because the last integrand equals the density of a N (O, 2—18)—distribution. Insert-
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ing this expression into (2.22) and continuing the calculation, we obtain

( ) ( ﬂ)/oo e—%((x,(sA)*laﬁ-l-saQ) |: 5 (0 )\) 1
g 1, x) =e" + max(0, s
GHd(|>\| 20 ’575’/‘»A) 0 (27‘(’5)% s \/%
= €<xﬁi [/ Y0t (A

(2m)2 LJo V27

o0 (:c,Aflcc)
+ max(0, )\)/ s_%_le_%(is +sa2) ds]
0

203 ¢(@B)

e
(2 <a;,A_1:1:>)g V2r(z, A1)

N
N

(2.24)
+ max(0, )\)K% (a <x,A‘1x>)] .

The last line follows from the same arguments used in the proof of Proposi-
tion 2.15 a).

REMARK: If d = A = 1, then /(z,A~1z) becomes |z|, and together with
the representation of the Bessel function K 1 (x) (see equation (A.7)), the Lévy
density (2.19) in Proposition 2.15 a) simplifies to

9GH (N a,B,0,1) (z) =
B /oo 6—|;z\\/2y+oc2
o 7y, (V) + Y2, (3v2)]

which exactly coincides with the representation derived in Chapter 1, Proposi-
tion 1.29 a). This also holds true for the limit distributions considered in parts
b)—d) of both propositions, showing that the formulas (2.19)—(2.21) are in fact
the natural generalizations of the univariate Lévy densities. Inserting d = A = 1
and A = —3 in (2.24) yields in the same way

dy 4 max(0, \) el | |

 al

oo

INIG(a,8,0,0) (F) = ] K, (ao|z]).

This agrees with our calculations on page 51.

All symmetric GHg(\, , 0,9, p, A)-distributions and their weak limits con-
sidered above (in particular all t4(\,d, u, A)-distributions) are selfdecompos-
able. This is an immediate consequence of the fact that all GH distributions
(including the weak limits) with § = 0 are normal variance mixtures with
selfdecomposable GIG mixing distributions (see pp. 72-75) and thus are self-
decomposable themselves by Lemma 2.5 d). However, this property in general
does not transfer to the skewed distributions as the subsequent proposition
shows.

Proposition 2.16 A multivariate VGg(\, o, B, 1, A)-distribution is selfdecom-
posable if and only if B = 0.
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PROOF: Because of the preceding remarks it only remains to show the “only if”-
part for which we use some ideas from Takano (1989). We first derive the polar
decomposition of the corresponding Lévy densities, that is, we move from the
Cartesian coordinates = to polar coordinates r := ||z|| and £ := M- Inserting
the new variables into the density formula (2.20) and observing that, according
to the transformation rule of integration dz = 74~ dr d¢, we obtain

221 8- Ly 3 e (6.8)
YV Ga(\o,B,m,0) (dT df) K

(27r\/
Setting A(d€) == 2A(2r (€, A*1§>)*% d¢ and

ke(r) = &P (ar (€, A718))% Ky (ar /{6, A71)),

(ow“ (€, A‘1§>) drd€

Nl
[SI[o8

we get the representation vy g, (x a,8,u,4) (drd§) = k%(r) dr A(d¢). By Lemma 2.3,
the distribution VG4(\, o, B, i, A) is selfdecomposable if and only if the func-
tion ke(r) is decreasing in r for every (or, to be more precisely, A-almost all)
§. But below we will show that for every 3 # 0 there exist some {3 and a
neighbourhood B(¢3) C S = {¢ € R4|||¢]| = 1} of &g with A(B(&5)) > 0 such
that kg(r) has a strictly positive derivative near the origin for every ¢ € B(&).
Hence a VG distribution with 5 # 0 cannot be selfdecomposable.

Let us write ke(r) = er<5’f8>Lg(ar (£, A~1€)) with Lg(y) = y%K%(y)
Equations (A.8) and (A.9) from Appendix A imply that for d > 2 we have

lim Ly (y) = 23 I'(4) and lim yLa—s (y) =0,

and from equations (A.4) and (A.3) we conclude

d d—2 d
La(y) = 59 2 Kaly) +y2Ka(y)
: : (2.25)
d da—2 a2 (d
=5y * Kely)—y <2K;(y)+yKd52(y)> = —yLa(y).

Consequently the derivative of k¢(r) with respect to r is

Ke(r) = €9 |(€,8) Ly (ar /(€ A7TE)) = ra®(6, A7) Luz (ar /(€. A7T0)) |

vl

and thus lim, o k,(r) = (¢, )27 T(2). Now if 5 # 0, we obviously can find
some &g and a neighbourhood B(£5) C S of &g with A(B(€3)) > 0 such that
(€,8) > 0 for all £ € B(£3) (note that by the above definition A(d€) is equivalent
to the Lebesgue measure restricted on the sphere S), and from the continuity
of ki(r) it follows that ké—(r) is strictly positive on some open intervall (0, )

for all £ € B(£3). This proves the assertion. d

Unfortunately, the previous proof cannot be transferred to other GH distri-
butions than the VG subclass as will be explained below. By Proposition 2.15
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a) and d), the corresponding Lévy measures are, using the polar coordinates r
and ¢ defined above and the relation dz = r¢~1 dr d¢, given by

VG Hy(Ma.6.0,0) (A7 dE) =
d
2

_ 2¢"(¢0) /OO r8(2y+a?)iKu(ry/2y +a?)(E, A7)
rery/EAT) [ TRV YR ()

d
2

dy
+ max(0, \) (ar) K% (ary/ (€, A1) | drdg.

Setting A(d€) == 2(2r(€, A~1€)) 2 d¢ and

(ry/ @2y + @€ A1) Ky (r/ 2y + 0?) (€ ATE))

o erled | [
) = | 2y 78, VE) + V3, (V)] v
+max (0, \) (ar <§,A*1§>)gK%(Oﬂ“ <5,A15>)]
_ e /Oo La(ry/(y+a®)(6 A7)
T R va) g Gva)] Y -

+ max(0, /\)L% (ary/ (¢, A_1§>)]

d
2

with La(y) := y2 Ka(y) as before yields vg g, (x.a,8,6,,4)(dr d§) = k%(r) dr A(d€).
2 2
Differentiating k¢ (r) with respect to r we get, using (2.25),

< La(ry/(2y +a?){§, A7)
w2y 7, (0v/2y) + Y3 (0v/2y)]

e 2y + a2)(€, A7) Lucs (r/ @y + 0?) (€, A1)
0

ke(r) = &P | (¢, 8) /0 dy

w2y, (03/25) + V3, (0/2)] “
+ max(0, \) <<g, B) La (ar /(€ A7TE)) (2.27)

—ra?(§, A71) Lus (ar /(€ A-l@))] ,

where the interchange between differentiation and integration in the second
integral term can be justified as follows: Since every Lévy measure v(dx) on
R fulfills v({z € R?|||lz|| > €}) < oo for all € > 0 and arbitrary dimension
d, the function k¢(r) and hence especially the integral in (2.26) must be finite
for all » > 0, £ € S, and d € IN. By equation (A.5) we have the inequality
La2(y) = y%Kw (y) > y%Kﬁ (y) = y?La—2(y) for y > 0, which provides
an 2integrable majérant for the de2rivative. But2 here the problem arises that
the behaviour of kg(r) near the origin can hardly be determined. Since the
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denominator within both integrals asymptotically behaves like (5(27r2y)7% for
y — 00 (see pp. 36 and 40) and La(y) tends to a constant for y — 0, the first
2

integral in (2.27) diverges to infinity if » — 0. The second integral does so as
well, but it is not clear if this may be compensated by the preceding factor r
such that the product remains bounded if r tends to zero. But even if this would
not be the case, the overall difference of the two integral terms might converge
to a finite limit. All in all, it seems not feasible to deduce from (2.27) whether
the right hand side is < 0 for all » > 0 or if there exists some open intervall
(r1,72) C R4 on which ki(r) is strictly positive. A complete characterization
of all selfdecomposable GH distributions will probably require some different
approaches and techniques and is therefore left for future research.

2.4 On the dependence structure of multivariate GH
distributions

Correlation is probably the most established dependence measure due to its
simplicity and its predominant role within the normal world where it char-
acterizes dependencies almost completely. This follows from the fact that the
components W;, 1 < i < d, of a standard normal distributed random vector
W ~ Ng4(0,1;) are independent from each other (the joint density is just the
product of the marginal ones in this case) and the stochastic representation

X ~ Ny, A) == X244+ AW where W ~ Ny(0, ;) and AAT = A.

Since X in distribution is nothing but a linear transform of a random vec-
tor W with independent (normal distributed) entries, the components of X
can, roughly speaking, exhibit at most linear dependencies, and exactly these
are specified and quantified by the pairwise correlations. However, things com-
pletely change if we depart from normality and consider normal variance mix-
tures instead. Suppose

X ~ Na(p,yA) o G, that is, X <+ VZAW

where £(Z) = G, W ~ Ny(0,1;) and AAT = A according to Definition 2.4.
As we already remarked on p. 68, the mixing variable Z causes dependencies
between the components of X, but these are typically not captured by corre-
lation as the following lemma shows. It is a slightly more general version of
McNeil, Frey, and Embrechts (2005, Lemma 3.5) which we adopt here since—in
our opinion—the result is as simple as illustrative.

Lemma 2.17 Suppose that X 4 w+VZAW has a normal variance mizture
distribution where E(Z) < 0o and A = AA" is a d x d-diagonal matriz such
that Cov(X;, X;) = 0,1 <4,j <d, i # j, by (2.11). Then the X;, 1 < i < d,
are independent if and only if Z is almost surely constant, that is, if and only
if X is multivariate normal distributed.

PROOF: Because A is diagonal (and positive definite by Definition 2.4), we
can assume without loss of generality that also the matrix A is diagonal and



2.4 On the dependence structure of mvGH distributions 89

Ay = VA, 1 <i <d. The independence of Z and W and Jensen’s inequality
then imply

d d d
E <H | Xi — Mi’) =E ((\FZ)dH \\/Au‘WzO =E((V2)") [[E(VA:W:)
i=1 i=1 i=1
. d d
> E(VZ) HE(’\/ Ay Wil) = HE(\Xz' — wil)-
i=1 i=1
Since the function f(z) = x? is strictly convex on Ry for d > 2, equality
throughout holds if and only if Z is constant almost surely. O

REMARK: The above result can even be extended: If X < pw+ZB+VZAW has
a normal mean-variance mixture distribution with 0 < Var(Z) < co, A = AA"
is a d x d-diagonal matrix and Cov(X;, X;) = 0 for some 1 < i # j < d, then
X; and X, are not independent either. This can be seen as follows: Since A is
diagonal and Var(Z) > 0, by (2.11) Cov(X;, X;) = 0 implies that (83");; = 0.
This means, either §; = 0 or §; = 0 (or both, but then we would be within the
setting of Lemma 2.17 again). Suppose 3; # 0 and §; = 0, then we calculate
using similar arguments as above

B((Xi — 1) | X5 — 115]) = E((BiZ + VZ /D Wi) VZ /A W5))
= B((8:2% + 2/ BaWi))E(IV/A;;Wil) = B E(22) E(|\/A;; W)
> i E(2)2 B(V/A; W) = B(5:Z) B(Z)% E(|/A; W)
> B(6:,2)E(Z2)E(1\/A; Wil) = B(X; — ) B(1X; — ).

and the inequalities are strict because f(x) = 23 and g(x) = \/z are strictly
convex resp. concave and £(Z) is non-degenerate by assumption.

Thus in general zero correlation within multivariate normal mean-variance
mixture models must not be interpreted as independence. In particular the com-
ponents X; of a GH distributed random vector X ~ GHy(\, «, 3,9, u, A) can
never be independent because Theorem 2.11 b) states that the conditional dis-
tribution £(X; | (X1,..., Xi—1, Xit1,..,Xq)| =) = GH(\, &, 8,0, fi) always
depends on the vector Z (at least the parameter é does so) for every 1 <14 < d.
Moreover, it should be observed that for generalized hyperbolic distributed
random variables the maximal attainable absolute correlation is usually strictly
smaller than one: the Cauchy—Schwarz inequality states that |Corr(X;, Xs)| =1
can occur if and only if X9 = a X1+ b almost surely for some a,b € R and a # 0,
but if X3 ~ GH (A1, a1, 51,01, p1) and Xo ~ GH (A2, ag, B2, 02, p12), the required
linear relationship imposes some conditions on the GH parameters. Recall that
aX1+b~GH(\ 2,5 8lal,au+b) by Theorem 2.11 ¢). Thus using the scale-

) ‘CTl’ a’
. . 1 o
and location-invariant parameters (; = 51-(0412 — ﬁ?)z and p; = %, i =1,2, we

conclude that Xy = aX; + b can hold only if (; = (2, |p1] = |p2] and AL = Aa.
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Having seen that correlation is in general not the tool to precisely describe
and measure dependencies in multivariate models, one may ask if there exists a
more powerful notion for this purpose. The answer is positive and provided by

Definition 2.18 A d-dimensional copula C' is a distribution function on [0, 1]¢
with standard uniform marginal distributions, that is, C : [0,1]¢ — [0, 1] has the
following properties:

a) C(u) = C(us,...,uq) is increasing in each argument u;,
b) C(1,...,1,u;,1,...,1) =w; for all1 <i<d and u; € [0,1],

¢) For all (a1,...,aq)", (by,...,bg)" € [0,1]% with a; < b;, 1 < i < d, we
have

2 2
Z . Z (—1)i1+“'+id C(uh‘l, R 7Udid) >0,
i1=1 1g=1

where uj1 = a; and ujo = b; for all1 < j < d.

REMARK: Properties a) and b) immediately follow from the definition of C'(u)
as a distribution function with identically uniformly distributed marginals on
[0,1], c) essentially is a reformulation of the fact that if U = (Uy,...,Uy)"
is a random vector possessing the distribution function C'(u), then necessarily
Play < Uy < by,...,aq < Ug < bg) > 0. It can also be shown that these
properties are sufficient, that is, every function C : [0,1]¢ — [0, 1] fulfilling a),
b) and ¢) is a copula. Clearly, the k-dimensional margins of a copula C' are also
copulas for every 2 < k < d.

We do not intend to give a detailed survey on the fairly large theory of cop-
ulas in the following, but simply want to mention some basic facts and results
related to the topic of tail-dependence we shall be concerned with later on. For
further reading, we refer to the literature hereafter (which of course is a subjec-
tive and incomplete choice): A concise and readable introduction to copulas can
be found in McNeil, Frey, and Embrechts (2005, Chapter 5), a comprehensive
overview is provided by the monograph of Nelsen (1999), and the application
of copulas to finance is discussed in Cherubini, Luciano, and Vecchiato (2004).

The central role of copulas in the study of multivariate distributions is high-
lighted by the following fundamental result which goes back to Sklar (1959).
It not only shows that copulas are inherent in every multivariate distribution,
but also that the latter can be constructed by plugging the desired marginal
distributions into a suitably chosen copula.

Theorem 2.19 (Sklar’s Theorem) Let F be a d-dimensional distribution

function with margins Fy,. .., Fy. Then there exists a copula C : [0,1]¢ — [0,1]
such that for all x = (z1,...,24)" € [~00, 0]

F(a:l,...,xd) :C'(Fl(azl),...,Fd(a;d)). (2.28)
If Fy,...,Fy are all continuous, then C is unique, otherwise C' is uniquely

determined on F1(R) x --- x Fi(R) where F;(R) denotes the range of F;.
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Conversely, if C : [0,1]7 — [0,1] is a copula and Fi,...,F; are univariate
distribution functions, then the function F(x) defined by (2.28) is a multivariate
distribution function with margins Fy,. .., Fy.

REMARK: In most books, Sklar’s Theorem is only proven in the special case
of continuous margins F; (see, for example, McNeil, Frey, and Embrechts 2005,
p. 187), the proof of the general case is usually referred to the original articles
or, if given explicitly, written down in a rather lengthy and technical way (see
Nelsen 1999, p. 16ff). A short and elegant proof of the general case which is
based on the distributional transform can be found in Riischendorf (2009).

If all marginal distribution functions E of F' are continuous and their gen-
eralized inverses F; ' are defined by F; ' ( i) = inf{y | F;(y) > u;} (with the
usual convention inf () = 0o), then F; (F (ul)) = wu;. Thus it immediately fol-
lows from (2.28) by inserting z; = F; '(u;), u; € [0,1], 1 < i < d, that in this
case the unique copula Cp(u) contained in F' is given by

Cr(ut,...,uq) = F(F (w),. .., Fy ' (ua)). (2.29)

The computation of this so-called implied copula Cr(u) is in general numerically
demanding if the distribution function F'(z) is not known explicitly. Suppose
for example that only the density f(z) of F' can be expressed in closed form,
then already the determination of a single value F'(xg) requires to evaluate a
d-dimensional integral which especially for greater dimensions d can hardly be
done sufficiently precise in reasonable time. But for multivariate normal mean-
variance mixtures it is sometimes possible to significantly reduce the numerical
complexity: Suppose that F' = Ngy(p + yB,yA) o G with known margins F;
possessing Lebesgue densities f; as above, and let O be an orthogonal d x d-
matrix such that OAOT is diagonal, then

C’F(ul,...,ud) (F 1(U1) ,Fdl(ud))
= / / / de u+y5yA)(x1,...,xd) G(dy) dxl...dxd

/ H(I)(O#erﬁ 02070 (O (). By (wa)) 7)) Gldy),

where @, ,2) denotes the (univariate) distribution function of N(u,0?). The
last expression can be evaluated much easier on a computer since it only requires
the calculation of one-dimensional integrals (possibly more than one because
the values Fi_l(ui) of the marginal quantile functions may only be obtained by
integrating the corresponding densities f;(x;) numerically).

If in addition to the marginal distributions F; also F' itself possesses a
Lebesgue density f(x), a further simplification can be achieved by using the
(implied) copula density cp(u) which is defined by

QCF(ul,...,ud) i f(Fl_l(ul),...,Fd_l(ud))

ouy...0ug fl(Fl_l(ul)) "'fd(Fd_l(Ud))’ (2.30)

e,y ug) =
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c(u_1,u_2)
012 3 45 6 7

c(u_1u_2)

c(u_Lu_2)
102

cu

Figure 2.1: Densities of implied copulas of bivariate GH distributions and
their limits. The underlying distributions are as follows:
top left: symmetric NIG2(10,0,0.2,0,A),
top right: skewed NIG2(10, (;l) ,0.2,0,A),
bottom left: skewed NIG2(4, (32),0.2, 0,A), bottom right: t2(—2,2,0, A).
For all distributions A = (1) with p = 0.3.

where the last equation immediately follows from (2.29). Combining (2.30) and
Theorem 2.11 a) allows to calculate the copula densities cqr,(a,8,6,u,4) (1) of
all multivariate GH distributions including the aforementioned limits. Some
results for the bivariate case are visualized in Figure 2.1 above. Note that the
choice of p = 0.3 implies det(A) = 1 — p? < 1, so the parameters of the t- and
NIG distributions are the barred ones (A, @&, 3,6, /i) defined in the remark on
page 73. If 3 = 3 = 0, then by equations (2.12)(2.14) A equals the correlation
matrix of the related distribution.

Apart from being inherent in every multivariate distribution, the impor-
tance of copulas relies on the fact that they encode the dependencies between
the margins F; of F. Many popular dependence measures like, for example,
Kendall’s tau, Spearman’s rho, or the Gini coefficient can be expressed and
calculated solely in terms of the associated copulas (see McNeil, Frey, and Em-
brechts 2005, Proposition 5.29, and Nelsen 1999, Corollary 5.1.13). Thus the
assertion of Sklar’s Theorem might alternatively be stated in the following way:
Every multivariate distribution can be split up into two parts, the marginal
distributions and the dependence structure. The next proposition shows that
copulas and hence all dependence measures that can be derived from them are
invariant under strictly increasing transformations of the margins.
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Proposition 2.20 Suppose that (X1,...,X,)" is a random vector with joint
distribution function F', continuous margins F;, 1 < i < d, and implied copula
Cr given by (2.29). Let Ty, ..., Ty be strictly increasing functions and G be the
joint distribution function of (Tl (X1),... ,Td(Xd))T. Then the implied copulas
of F' and G coincide, that is, Cr = Cg.

PROOF: See McNeil, Frey, and Embrechts (2005, Proposition 5.6). O

REMARK: From the above proposition it especially follows that the correlation
of two random variables does not depend on the inherent copula of their joint
distribution alone because correlation is invariant under (strictly) increasing
linear transformations only, but not under arbitrary increasing mappings. Cor-
relation is also linked to the marginal distributions since it requires them to
possess finite second moments to be well defined, whereas by Sklar’s Theorem a
copula of the joint distribution always exists without imposing any conditions
on the margins.

We now turn to the dependence measure we shall be concerned with for
the rest of the present section, the coefficients of tail dependence, which are
formally defined by

Definition 2.21 Let F' be the joint distribution function of the bivariate ran-
dom vector (Xl,Xg)T and Fy, Fs be the marginal distribution functions of X3
and Xo, then the coefficient of upper tail dependence of F' resp. X1 and X is

A= A(F) = Mo (X1, Xo) = 1;%1 P(Xy > Fy'(g)| X1 > Fy H(q)),

provided a limit A, € [0,1] exists. If 0 < A, < 1, then F resp. X1 and Xy are
said to be upper tail dependent; if A, = 0, they are called upper tail independent
or asymptotically independent in the upper tail. Similarly, the coefficient of
lower tail dependence is

A= N(F) = (X1, Xz) = lim P(Xz < Fy Ha) | X1 < (@),
again provided a limit \; € [0,1] exists. If A, = N\ = 0, then F resp. X1 and
X are tail independent.

REMARK: If the distribution functions F; and F5 are not continuous and strictly
increasing, £~ L and Fz_l in the previous definition again have to be understood
as generalized inverses as defined on page 91.

The larger (or less) g, the more rare is the event {X; > F; !(q)} (respectively
{X; < F;'(g)}). Thus the coefficients of tail dependence are nothing but the
limits of the conditional probabilities that the second random variable takes
extremal values given the first one also does so. In other words, they may
be regarded as the probabilities of joint extremal outcomes of X; and X5. This
concept also is of some importance in finance: Suppose for example that X; and
X represent two risky assets. If their joint distribution is lower tail dependent,
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the possibility that both of them suffer severe losses at the same time cannot be
neglected. In portfolio credit risk models, X; and Xs may be the state variables
of two different firms or credit instruments, and the coefficient of lower tail
dependence can then be interpreted as the probability of a joint default. Tail
dependence is a copula property, which is illustrated by the subsequent

Proposition 2.22 Let (X1, X2)" be a bivariate random vector with joint dis-
tribution function F', continuous margins Fy, Fo, and implied copula Cr as de-
fined in (2.29). Then the following holds:

a) The coefficients of lower and upper tail dependence can be calculated by

1-2
@0 g atl 1—¢q

b) If in addition Fy, Fy are strictly increasing, A\; and X\, can be obtained by
A =lim P(Xy < By (q) | X1 = P (q) + m P(X) < Fy (o) | X2 = By (),

Ay = 1%1 P(Xo> FyHq) | X1 = Fy Y g)) + %P(Xl > F7 Y (q)| X2 = Fy ' (q)).

PROOF: The assertion of part a) of the proposition can be found in many
textbooks on copulas and dependence, and part b) essentially follows from the
ideas of McNeil, Frey, and Embrechts (2005, pp. 197 and 210). However, due to
its importance we provide a detailed proof here for the sake of completeness.

a) By Definition 2.21 we have

F(FY(q),F;!
o EU (q}:1 y @) _ . Cr(e.9)
ql0 I (F1 (q)) (2.29) ¢lO q

and similarly we obtain

Ay = 11%?13()(2 > Fy Y q)| X1 > F'(g)) = lim
q

g1l P(X1 > F] 1(q))
i Lo PEX S F(@ VX < Fy H(a)))
T gt 1 - P(X1 < Fy ()
o L AR @) = B(Fy (@) + F(F N 0), Fy (@)
! 1— F(F ' (q))
i L 20+ Cr(4,9)
gt 1-gq '

(Note that the continuity of F; is required to apply equation (2.29) and for
F;(F7*(q)) = g to hold).

K3
b) Since F} and Fj are continuous, the random variables U; := F;(X;), i = 1,2,
are both uniformly distributed on (0,1). By Definition 2.18, the joint distri-
bution function of (Uy,Us)" thus is a copula itself which by Proposition 2.20
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equals C'r because F; and F» are strictly increasing by assumption, that is,
P(U; < uy,Usy < ug) = Cp(ug,uz). Moreover, for every bivariate copula C' we
have 0 < %ﬁi’u?) <1,7=1,2, and the partial derivatives exist for Lebesgue-
almost all (u1,uz) € [0,1]2 (Nelsen 1999, Theorem 2.2.7). Together we obtain

9C () — timy CPL+ 602) = Crr(un, )
Ouy e—0 p
P < < <
= lim (u1_U1_U1+6,U2_U2):P(U2§u2|U1:ul)

e—0 P(U1§U1§U1—|—€)
%ﬁ;u"’) = P(U; < u1| Uy = ug). The continuity and strict
monotonicity of the Fj further implies {U; < w;} = {X; < F, '(u;)} for all
u; € (0,1) and hence P(U; < u; |Uj = uj) = P(X; < F, ' (w) | X = Fj_l(uj))
for i,j € {1,2}, i # j. Applying L "Hopital’s rule to the expressions derived in
part a) we finally get

and analogously

. Cr(¢,q) .. dC(q,q) .. [OC oC
— lim 2\ 9 —lim [ & o
Al B — T i | S (¢.9) + s (¢,9)
= lqiﬂ)l(P(Uz <q|Ui=q)+PU < q|Uz =q))
= lim (P(X2 < Fy M @) | X1 = F N (@) + P(X1 < F i (g) | Xo = 5 (q)))

and, with the same reasoning,

. 1-2¢4+CFr(q,q) .. oC oC

Zggl((l—P(UzSQ|U1=Q)+1—P(U1SQ|U2=Q))

= lim (P(X2>Fy ) | X1 =F ' q) + P(X1> F ' (q)| X2 = F; '(9))) -

O

With the help of these preliminaries we are now able to give a complete an-
swer to the question which members of the multivariate GH family show tail de-
pendence and which do not. To our knowledge, only symmetric GH distributions
have been considered in this regard in the literature so far. By equation (2.1)
and Corollary 2.10, every multidimensional GH distribution with parameter
B = 0 belongs to the class of elliptical distributions, thus the tail independence
of GH4(\, «, 0,6, 1, A) (apart from the t limit case with a = 0) can be deduced
from the more general result below of Hult and Lindskog (2002, Theorem 4.3).

It uses the representation X 4 i+ RAS of an elliptically distributed random
vector X which was introduced in Corollary 2.9 and the remark thereafter.

Theorem 2.23 Let X < p+RAS ~ Ey (,u, 3, @Z)(t)) be an elliptically distributed
random vector with ¥;; > 0, 1 < i < d, and |pi;| = |Ei5/\/2u2j;] < 1 for all
i # j. Then the following statements are equivalent:
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a) The distribution function Fr of R is regularly varying with exponent
p <0, that is, Fr € %, (see Definition 1.15).
b) (X, X;)" is tail dependent for all i # j.

Moreover, if Fr € %, with p <0, then for all i # j
fﬁ/Q in(pi))/2 coslPl(t) dt

(m/2—arcsin(p;;

(X, Xj) = N(Xi, Xj) =
’ ’ fgrﬂ coslPl(t) dt

If X ~ Nyg(p,yA) o G has a normal variance mixture distribution which is
elliptical by Corollary 2.10, then X admits the two stochastic representations
w+VZAW 2x4 i+ RAS where the vector i and the d x d-matrix A on the
left and right hand side coincide. This equation suggests that the tail behaviour
of the distribution Fr of R is mainly influenced by the distribution G of Z and
vice versa. Indeed, one can show that Fr is regularly varying with exponent
2p < 0 (Fgr € %) if and only if G € %, (see McNeil, Frey, and Embrechts
2005, pp. 92 and 295f).

Suppose now X ~ GHg(\, a,0,6, 1, A) (excluding the t limiting case for a
moment), then by equation (1.2) the density of the corresponding mixing dis-
tribution GIG(\, §, @) has a semi-heavy right tail in the sense of Definition 1.12

with constants ao = A—1, by = %2 and ¢cg = (a/?) 3 (In case of the VG limit, the

density of the mixing Gamma distribution G ()\, 22) also has a semi-heavy right

tail with the same constants as and by, but ¢y = (a F(/f))A .) By Proposition 1.13

and Definition 1.14, the distribution functions of GIG(\,d, a) and G()\, %2)
both have an exponential right tail with rate bs. In view of Definition 1.15
and the subsequent remark, distribution functions with exponential right tails
can be regarded as regularly varying with exponent —oco. Consequently, for the

distribution function Fr of R in the representation X 4 1+ RAS we have
Fr € #_ as well. Applying Theorem 2.23 yields

fﬂ/2 1)/2 cosl?l (1) dt

(m/2—arcsin(p;;

)\u(Xz,X]) = )\Z(Xi7Xj) = hm

2 =0
p—r—00 Jo ' coslPl(t) dt

showing the tail independence of all symmetric GHy(A, «, 0,0, u, A)-distribu-
tions with parameter o > 0.
REMARK: The convergence of the ratio of the two integrals can be justified as
follows: Since h: (-5, %) — R_ with h(z) = log(cos(x)) has an absolute max-
imum at zg = 0 and h”(x) = —cos~2(x), an application of Laplace’s method
shows that for all 0 <b < 5

b b
/ Cos|p|(t) dt = / elPlh® qp 0 [T Iplh(0) — \/T7 Ip| —= oo,
0 0 —2|p|h"(0) 2[p|

consequently
/2 i .
1i f(ﬁ//2—arcsin(pij))/2 cosl?! (t) dt fO(Tr/Z—arcs1n(p”))/2 cosl?! (t) dt
im

=1— lim =0.

p=—00 f0”/2 coslPl(t) dt p=—00 f0”/2 coslPl(t) dt
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In the t limiting case, however, we have X 4 pA VZAW ~ tg(X, 0, 1, A)
with Z ~ iG (/\7 %), and from equation (1.4) it is easily seen that the density
dic(r62/2) is regularly varying with exponent A — 1. Hence G = Fz € #) and
thus, as pointed out above, Fr € %5y, so we conclude from Theorem 2.23 that
Au(Xi, Xj) = N(Xi, X;) > 0 for all t distributions t4(A, 9, 1, A). The coefficients
are quantified more accurately in Proposition 2.24 below.

This main result of the present section shows that the dependence behaviour
can change dramatically if we move from symmetric to skewed GH distributions
with parameter S # 0: in addition to tail independence also complete depen-
dence can occur, that is, both of the coefficients \; and A, may be equal to one.
More precisely we have

Proposition 2.24 Let X ~ GHa(\, o, 3,0, 1, A) and define p := \/ﬁ as
well as B; == /Dy Bi for i =1,2. Then the following holds:

a) If 0 < \/(B,AB) < a, then the GH distribution (including possible VG
limits) is tail independent if —1 < p < 0. If0 < p < 1, then

0, ¢y, c;t > p,

)\I(XhXQ) = )\u(leXQ) = . _1
1, min(cy, ¢ ') < p,

Va?—(1-p)B3+B1+pB2
h = Ve (=p 2 PP
WRETe € Vo2—(1-p2)B3+B2+pP1

b) If A <0 and a =0, then X ~ to(X, 6, 1, A) and

22+ 1)(1—p
Au(X1, X2) = N(X1, X2) = 2F,5 1 /a5710) <_\/( 1 +)/() )> :

where Ft(/\—%,m,ﬂ) denotes the distribution function of the univariate

Student’s t-distribution t()\ — %, V=2 +1, ()) with f = —2XA 4+ 1 degrees
of freedom.

c) Let A <0 and 0 < \/(8,AB) = a. If (B1 + pB2)(B2 + pB1) < 0, then

0, p <0,
(X1, Xo) = N(X1, Xp) =
1, p>0.
If (B + pB2) (B2 + pB1) > 0, then
07 C*7C;1 > p, 3 A
Au(X1, X2) = M(X1, X)) = where ¢y 1= M
1, min(c, C*_l) < p, B2 + pB1

For the proof, we need the following lemma which is a slightly modified version
of Banachewicz and van der Vaart (2008, Lemma 3.1):

Lemma 2.25 Suppose F' : R — [0,1] is a continuous and strictly increasing
distribution function.
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a) If F(y) ~ c1ly|™™ asy — —o0 and 1 — F(y) ~ coy™* as y — oo for
1 1
some a1, az, c1,cz > 0, then F~(u) ~ — ()1 and F~H(1—u) ~ (2)=
foru 0.
b) If instead F(y) ~ ci|y|®e "W as y — —oo and 1 — F(y) ~ cyy®?e b2y
as y — oo for some ay,as € R and by, b, c1,co > 0, then F~(u) ~ %
and F71(1 —u) ~ —% foru ] 0.

PROOF: a) If 1 — F(y) ~ coy™ %2 as y — oo, then for any r > 0

1
O e il G KD ey
ul0 u

For r < 1, the right hand side of the above equation is greater than one, so we
conclude that in this case 1 — F (r(%’) i) > u for sufficiently small v and hence
F Y1 —u) > r(%)é (note that the assumptions on F imply F~1(F(y)) =y
for all y € R). If r > 1, then we similarly obtain 1 — F(r(%) i) < u and thus

1
F~Y(1 —u) < r(2)® for sufficiently small u. This proves the assertion for
F~1(1 — u), and the asymptotic behaviour of F~!(u) for u | 0 can be shown
analogously.

b) If 1 — F(y) ~ coy®e Y as y — oo, then we have

1- F(*Hobgz(u)) . rlog(u)\** .4 o0, <1,
=limey | — 2 U = 0 )
2 . o> 1

lim
u0 U ul0

With the same reasoning as before we conclude F~1(1 —u) ~ —% for u J 0,

and the corresponding result for F~1(u) is easily obtained along the same lines.
O

PrROOF OF PROPOSITION 2.24: Propositions 2.22 and 2.20 state that tail de-
pendence is a copula property and therefore invariant under strictly increasing

transformations of X; and X,. But if X ~ GHs(\ «,f,d,u,A), the linear

transformation ¥ = (10/ v A11/1 \/A—i)(X — ) obviously is strictly increasing in

each component, and Theorem 2.11 c¢) implies that Y ~ GHy(\, @, f3,8,0,A)

with A=\ a=a, 3= ()" ;0)3,6=0,A= (%) and p:= A1p/vA11Ap.
Note that we here use the barred parameters defined in the remark on p. 73 be-
cause in general det(A) = 1— p? < 1. As already pointed out in the remarks on
pages 73 and 76, these considerations remain also valid for all GH limit distri-
butions. Hence we can and will always assume X ~ GHs(\, o, 3,6,0,A) in the

following. The fact that A is supposed to be positive definite with det(A) =1

A2
by definition implies the inequality 0 < A111A22 = A“AAlfQAzQA” = 1 — p?, thus

| < 1.

a) If X ~ GHay(\, , 3,6,0,A) and 0 < \/(B,AB) < then by Theorem 2.11 a)
the marginal distributions are X7 ~ GH()\, (a® —(1— p2)ﬂg)1/2, B1 + pBa, 9, 0)
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and Xo ~ GH (X, (o — (1 - p?) B2, By + pf1,6,0). To simplify notations we
set @y = (a? — (1 —p?)B3)V2, By == ,31 + pﬁz, and g = (o — (1 - 2BV,
By = Bo + pph, then we obtain &3 — 2 = — B2 =a?—(8,A8) >0
Thus the densities of £(X;) and £(X2) both have semi-heavy tails (see Defi-
nition 1.12 and the remark thereafter), and Proposition 1.13 (or equivalently
Corollary 1.17) implies that the corresponding distribution functions Fj and Fy
fulfill the assumptions of Lemma 2.25 b) Wlth b1 = aZ + ﬂ, and by = &; — ,BZ,
i = 1,2. From this we conclude that F; '(q) ~ ¢;Fy *(q) for ¢ | 0 as well as

F7Y(q) ~ cuFy ' (q) for ¢ T 1 where ¢; : a2+gz >0 and ¢, := 327_22 > 0. Note
ai+ 1—p1

that ¢c, = dg gg =1 and thus ¢, = cl . All this also holds in the VG limit
1M1
case with 6 = 0 because Theorem 2.11 a) still applies there and the univariate
VG marginal densities have semi-heavy tails, too (see page 22).
By Theorem 2.11 b), the conditional distribution of X; given X; = z; (where

here and in the following 4,5 € {1,2} and i # j) is given by P(X; | X; = z;) =

GH(\ — %,a(l — )" V2 B, /62 + ZL‘?\/l — p?, px;), and part c) of the same

theorem then yields

— P

1_

_.’I/‘]

52—1—33

:GH< Y \/62—1-37,52\/524—3: 1—p ,1,0)
=G le()\f@a,ﬁi,&,p,xj).

Again, this also remains true in the VG limit case (see the remark on p. 76).
Let F‘f denote the distribution function of GHz*lj ()\ — %, a, B, 6, p, Fj_l(q)) and
set

for ¢ € (0,1),

then we have

lim P(X; < F; '(q) | Xj = F; '(q)) = lim Ff (i (a)),

ql0 ql0
: -1 -1 .
lqlﬁlp(Xi > F; (q) ’Xj = Fj (Q)) = 1(11%1111 - F,% (hi|j(Q))'

Moreover, if a > |5 > 0, then GH(\, ra, 75,6, 1) — €, for r — oo because

Tllglo ¢GH(/\,ra,r,8,5,u) (u) -
— lim e < (ra)® = (rB)? )3 Kx(01/(ra)? — (rf +iu)?)
e \(rap =B+ iw?) K\ (01/(ra)? = B
I I R N G S B
_ri)rgoe a2_(/8+iﬂ)2 KA(T‘éM) e
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which implies that GH;U (A — %, a, Bi, 8, p, ijl(q)) converges weakly to the de-
generate distribution €g if ¢ | 0 or ¢ 1 1. From the asymptotic relations of the
quantile functions Fy *(q) and F; '(¢) we further obtain

: -1 j—i . —Lly 5
lqlﬁ)lhﬂj(Q):(l_PQ) 2(p—c '), and lqlTrrllhﬂj(Q):(l—pZ) 2 (¢ = p)

(remember ¢, = ¢; 1), consequently

i - - p—d’ 0.¢ " >p.
lim P(X; < F7 Yq) | X; = F; ' (q)) = F. () :{ .
at0 T \Vi-7? Lag " <p

as well as

- 0,7 > P,
lim P(X; > F;'(q) | X; = Fy (@) =1 - Fy (M) - { l.

qrl V1= p? 1, ¢ < p,

and Proposition 2.22 b) finally implies that A\(X1, X2) = Ay (X1, X2) = 0 if
and only if ¢, cl_1 > p. Since ¢; > 0, the conditions are trivially met if p < 0.
If 0 < p < 1, then at most one of the quantities ¢; and cfl can be smaller
than p (note that the convergence to a well-defined limit cannot be assured if
Cg " = p > 0, therefore we exclude these possibilities in our considerations).
This completes the proof of part a).

c¢) Because Theorem 2.11 a) still applies if X ~ GHa(\, «,3,5,0,A), A < 0,
and 0 < /(8,AB) = «, we have, using the notations from above, that X; ~
GH()\,OQZ',@, 8,0), i = 1,2. However, in this case &7 —312 =a?—/(B3,A8) =0,
hence both marginal distributions are univariate GH limit distributions with
A < 0and & = |3 If B; > 0, we conclude from equations (1.20), (A.10) and
Proposition 1.13 that the tail behaviour of the distribution function is given by
Fi(y) ~ ey} te 2% for y — —oo and 1 — Fi(y) ~ ci|y|* as y — oo where

2/\71 2)\

il = S d 2= oo
AT T e T(a)

1

Lemma 2.25 now states that F, *(q) ~ % for ¢ | 0 and F; '(q) ~ (%)W
. 1

for ¢ 1+ 1. If B; < 0, then we analogously obtain F, *(g) ~ —(Cf) Aas ¢l 0

and Fz-_l(q) ~ —% as ¢ T 1. Because the case 3; = B; + pBj = 0 is ruled

out by assumption, the equality 0 = 0212 — BZQ =a?—-(1- pQ)ﬁ_j2 —(Bi + ij)Z
implies that a > /1 — p2|3;|. Thus we can proceed along the same lines as in
the proof of part a) and get

; . -1 R i - i L
lim P(X; < ;7 (0) | X = B (0) = Feo (limhis(a) ).

lim P(X; > 7 (0) | X5 = F; (@) = 1= Fo (lim by (o))

if we again exclude the cases where h;;(¢) — 0 for the same reasons as above.
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a1

and F Y (q) ~ c,Fy H(q) with ¢, = (Cﬁ)m)\| = (Z%)l/l/\l b ¢! for g 1 1.

€22 B2

Suppose f1, 32 > 0, then Fl_l(q) ~ chQ_l(q) with ¢ = 92 = gQ >0asql0

Consequently we again have
_1 j—i . L1/ 45—y
lim iy (q) = (1 - p) 7 2(p—d "), and lim hiy;(q) = (1 - p*) "2 (¢ = p)

and conclude analogously as before, that A\j(X1, X2) = A\ (X1, X2) = 0 if and
only if ¢, ¢, Vs p If 51, Bg < 0, the tall behaviour of the quantile functions is
just exchanged (¢; ~ ¢ ~and ¢, = cl ~> 1), hence the assertion remains also

valid in this case. )

Finally, let 5 > 0 and f < 0, then F; ' (q) ~ 2% and Fy ! (g) ~ —(22) ™

as q | 0, thus hmqw EZ; =0 and

iy -

(1—p?)2p, i—j=—1,
—0oQ, Z_jzla
1

hence \(X1,X2) = 0 if and only if p < 0. Further F;'(q) ~ (fITQq)W and

-1
EyNg) ~ _% for ¢ 1 1, consequently limg I};?*EZ; — 0 and

li
(;%Ill hz|]( )

~(1=p})3p, i—j=1,
oo, 1 —j=—1,

which implies that also A)‘“(X 1s XQ)A: 0 if and only if p < 0. Trivially, all con-
clusions remain true if 81 < 0 and §2 > 0.

b) The proof of this part goes back to Embrechts, McNeil, and Straumann
(2002), see also McNeil, Frey, and Embrechts (2005, p. 211). If A < 0 and o = 0,
we can assume X ~ GHy(),0,0,0,0,A) = t3()\,0,0,A), and the marginal dis-
tributions are given by £(X1) = L(X2) = GH(),0,0,4,0) = t(A,9,0) according
to Theorem 2.11 a), hence we have F, '(q) = F, '(q) for all ¢ € (0,1) in this
case. By Theorem 2.11 b), the conditional distributions also coincide, that is,
P(Xo| X1 =) = P(X1| Xy =2) = t(\, V62 + 22\/1 — p%, pz), and part c) of
\/1 — 2 V62 + 22

the same theorem implies
X2 = .I‘)
=t(A—1,vV-2x+1,0).

p V=2M+1 X9 —px
\/1 N
(Note that, in principle, the additional scaling factor v/—2\ + 1 is not necessary,
but leads to the relation 6 = —2X\ + 1 = —2(X — 3) of the parameters of
the conditional distribution which therewith becomes a classical Student’s t-
distributiom with f = —2\ + 1 degrees of freedom.) If we set

V=2X+1 Fy M (q) — pF ' (9)
VI=rt\Je g (r

X1:33> :P(V_QAHL X1 —

h(q) :==

for ¢ € (0,1),
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we get, using that F, '(¢) = F, *(q),

V=23 +1(-p) (=240 -p)
1qligh( q) = N = —\/ 1+ ——lqlﬁlh(Q)a

consequently

lim P(X; < B () [ X1 = Fy (@) = Im P(X1 < P (q) [ X2 = Fy ' (9))

(=22 + 1)(1 - p)
= lqlg]l Ft()\—f V=2X+1,0) (h( )) = Ft()\—f V=20F1,0) (‘\/ 1+p

and
lim P(Xz > Fy o) | X1 = P (@) = lim P(X1 > FT' (o) | Xz = F5 ()

= lim1 - Fy, a1 v=mro ()

(=2)\+1)(1 - p)
=1- Ft(A,%A/fz)\H,O) T+p '

The symmetry relation Fy, ;5 /=ox57,0)(—2) =1 — Fy(,_1 /0 /=2x71,0) (%) and
Proposition 2.22 b) now yield the desired result. O

The conditions ¢, > p and c¢;! > p in Proposition 2.24 a) are trivially
fulfilled if 3; = f32, because then ¢, = ¢, ! = 1. This in particular includes the
case 8 = 0 which provides an alternative proof for the tail independence of
symmetric GH distributions (apart from the t limit case). In general, however,
a checking of the condition might seem to be a little bit cumbersome. The
following corollary provides a simpler criterion for tail independence of GH
distributions.

Corollary 2.26 Suppose that X ~ GHa(\, o, 3,6, 1, A) and p := \/% > 0.
Then N(X1, X2) = A (X1, Xo) = 0 if either \/(B,AB) < a and 12 > 0 or

< \/<ﬁ, Aﬁ) =« and ,Blﬁg > 0.

PRrROOF: According to Proposition 2.24 a) and ¢), we just have to show that the
conditions 8182 > 0 resp. > 0 imply ¢y, c; ' > p. Assume +/(5, AB) < « first. If
both f31, B2 > 0, then so are ﬂl \/Eﬁl and Bo = /Aa2B2. Since p > 0, we
see from the inequality 0 < a? — (8, AB) = o — B — 2pB1 B2 — B3 that §; < a,
i = 1,2. Therewith we obtain

\/0‘2 — (1= p?)B5 + b1 + pPa \/a2 a2 + pBy + pPBa

Cx = =P

\/042_(1_p2)8%+,32+p61 O‘+Bl+52

and an analogous estimate shows that also ¢, LIS p. If B1 < 0and By < 0, we use
1 _ Ver-(1-p*)B3—Pi—pBs
V()52 pbs

the fact that c; ! may alternatively be represented by ¢,

and similarly conclude that c,, ¢ LS p-
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Now, let 0 < /(8,AB8) = a and note that the condition 5182 > 0 implies
(B1+ pB2) (B2 + pP1) > 0. 1f both By, B2 > 0, then ¢, = FH22 > ete% — p,
and ¢! > p follows analogously. If 81, 82 < 0, the same result is obtained by

using the representation c, = :%7:2%. O

REMARK: An immediate consequence of the preceding corollary is that complete
dependence (A\(X1, X2) = A\y(X1, X2) = 1) within bivariate GH distributions
can only occur if the parameters 81 and 82 have opposite signs, and one might
conjecture that the conditions c,,c;! > p are also always fulfilled in these cases
such that a two-dimensional GH distribution would be tail independent for
almost any choice of parameters. However, this is not true, and it is fairly easy
to construct counterexamples: Take a = 4, 51 = 3, B2 = —2, and p = 0.3, then

a? — (B,AB) = a? — B2 — 2pB1 B> — B3 = 6.6 and

» \/a2 — (1= p?)BE + Ba+ ph
. = = - — ~0.286 < p.
Vo2 = (L= )33 + b1 + o

The corresponding copula density is shown in Figure 2.1. In view of Proposi-
tion 2.24, the densities displayed there represent all possible tail dependencies
of GH distributions: NIG2(10,0,0.2,0,A) and NIG2(10, (f) ,0.2,0,A) are tail
independent, NIGy(4, (_32) ,0.2,0,A) is completely dependent, and the t distri-
bution to(—2,2,0,A) lies in between.

The fact that for GH distributions the coefficients of tail dependence can
only take the most extreme values 0 and 1 may surely be surprising at first
glance, but this phenomenon can also be observed in other distribution classes
(making it possibly less astonishing). For example, Banachewicz and van der
Vaart (2008) found a similar behaviour for the upper tail dependence coefficient
A (X1, X2) of a skewed grouped t distribution. An alternative derivation and
discussion of their results can also be found in Fung and Seneta (2010).

Thus the dependence structure of multivariate GH distributions is fairly
strict in some sense since it neither allows independent components nor non-
trivial values of the tail dependence coefficients. A possible way to relax these
restrictions is to consider affine mappings of random vectors with indepen-

dent GH distributed components: If ¥ L AX + 1, where € R%, A is a
lower triangular d x d-matrix, and X = (X, ... , X4) " with independent X; ~
GH (N, i, 5i,1,0), 1 <i < d, then Y is said to have a multivariate affine GH
distribution. Dependent on the choice of A, L(Y') can either possess indepen-
dent margins or show upper and lower tail dependence. Schmidt, Hrycej, and
Stiitzle (2006) provide a thorough discussion of this model.






Chapter 3

Applications to credit
portfolio modeling and CDO
pricing

Credit risk represents by far the biggest risk in the activities of a traditional
bank. In particular, during recession periods financial institutions loose enor-
mous amounts as a consequence of bad loans and default events. Traditionally,
the risk arising from a loan contract could not be transferred and remained
in the books of the lending institution until maturity. This has changed com-
pletely since the introduction of credit derivatives such as credit default swaps
(CDSs) and collateralized debt obligations (CDOs) roughly fifteen years ago.
The volume in trading these products at the exchanges and directly between
individual parties (OTC) has increased enormously. This success is due to the
fact that credit derivatives allow the transfer of credit risk to a larger commu-
nity of investors. The risk profile of a bank can now be shaped according to
specified limits, and concentrations of risk caused by geographic and industry
sector factors can be reduced.

However, credit derivatives are complex products, and a sound risk-manage-
ment methodology based on appropriate quantitative models is needed to judge
and control the risks involved in a portfolio of such instruments. Quantitative
approaches are particularly important in order to understand the risks involved
in portfolio products such as CDOs. Here we need mathematical models which
allow to derive the statistical distribution of portfolio losses. This distribution
is influenced by the default probabilities of the individual instruments in the
portfolio, and, more importantly, by the joint behaviour of the components of
the portfolio. Therefore the probabilistic dependence structure of default events
has to be modeled appropriately.

In the present chapter, this will be achieved by an extension of the factor
model approach which goes back to Vasicek (1987, 1991). He assumed the fac-
tors to be normal distributed which still is the industry standard up to now.
We shall replace the normal distribution by the much more flexible class of GH
distributions which have been introduced and extensively studied in the first
chapter of this thesis. As will be shown, this approach leads to a substantial im-
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provement of performance in the pricing of synthetic CDO tranches. The main
results of this chapter can also be found in Eberlein, Frey, and v. Hammerstein
(2008).

3.1 CDOs: Basic concepts and modeling approaches

A collateralized debt obligation (CDO) is a structured product based on an
underlying portfolio of reference entities subject to credit risk, such as corporate
bonds, mortgages, loans, or credit derivatives. Although several types of CDOs
are traded in the market which mainly differ in the content of the portfolio
and the cash flows between counterparties, the basic structure is the same.
The originator (usually a bank) sells the assets of the portfolio to a so-called
special purpose vehicle (SPV), a company which is set up only for the purpose
of carrying out the securitization and the necessary transactions. The SPV does
not need capital itself, instead it issues notes to finance the acquisition of the
assets. Each note belongs to a certain loss piece or tranche after the portfolio
has been divided into a number of them. Consequently, the portfolio is no longer
regarded as an asset pool but as a collateral pool. The tranches have different
seniorities: The first loss piece or equity tranche has the lowest, followed by
Junior mezzanine, mezzanine, sentor and finally super-senior tranches. The
interest payments the SPV has to make to the buyer of a CDO tranche are
financed from the cash flow generated by the collateral pool. Therefore the
performance and the default risk of the portfolio is taken over by the investors.
Since all liabilities of the SPV as a tranche seller are funded by proceeds from
the portfolio, CDOs can be regarded as a subclass of so-called asset-backed
securities. If the assets consist mainly of bonds resp. loans, the CDO is also
called collateralized bond obligation (CBO) resp. collateralized loan obligation
(CLO). For a synthetic CDO which we shall discuss in greater detail below, the
portfolio contains only credit default swaps. The motivation to build a CDO is
given by economic reasons:

e By selling the assets to the SPV, the originator removes them from his
balance sheet, and therefore he is able to reduce his regulatory capital. The
capital which is set free can then be used for new business opportunities.

e The proceeds from the sale of the CDO tranches are typically higher than
the initial value of the asset portfolio because the risk-return profile of the
tranches is more attractive for investors. This is both the result from and
the reason for slicing the portfolio into tranches and the implicit collation
and rebalancing hereby. Arbitrage CDOs are mainly set up to exploit this
difference.

In general, CDO contracts can be quite sophisticated because there are no
regulations for the compilation of the reference portfolio and its tranching or
the payments to be made between the parties. The originator and the SPV can
design the contract in a taylormade way, depending on the purposes they want
to achieve. To avoid unnecessary complications, we concentrate in the following
on synthetic CDOs which are based on a portfolio of credit default swaps.
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loss payments if C defaults
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Figure 3.1: Basic structure of a CDS

3.1.1 Structure and payoffs of CDSs and synthetic CDOs

As mentioned before, the reference portfolio of a synthetic CDO consists en-
tirely of credit default swaps (CDSs). These are insurance contracts protecting
from losses caused by default of defaultable assets. The protection buyer A pe-
riodically pays a fixed premium to the protection seller B until a prespecified
credit event occurs or the contract terminates. In turn, B makes a payment to
A that covers his losses if the credit event has happened during the lifetime of
the contract. Since there are many possibilities to specify the default event as
well as the default payment, different types of CDSs are traded in the market,
depending on the terms the counterparties have agreed on. The basic structure
is shown in Figure 3.1. Throughout this chapter we will make the following
assumptions: The reference entity of the CDS is a defaultable bond with nom-
inal value L, and the credit event is the default of the bond issuer. If default
has happened, B pays (1 — R)L to A where R denotes the recovery rate. On
the other side, A quarterly pays a fixed premium of 0.25r¢cpgL where r¢ops
is the annualized fair CDS rate. To determine this rate explicitly, we fix some
notation:

r is the riskless interest rate, assumed to be constant over the lifetime
[0,T] of the CDS,

u(t) is the discounted value of all premiums paid up to time ¢ when the
annualized premium is standardized to 1,

G1(t) is the distribution function of the default time T; with correspond-
ing density g1(t) (its existence will be justified by the assumptions in
subsequent sections).

The expected value of the discounted premiums (premium leg) can then be
written as

T
PL(rc¢ps) = reps L/O u(t)g1(t) dt + reps Lu(T) (1 — G1(T)) .

The expected discounted default payment (default leg) is given by

T
D=(1- R)L/ gi(t)e "t dt.
0
The no-arbitrage condition PL(r¢ps) = D then implies

fo g1(t) et dt D
reps = - : 3.1
P T ut)gi (1) dt + w(T) (1 — Gy(T))  PL(1) 31
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reference portfolio Liabilities (CDO tranche
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Figure 3.2: Schematic representation of the payments in a synthetic CDO.
The choice of the attachment points corresponds to DJ iTraxx Europe
standard tranches.

To explain the structure and the cash flows of a synthetic CDO, assume that
its reference portfolio consists of N different CDSs with the same notional
value L. We divide this portfolio in subsequent tranches. Each tranche covers
a certain range of the percentage losses of the total portfolio value N L defined
by lower and upper attachment points 0 < K;, K,, < 1. The buyer of a tranche
compensates as protection seller for all losses that exceed the amount of K;NL
up to a maximum of K, INL. On the other hand, the SPV as protection buyer
has to make quarterly payments of 0.25r.V;, where V; is the notional value of
the tranche at payment date ¢. Note that V; starts with NL(K, — K;) and is
reduced by every default that hits the tranche. r. is the fair tranche rate. See
also Figure 3.2.

In recent years a new and simplified way of buying and selling CDO tranches
has become very popular, the trading of single index tranches. For this purpose
standardized portfolios and tranches are defined. Two counterparties can agree
to buy and sell protection on an individual tranche and exchange the cash flows
shown in the right half of Figure 3.2. The underlying CDS portfolio, however, is
never physically created, it is merely a reference portfolio from which the cash
flows are derived. So the left hand side of Figure 3.2 vanishes in this case, and
the SPV is replaced by the protection buyer. The portfolios for the two most
traded indices, the Dow Jones CDX NA IG and the Dow Jones iTraxx Europe,
are composed of 125 investment grade US and FEuropean firms, respectively.
The index itself is nothing but the weighted credit default swap spread of the
reference portfolio. In Sections 3.1.2 and 3.2, we shall derive the corresponding
default probabilities. We will use market quotes for different iTraxx tranches
and maturities to calibrate our models later in Section 3.2.2.

In the following we denote the attachment points by 0 = Ko < K1 < --+ <
K,, < 1 such that the lower and upper attachment points of tranche i are
K;_1 and K;, respectively. Suppose, for example, that (1 — R)j = K;_1 N and
(1-R)k = K;N for some j < k, j,k € IN. Then the protection seller B of tranche
i pays (1— R)L if the (j+1)5 reference entity in the portfolio defaults. For each
of the following possible k — j — 1 defaults, the protection buyer receives the
same amount from B. After the k™ default occurred, the outstanding notional
of the tranche is zero and the contract terminates. However, the losses will
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usually not match the attachment points. In general, some of them are divided
up between subsequent tranches: If W < K; < w for some j € IN,
then tranche ¢ bears a loss of NL (Kz — W) (and is exhausted thereafter)
if the j default occurs. The overshoot is absorbed by the following tranche
whose outstanding notional is reduced by N L (w —KZ-) . We use the following

notation:
K;_1, K; are the lower/upper attachment points of tranche i,

Z,; is the relative amount of CDSs which have defaulted up to time ¢,
expressed as a fraction of the total number IV,

L = min[(1 — R)Z:, K;] — min[(1 — R)Z;, K;—1] is the loss of tranche i
up to time ¢, expressed as a fraction of the total notional value NL,

r; is the fair spread rate of tranche 1,
0=ty <---<t, are the payment dates of protection buyer and seller,

B(to, tx) is the discount factor for time .

REMARK: Under the assumption of a constant riskless interest rate r we would
have ((to,tx) = e . Since this assumption is too restrictive one uses zero
coupon bond prices for discounting instead. Therefore [(tg, t;) will denote the
price of a zero coupon bond with maturity ¢, at time .

The assumption that all CDSs have the same notional value may seem some-
what artificial, but it is fulfilled for CDOs on standardized portfolios like the
Dow Jones CDX or the iTraxx Europe.

With the above notation, the premium leg as well as the default leg of

tranche ¢ can be expressed as

n

PLi(ri) = Y (tr — te—1)B(to, te) 1 B[(K; — Ki1 — L, ) NL],

k=1
. | | (3.2)
Di = Blto, tr)E[(L{, — Li, ,)NL],
k=1
where E[-] denotes expectation. For the fair spread rate one obtains
n . .
4 B(to, tx)(E|L}, | — E|L}
r; Zk 1 ( )( [ tk] [ tk—l]) (33)

(b — 1) Blto, ty) (Ki — Koy —B[L] )

REMARK: To get arbitrage-free prices, all expectations above have to be taken
under a risk neutral probability measure, which is assumed implicitly. One
should be aware that risk neutral probabilities cannot be estimated from his-
torical default data.
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Since payment dates and attachment points are specified in the CDO con-
tract and discount factors can be obtained from the market, the remaining task
is to develop a realistic portfolio model from which the risk neutral distribution
of Z; can be derived, that is, we need to model the joint distribution of the
default times 17, ..., Ty of the reference entities.

3.1.2 Factor models with normal distributions

To construct this joint distribution, the first step is to define the marginal
distributions Q;(t) = P(7; < t). The standard approach, which was proposed
in Li (2000), is to assume that the default times 7; are exponential distributed,
that is, Q;(t) = 1 — et The default intensities \; can be estimated from the

clean spreads TC_—D]g where riCDS is the fair CDS spread of firm ¢ which can be

derived using the formula (3.1). In fact, the relationship \; ~ TC_D}% is obtained
directly from (3.1) by inserting the default density g () = \je=*i* (see McNeil,
Frey, and Embrechts 2005, Chapter 9.3.3).

As mentioned before, the CDX and iTraxx indices quote an average CDS
spread for the whole portfolio in basis points (100bp = 1%), therefore the

market convention is to set

Sa

Ai = Ao = (1 — R)10000° (34)
where s, is the average CDX or iTraxx spread in basis points. This implies that
all firms in the portfolio have the same default probability. One can criticize this
assumption from a theoretical point of view, but it simplifies and fastens the
calculation of the loss distribution considerably as we will see below. Since A, is
obtained from data of derivative markets, it can be considered as a risk neutral
parameter, and therefore the Q;(t) can be regarded as risk neutral probability
distributions as well.

The second step to obtain the joint distribution of the default times is to
impose a suitable coupling between the marginals. Since all firms are subject
to the same economic environment and many of them are linked by direct busi-
ness relations, the assumption of independence of defaults between different
firms obviously is not realistic. The empirically observed occurrence of dispro-
portionally many defaults in certain time periods also contradicts the indepen-
dence assumption. Therefore the main task in credit portfolio modeling is to
implement a realistic dependence structure which generates loss distributions
that are consistent with market observations. The following approach goes back
to Vasicek (1987) and was motivated by the model of Merton (1974).

For each CDS in the CDO portfolio, we define a random variable X; as
follows:

Xii=\pM+\1-pZ, 0<p<l1, i=1,...,N, (3.5)

where M, Z1,...,Zy are independent and standard normal distributed. Obvi-
ously X; ~ N(0,1) and Corr(X;, X;) = p, i # j. X; can be interpreted as state
variable for the firm that issued the bond which CDS number i secures. The
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state is driven by two factors: the systematic factor M represents the macroe-
conomic environment to which all firms are exposed, whereas the idiosyncratic
factor Z; incorporates firm specific strengths or weaknesses.

To model the individual defaults, we define time-dependent thresholds by

di(t) == &~ 1(Qi(t))

where ®~!(z) denotes the inverse of the standard normal distribution function
resp. the quantile function of N(0,1). Observe that the d;(¢) are increasing
because so are @~ and Q;. Therefore we can define each default time 7} as the

first point in time at which the corresponding variable X; is smaller than the
threshold d;(t), that is,

T, :=inf{t > 0| X; <d;(t)}, i=1,...,N. (3.6)
This also ensures that the T; have the desired distribution, because
P(T; < t) = P(X; < @7 (Qi(1)) = P(2(X:) < Qi(t)) = Qi(1),

where the last equation follows from the fact that the random variable ®(X;)
is uniformly distributed on the interval [0, 1]. Moreover, the leftmost equation

shows that T; 4 Q; ! (@(Xi)), so the default times inherit the dependence struc-
ture of the X;. Since the latter are not observable, but serve only as auxiliary
variables to construct dependencies, such models are also termed “latent vari-
able” models. Note that by (3.4) we have Q;(t) = Q(¢) and thus d;(t) = d(1),
therefore we omit the index ¢ in the following.

REMARK: Instead of inducing dependence by latent variables that are linked by
the factor equation (3.5), one can also define the dependence structure of the
default times more directly by inserting the marginal distribution functions into
an appropriately chosen copula (see Sklar’s Theorem 2.19 and the subsequent
discussion in Chapter 2.4). We do not discuss this approach here further, but
give some references at the end of Section 3.1.3.

To derive the loss distribution, let A} be the event that exactly k defaults
have happened up to time ¢. From equations (3.6) and (3.5) we get

d(t) — /pM
P(T; < t| M) = P(X; < d(t)| M) = ¢<M> :
Vs
Since the X; are independent conditional on M, the conditional probability
P(AL | M) equals the probability of a binomial distribution with parameters N
and p = P(T; < t|M):

o~ ()2 - o(222)

The probability that at time ¢ the relative number of defaults Z; does not exceed
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q is

[Vg]

Fyz.(q ZP (A})

[Nq ) —voy\\ "
/Z< ) ( 1_£y) (1—@(%» Far(dy)

If the portfolio is very large, one can simplify Fz, further using the following
approximation which was introduced in Vasicek (1991) and is known as large

homogeneous portfolio (LHP) approzimation. Let py(M) := <I>( (z/ipM) and

Gy, be the corresponding distribution function, then we can rewrite Fz, in the

following way:
1
>
0

Applying the LHP approximation means that we have to determine the be-
haviour of the integrand for N — oo. For this purpose, suppose that Y; are
independent and identically distributed Bernoulli variables with P(Y; = 1) =
s = 1 — P(Y; = 0). Then the strong law of large numbers states that Yy =
% Z@]\L 1 Y; — s almost surely which implies convergence of the distribution
functions Fy. (z) — 1o 4(s) pointwise on R\ {s}. For all ¢ # s we thus have

M( > (1—s)NF Gy, (ds). (3.7)
k=0

[Nq] N
Z(k> F(1—s) (ZY<Nq> P(Yx <q) — Tpg(s).
k=0

Since the sum on the left hand side is bounded by 1, we can apply the dominated
convergence theorem to (3.7) and obtain

1 L
Pa() & [ g (s) 4G (o) = Gpt<q>:p<_m<bﬁ<q> d(t)gM)

VI=p®'(q) —d(t)
= <I>< 7 > (3.8)

where in the last equation the symmetry relation 1 — ®(z) = ®(—x) has been
used. This distribution is, together with the above assumptions, the current
market standard for the calculation of CDO spreads according to equation (3.3).
Since the relative portfolio loss up to time ¢ is given by (1 — R)Z;, the expec-
tations E[L%k] within (3.3) can be written as follows:

ESINT
E[L;] = /KilAl(l—R)(q— Ifi_}gl)FZtk(dQ)'f‘(Ki_Ki—l)[l_FZtk(11_{73%/\1)]‘
- (3.9)
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Figure 3.3: Implied correlations calculated from the prices of DJ iTraxx
Europe standard tranches at November 13, 2006, for different maturities 7T'.

3.1.3 Deficiencies and extensions

The pricing formula obtained from (3.3), (3.8), and (3.9) contains one unknown
quantity: the correlation parameter p. This parameter has to be estimated be-
fore one can calculate the fair rate of a CDO tranche. A priori it is not clear
which data and which estimation procedure one could use to get p. In the Mer-
ton approach, defaults are driven by the evolution of the asset value of a firm.
Consequently, the dependence between defaults is derived from the dependence
between asset values. The latter cannot be observed directly, therefore some
practitioners have used equity correlations which can be estimated from stock
price data. A more direct and plausible alternative would be to infer correla-
tions from historical default data, but since default typically is a rare event,
this would require data sets over very long time periods which are usually not
available.

With the development of a liquid market for single index tranches in the last
years, a new source of correlation information has arisen: the implied correla-
tions from index tranche prices. Similar to the determination of implied volatil-
ities from option prices by inverting the Black—Scholes formula, one can invert
the above pricing formula and solve numerically for the correlation parameter
p which reproduces the quoted market price. This also provides a method to
examine if the model and its assumptions are appropriate. If this is the case, the
correlations derived from market prices of different tranches of the same index
should coincide. However, in reality one observes a so-called correlation smile:
the implied correlations of the equity and (super-)senior tranches are typically
much higher than those of the mezzanine tranches. An example of this stylized
feature is shown in Figure 3.3.
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However, one should observe that in general implied correlations are uniquely
determined for the equity tranche only. For higher tranches, it can happen that
there exist two different solutions, or even none at all, which yield the observed
market spread. To circumvent this problem, market practitioners have devel-
oped the concept of base correlations. To explain this, let us take a look back to
equation (3.2): If payment dates, discount factors, and the total notional value
are given and fixed, the premium leg and the default leg of each tranche can be
regarded as functions that depend on the correlation, the market spread, and
the corresponding attachment points, that is, PL; = PL;(p,r;, K;—1, K;) and
D; = D;(p, K;—1, K;). Note that the dependence on p stems from the expecta-
tions E[L}, |, see also equations (3.8) and (3.9). The no-arbitrage condition can
then be written in the following form: 0 = PL;(p, r;, Ki—1, K;)—D;(p, Ki—1, K;).
Inserting the attachment points and the market spread, this becomes a defining
equation for p, and the implied correlation p; is nothing but a root of it.

The central idea in the definition of base correlations p; is that investing in
a tranche having the attachment points K;_i, K; is equivalent to being short
in a tranche with attachment points 0, K; 1 and being long in a tranche with
attachment points 0, K;. Thus we may reformulate the no-arbitrage condition
as follows:

0= PLi(p,ri, Ki—1, Ki) — Di(p, Ki-1, K;)
= [PL(,O,T’i,O, KZ) - D(p707KZ)] - [PL(ﬁi—hTi?OaK’i—l) - D(ﬁi—1707Ki—1)]

Inserting attachment points and market spreads into the second equation, it can
recursively be solved to get the values p;. For ¢ = 1, the second term in square
brackets vanishes since Ky = 0, and the equation becomes 0 = PL(p, 71,0, K1)—
D(p,0, K1) which coincides with the defining one for p;. Hence the solution is
p1 = p1, that is, in case of the equity tranche base correlation and implied
correlation are the same. g9 then is obtained as the root of

0= [PL(p>r2707K2) - D(p707K2)] - [PL(ﬁlyr%OvKl) - D(ﬁbOvKl)L

and p;, ¢ > 3, can be calculated consecutively along the same lines. The ad-
vantage of this approach is that equations of the type ¢; = PL(p, 7,0, K;) —
D(p,0, K;) have exactly one solution (similar to the implied correlation of an
equity tranche), thus the base correlations p; are uniquely determined. There-
fore prices of CDO tranches can alternatively be expressed in terms of base
correlations which in fact many market participants do. Figure 3.4 shows the
base correlations corresponding to the iTraxx quotes of November 13, 2006.
(These are recomputed as described above because our dataset only contains
the different spreads r; in basis points.) Despite their advantages in practice,
one should be aware that base correlations do not remedy any weakness of the
model. The model imperfections here express themselves by the increase of p;
from tranche to tranche. In a perfect model, p; should be constant for all ¢ (and
hence unnecessary).

The correlation smile as well as the inconstancy of the base correlations
indicate that the classical model is not flexible enough to generate realistic
dependence structures. This is only partly due to the simplifications made by
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Figure 3.4: Base correlations calculated from the prices of DJ iTraxx Europe
standard tranches at November 13, 2006, for different maturities 7.

using the LHP approach. The deeper reason for this phenomenon lies in the fact
that the model with normal factors strongly underestimates the probabilities of
joint defaults. This has led to severe mispricings and inadequate risk forecasts
in the past. The problem became evident in the so-called correlation crisis in
May 2005: the factor model based on normal distributions was unable to follow
the movement of market quotes occuring in reaction to the downgrading of Ford
and General Motors to non-investment grade.

A number of different approaches for dealing with this problem have been
investigated. A rather intuitive extension to remedy the deficiencies of the nor-
mal factor model which we shall exploit in Section 3.2 is to allow for factor
distributions which are much more flexible than the standard normal ones. Dif-
ferent factor distributions do not only change the shape of Fz,, but also have
a great influence on the copula implicitly contained in the joint distribution of
the latent variables. In fact, the replacement of the normal distribution leads to
a fundamental modification of the dependence structure which becomes much
more complex and can even exhibit tail dependence. The first paper in which al-
ternative factor distributions are used is Hull and White (2004) where both fac-
tors are assumed to follow a Student’s t-distribution with 5 degrees of freedom.
In Kalemanova, Schmid, and Werner (2007), normal inverse Gaussian distribu-
tions are applied for pricing synthetic CDOs, and in Albrecher, Ladoucette, and
Schoutens (2007) several models based on Gamma, inverse Gaussian, Variance-
Gamma, normal inverse Gaussian and Meixner distributions are presented. In
the last paper the systematic and idiosyncratic factors are represented by the
values of a suitably scaled and shifted Lévy process at times p and 1 — p.

Another way to extend the classical model is to implement stochastic corre-
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lations and random factor loadings. In the first approach, which was developed
in Gregory and Laurent (2004), the constant correlation parameter p in (3.5)
is replaced by a random variable taking values in [0, 1]. The cumulative default
distribution can then be derived similarly as before, but one has to condition on
both, the systematic factor and the correlation variable. The concept of random
factor loadings was first published in Andersen and Sidenius (2005). There the
X; are defined by X; := m;(M) + 0;(M)Z; with some deterministic functions
m; and o;. In the simplest case, X; = m + (I1{pr<) + hljpr>ey) M + v Z; where
[,h,e € R are additional parameters and m, v are constants chosen such that
E[X;] = 0 and Var[X;] = 1. Further information and numerical details for the
calibration of such models to market data can be found in Burtschell, Gregory,
and Laurent (2007).

As already mentioned in the remark on p. 111, other approaches use copula
models to define the dependencies between the default times T;. The first papers
where copulas were used in credit risk models are Li (2000) and Schénbucher and
Schubert (2001). A more recent approach based on Archimedean copulas can be
found in Berrada, Dupuis, Jacquier, Papageorgiou, and Rémillard (2006). The
pricing performance of models with Clayton and Marshall-Olkin copulas was
investigated and compared with some other popular approaches in Burtschell,
Gregory, and Laurent (2005). There the prices calculated from the Clayton
copula model showed a slightly better fit to the market quotes, but they were
still relatively close to those generated by the Gaussian model. The Marshall-
Olkin copulas performed worse, since the deviations from market prices were
greater than those of other models considered.

3.2 Calibration with GH distributions

As outlined above, we want to overcome the deficiencies of the standard model
by using more advanced and flexible distributions. The implementation of alter-
native factor distributions not only provides additional parameters for a more
precise calibration, but also has a significant impact on the dependence struc-
ture of the default times as the following considerations show. Recall that the
general factor model is given by

Xi=pM+/1-pZ, 0<p<l1, +1=1,...,N, (3.10)
where M, Zy,...,ZyN are assumed to be independent and, in addition, the Z;

are identically distributed (hence so are the X;). The corresponding distribution
functions are denoted by Fis, Fz, F'x and are supposed to be continuous and
strictly increasing on R. Analogously to (3.6), the default times T; are defined
by

T;:=inf{t > 0| X; < Fy'(1—e )}, i=1,...,N,

with A, from equation (3.4), thus P(T; < t) = 1 — e %! =: Q(t). Since Fx is
continuous and strictly increasing, the random variables F'x (X;) are uniformly
distributed on (0, 1). Further, let Gx and Gy denote the distribution functions
of (X1,...,XN)" and U := (Fx(X1),...,Fx(Xn))T, respectively, then Gy is
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a copula according to Definition 2.18 which coincides with Cg, by Proposi-
tion 2.20. Consequently

F(ty,...,tn) == P(Ty < t,..., Ty < tn)
= P(Fx(X1) < Q(t),..., Fx(Xn) < Q(tx))
= Cay (Q(t1),...,Q(tn)),

and hence Cr = Cg,, that is, the implied copulas of the joint distributions of
the X; and the default times 7T; are the same. (This can also be regarded as
a more rigorous mathematical formulation of the assertion that the 7} inherit
the dependence structure of the Xj;, see p. 111.) Moreover, the conditional
independence of the X; given M implies

Cr(ui,...,uny) = Cay(u1,...,un) = GX(F)El(ul),...,F)El(uN))
= E[P(X1 < Fx'(w),..., Xn < Fx'(un) | M)]

al Fil(w) — /py
:/RHFZ( vl R

=1

which shows the direct and predominant influence of the factor distributions Fy,
and Fz on the dependencies of the default times. In particular, the distributions
F and Gx are tail dependent (A, (73, Tj) = A\u(X3, X;) > 0,1 <i# j < N)
if and only if the systematic factor M is heavy tailed, that is, Fiy € %, for
some —oo < p < 0 (see Definition 1.15 in Chapter 1.3). This was proven by
Malevergne and Sornette (2004).

REMARK: By the above equations, the factor model may also be regarded as
a special case of the more general approach to couple the individual default
times by a suitably chosen copula. Because of its particular structure, Cr is
sometimes called factor copula.

We therefore suppose, in addition to the aforementioned assumptions, that
the factor distributions are given by M ~ GH (Ayr, anr, Bar, Oar, pear) and Z; ~
GH(M\z,az,B2,0z,1uz) for all 1 < ¢ < N. Applying the LHP approximation
and letting N — oo, the cumulative default distribution F, can be derived
analogously as described at the end of Section 3.1.2. One obtains

Fx'(Q() —vT—pF;'(a)
7 :

Note that this expression cannot be simplified further as in equation (3.8) be-
cause the distribution of M is in general not symmetric (symmetry only holds
if By = 0). For the calibration of the model to the iTraxx data later on, we
restrict ourselves to some specific subclasses and limiting cases of the gener-
alized hyperbolic class. We shall use normal inverse Gaussian and hyperbolic
distributions, whose characteristic functions are

(3.11)

FZt(Q) ~ 1—FM <

SNIG(ap (1) = € SV 2B /02 (B Hiu)?) (3.12)
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and

(3.13)

¢ (u) = i ( o5 )é Ki(6y/a? = (B + iu)?)
HYP(a,,6,1) a2 — (5 + Z'u)Q Kl (5\/m) .

The corresponding probability densities can be found in Chapter 1.3 on page 14.
Further, we shall apply Variance-Gamma and t distributions which have the
characteristic funtions

2

. _ B2 A
PvGrapp (u) = e (M) : (3.14)

2)A 2K (]ul) (3.15)

— plup [ 2 AV
¢t(A,5,u) (U) e <5 F(_)\)|u‘/\

The appropriate densities are given in Chapter 1.4.1 on pages 21 and 22.

REMARK: As shown in Chapters 1.3 and 1.4.1, the densities and distribution
functions of almost all GH distributions possess exponentially decreasing tails,
only the t- and skew Student t limit distributions (see equation (1.20)) have a
power tail. According to the already alluded results of Malevergne and Sornette
(2004), the joint distributions F' and Gx of the default times and the latent
variables X; therefore show (upper) tail dependence if and only if the systematic
factor M is t- or skew Student t-distributed.

Moreover, by equation (1.21) in Chapter 1.4.2 we have GH(\, a, 8,6, 1) —»
N(u + Bo?,0?) if a,6 — oo and g — 02, thus the normal factor model is in-
cluded as a limit in our setting.

3.2.1 Factor scaling and calculation of quantiles

To preserve the role of p as a correlation parameter, we have to standardize the
factor distributions such that they have zero mean and unit variance. In the
general case of GH distributions we fix shape, skewness and tail behaviour by
specifying «, 3, A\, and then calculate § and i that scale and shift the density
appropriately. For this purpose we first solve the equation

2 4 3
1= Var[GH(\, o, 8,9, )] = (SCK[?;EC()C) +B2i2 <KI/;:\F(2C()O a KI?%EE?)

with ¢ := §1/a? — 32 numerically to obtain 6, and then determine fi that fulfills

. SN - 552 K/\—&-l(g) Fee S /2 2
O_E[GH()VO“B?(;?/J’)]_M_Fff’ C_(S « _5
¢ Kx(¢)
Since the Bessel functions K, /5, n > 0, can be expressed explicitly in closed
forms (see equation (A.6) in Appendix A), the calculations simplify considerably
for the NIG subclass. There we have

FE%: 86

Var[NIG(a,ﬁ,(S, u)} = m, E[NIG(Q7/B75)IU’)] =pu+ \/ﬁa
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so the distribution can be standardized by choosing § = Ti and g =
—W. In the VG limiting case the variance is given by

2\ 4032 9
o — 2 + (a2 — B2)2 = ovas

Var[VG(X, o, B, )] =

so it is tempting to use A as a scaling parameter, but this would change the
tail behaviour which we want to keep fixed. Recalling that, by Corollary 1.28,
a VG distributed random variable X ~ VG(A a, (8, 1) admits the stochastic
representation X 4 X1 — Xo+p with Xy ~ G\, a— ) and Xy ~ G\, a+p),
the correct scaling that preserves the shape is @ = oyg «, 8 = oygB. Then i

has to fulfill A3
= _ 2
0=E[VG(\ & B,1)] = g+ a2_p
The second moment of a t distribution ¢(A,d, ) exists only if A < —1 (confer
page 23). With this constraint, mean and variance are given by

52

Var[t(A, 0, )] = o2

and E[t(\, 0, )] = p,
therefore one has to choose § = v/—2X\ —2 and fi = 0.

We thus have a minimum number of three free parameters in our generalized
factor model, namely Ays, Az, and p, if both M and Z; are t-distributed, up
to a maximum number of seven (Ans, ans, Bar, Az, az, Bz, p) if both factors are
GH or VG distributed. If we restrict the distributions of M and Z; to certain
GH subclasses by fixing Apy and Az, five free parameters are remaining.

After the standardization of the factor distributions, the remaining problem
is to compute the quantiles Fi;'(Q(t)) which enter the default distribution F,
according to equation (3.11). Since the class of GH distributions is in general
not closed under convolutions as was pointed out in Chapter 1.3, the distri-
bution function Fx is not known explicitly. Therefore the central task in the
implementation of the model is to develop a fast and stable algorithm for the
numerical calculation of the quantiles F gl(q), because simulation techniques
have to be ruled out from the very beginning for two reasons: The default prob-
abilities Q(t) are very small, so one would have to generate a very large data set
to get reasonably accurate quantile estimates, and the simulation would have to
be restarted whenever at least one model parameter has been modified. Since
the pricing formula is evaluated thousands of times with different parameters
during the calibration procedure, this would be too time-consuming. Further,
the routine used to calibrate the models tries to find an extremal point by
searching the direction of the steepest ascend within the parameter space in
each optimization step. This can only be done successfully if the model prices
depend exclusively on the parameters and not additionally on random effects.
In the latter case the optimizer may behave erratically and possibly will never
reach an extremum.

Therefore we compute the quantiles via Fourier inversion. Let Py, pM, and
Py denote the characteristic functions of X;, M, and Z;, then by equation (3.10)
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and the independence of the factors we have Px(t) = PM(ﬁt)PZ(\/l —pt).
The inversion formula yields

] ) 1 c e—zat _ e—iyt . .
Fx(y) = Jim_lim o [ e PulVa AT p

Thus we can approximate the distribution function Fx by choosing sufficiently
small ¢ and large ¢ and evaluating the above integral numerically. The desired
quantiles F5;'(Q(t)) are then derived by Newton’s method. The accuracy can
be adjusted by modifying a and ¢ accordingly, which might also depend on the
parameters of the factor distributions to improve the results. The characteristic
functions we used for our calibrations are given explicitly in (3.12)-(3.15).

In contrast to this approach, there exist at least two special settings in which
the quantiles Fi;*(Q(t)) can be calculated directly. The first one relies on the
convolution property of the NIG subclass,

NIG(a, 8,61, 1) * NIG(a, B, 62, p2) = NIG(av, B, 61 + 02, p1 + p2),
and the fact that if Y ~ NIG(«a, 3,0, 1), then aY ~ NIG(%, %,5|a!,ua) (see
pp. 13-14). Thus if both M and Z; follow an NIG distribution and the distribu-
tion parameters of the latter are defined by az := % V;_p and Bz = BMf V;_p,

then equation (3.10) implies that X; ~ NIG(O‘—\/]%, BTAZ’ %, ﬂ—\/]%) Here 6,7 and fips
are the parameters of the standardized distribution of M as described before.
In the VG limiting case, the behaviour of the parameters «, 5 and p is the

same under scaling, and the corresponding convolution property is
VG()‘la «, Ba :UJl) * VG()‘Qa «, Bv M2> = VG()‘l + AQ? «, ﬁ? p1+ MQ)'

Consequently, if both factors are VG distributed and the free parameters of the

. . 1—
idiosyncratic factor are chosen as Ay = w, ayz = oy, Bz = By, then

X; ~ VG()‘TM, 6‘71‘;, ﬁ—\/]%, %) The remaining two convolution formulas in (1.9)
may be exploited similarly to obtain the distribution of X; in closed form.

This stability under convolutions, together with the appropriate param-
eter choices for the idiosyncratic factor, was used in Kalemanova, Schmid,
and Werner (2007) and all models considered in Albrecher, Ladoucette, and
Schoutens (2007). We do not use this approach here because it reduces the num-
ber of free parameters and therefore the flexibility of the factor model. Moreover,
in such a setting the distribution of the idiosyncratic factor is uniquely deter-
mined by the systematic factor, which contradicts the intuitive idea behind the
factor model and lacks an economic interpretation.

3.2.2 Calibration results for the DJ iTraxx Europe

We calibrate our generalized factor model with market quotes of DJ iTraxx Eu-
rope standard tranches. As mentioned before, the iTraxx Europe index is based
on a reference portfolio of 125 European investment grade firms and quotes its
average credit spread which can be used to estimate the default intensity of
all constituents according to equation (3.4). The diversification of the portfolio
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always remains the same. It contains CDSs of 10 firms from automotive indus-
try, 30 consumers, 20 energy firms, 20 industrials, 20 TMTs (technology, media
and telecommunication companies) and 25 financials. In each sector, the firms
with the highest liquidity and volume of trade with respect to their default-
able assets (bonds and CDSs) are selected. The iTraxx portfolio is reviewed
and updated quarterly. Not only companies that have defaulted in between are
replaced by new ones, but also those which no longer fulfill the liquidity and
trading demands. Of course, the recomposition affects future deals only. Once
two counterparties have agreed to buy and sell protection on a certain iTraxx
tranche, the current portfolio is kept fixed for them in order to determine the
corresponding cash flows described in Section 3.1.1. The names and attachment
points of the five iTraxx standard tranches are given in Figures 3.2, 3.3, and
3.4. For each of them, four contracts with different maturities (3, 5, 7 and 10
years) are available.

The settlement date of the sixth iTraxx series was December 20, 2006, so
the 5, 7, and 10 year contracts mature on December 20, 2011, 2013, and 2016,
respectively. We consider the market prices of the latter on all standard tranches
at November 13, 2006. For the mezzanine and senior tranches, these are equal
to the annualized fair spreads r; which can be obtained from equation (3.3) and
are also termed running spreads. However, the market convention for pricing the
equity tranche is somewhat different: In this case the protection buyer has to
pay a certain percentage s; of the notional value K1 N L as an up-front fee at the
starting time tg of the contract and a fixed spread of 500bp on the outstanding
notional at t1,...,t,. Therefore the premium leg for the equity tranche is given
by

n
PLy(s1) = s1KiNL +0.05 Y (t), — ty—1)B(to, tx)E[ (K1 — L, )N L],
k=1
and the no-arbitrage condition PLj(s1) = D then implies

ZZ:I ﬁ(to, tk) (E [Ltlk] 7E|:L%k71] - 0’05(tk 7tk—1)(K1 B E[L%k} ))
= K

$1 . (3.16)
Since the running spread is set to a constant of 500bp, the varying market price
quoted for the equity tranche is the percentage s; defining the magnitude of
the up-front fee.

We calibrate our generalized factor model by least squares optimization,
that is, we first specify to which subclass of the GH family the distributions Fy
and F'z belong, and then determine the correlation and distribution parameters
numerically which minimize the sum of the squared differences between model
and market prices over all tranches. Although our algorithm for computing the
quantiles F'(Q(t)) allows us to combine factor distributions of different GH
subclasses, we restrict both factors to the same subclass for simplicity reasons.
Therefore in the following table and figures the expression VG, for example,
denotes a factor model where M and the Z; are Variance-Gamma distributed.
The model prices are calculated from equations (3.3) and (3.16), using the
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Figure 3.5: Comparison of calibrated model prices and market prices of the
5 year iTraxx contracts.

cumulative default distribution (3.11) resp. (3.8) for the normal factor model
which serves as a benchmark. The recovery rate R which has a great influence
on the expected losses E[L{, | according to equation (3.9) is always set to 40%;
this is the common market assumption for the iTraxx portfolio.

One should observe that the prices of the equity tranches are usually given
in percent, whereas the spreads of all other tranches are quoted in basis points.
In order to use the same units for all tranches in the objective function to
be minimized, the equity prices are transformed into basis points within the
optimization algorithm. Thus they are much higher than the mezzanine and
senior spreads and therefore react to parameter changes in a more sensitive
way, which amounts to an increased weighting of the equity tranche in the
calibration procedure. This is also desirable from an economical point of view
since the costs for mispricing the equity tranche are typically greater than for
all other tranches.

REMARK: For the same reason, the normal factor model is usually calibrated by
determining the implied correlation of the equity tranche first and then using
this to calculate the fair spreads of the other tranches. This ensures that at
least the equity price is matched perfectly. To provide a better comparison with
our model, we give up this convention and also use least squares estimation in
this case. Therefore the fit of the equity tranche is sometimes less accurate, but
the distance between model and market prices is smaller for the higher tranches
instead.

Our calibration results are summarized in Table 3.1. The normal benchmark
model performs worst in all cases, which can also be seen from Figures 3.5
and 3.6. The performance of the t model is comparable with the NIG and HYP
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Tranches . 0-3% . 3-6% 6-9% 9-12% 12-22% estimated parameters
iTraxx 5Y S6 (sq = 24.88bp)
Market | 13.60% | 57.16bp 16.31bp 6.65bp | 2.67bp
Normal 13.64% 90.93bp 19.42bp 5.03bp 0.60bp p=0.181
t 13.60 % 57.12bp 19.75bp 10.42bp 4.59bp Ay = —1.982, Az = —65.317,
p=0.133
NIG 13.60 % 56.67bp 18.66 bp 9.74bp 4.60bp apr = 5.683, az = 2.934,
61\{ = —01’747 6Z == —2.5997
p=10.616
HYP 13.60% 56.67bp 20.51bp 10.76 bp 4.65bp apy = 2.773, az = 2.320,
By = —1.510, Bz = —1.280,
p = 0.290
VG 13.60 % 57.16 bp 16.21bp 7.00bp 2.25bp Ay = 1.565, Az = 2.118,
apnr = 4.112, oy = 6355,
By = 1.415, Bz = —2.177,
p =0.444
iTraxx 7Y S6 (sq = 33.38bp)
Market | 28.71% | 140.27bp 41.64bp 21.05bp 7.43bp
Normal 28.75% 205.39bp 58.04bp 18.54bp 2.75bp p=0.172
t 28.71% 139.45bp 47.44bp 24.94bp 11.16bp | Ay = —1.633, Az = —65.209,
p=0.174
NIG 28.71% 138.27bp 48.27bp 25.16 bp 11.48bp | apn = 4.346, az = 2.537,
Bn = —0.037, Bz = —2.171,
p =0.541
HYP 28.71% 138.60bp 51.21bp 26.84bp 11.45bp | apr = 3.561, ay = 2.227,
By = —2.084, Bz = —1.181,
p=0.326
VG 28.71% 140.15bp 42.72bp 19.77bp 7.04bp | Apr = 1.061, Az = 1.842,
apn = 3.696, ay = 7.821,
By = 1.320, Bz = —1.582,
p = 0.415
iTraxx 10Y S6 (sq = 43.38bp)
Market | 42.67% | 360.34bp | 105.08bp | 43.33bp | 13.52bp
Normal 42.69% 387.27bp 157.51bp 70.08 bp 16.34bp p=0.191
t 42.69 % 342.74bp 130.40bp 63.56 bp 23.39bp | Ay = —2.195, Az = —65.072,
p=0.212
NIG 42.67% 358.94bp 111.56bp 56.02bp 22.63bp | ap =0.824, ay = 11.156,
Bum = 0.734, Bz = 10.647,
p=0.275
HYP 42.67% 356.55bp 104.59bp 33.61bp 5.96bp | apy = 2.613, az = 1.700,
Bar = 0.897, Bz = —0.025,
p=0.181
VG 42.67% 358.79bp 107.92bp 41.06 bp 10.97bp | Apr = 1.422, Az = 2.438,
apy = 11.352, auy = 4.210,
By = 4.620, Bz = —2.711,
p=0.421

Table 3.1: Market prices of the 5, 7, and 10 year iTraxx contracts at
November 13, 2006, and calibrated model prices.
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Figure 3.6: Comparison of calibrated model prices and market prices of the
7 year iTraxx contracts.

models for the 5 and 7 year iTraxx contracts, but worse for the 10 year contracts.
The goodness of fit of the NIG and HYP models is similar. The absolute pricing
errors of the NIG model are slightly smaller for the shorter maturities, but
greater than those of the HYP model for the 10 year maturity. The VG model
always provides the best fit. Since the t-model is the only one exhibiting tail
dependence (confer the remark on page 118) but does not outperform the NIG,
HYP and VG models, one may conclude that this property is negligible in the
presence of more flexible factor distributions. This may also be confirmed by
the fact that all estimated GH parameters 8j; and Bz are different from zero,
which means the factor distributions are skewed. Furthermore, the parameter
p is usually higher in the GH factor models than in the normal benchmark
model. This indicates that correlation is still of some importance, but has a
different impact on the pricing formula because of the more complex dependence
structure.

The VG model even has the potential to fit the market prices of all tranches
and maturities simultaneously with high accuracy, which we shall show below.
However, before that we want to point out that the calibration over different
maturities requires some additional care to avoid inconsistencies when calculat-
ing the default probabilities. As can be seen from Figure 3.7, the average iTraxx
spreads s, are increasing in maturity, and by equation (3.4) so do the default in-
tensities A\,. This means that the estimated default probabilities Q(t) = 1—e At
of a CDO with a longer lifetime are always greater than those of a CDO with a
shorter maturity. While this can be neglected when concentrating on just one
maturity, this fact has to be taken into account when considering iTraxx CDOs
of different maturities together. Since the underlying portfolio is the same, the
default probabilities should coincide during the common lifetime.
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Figure 3.7: Constant iTraxx spreads of November 13, 2006, and fitted
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To avoid these problems, we now assume that the average spreads s, = s(t)
are time-dependent and follow a Nelson—Siegel curve. This parametric family of
functions has been introduced in Nelson and Siegel (1987) and has become very
popular in interest rate theory for the modeling of yield curves where the task
is the following: Let ((0,t;) denote today’s price of a zero coupon bond with
maturity ¢, as before, then one has to find a function f (instantaneous forward
rates) such that the model prices (0, t;) = exp( fo dt) approximate the
market prices reasonably well for all maturities ;. Since instantaneous forward
rates cannot be observed directly in the market, one often uses an equivalent
expression in terms of spot rates: $(0,tr) = exp(—r(tx)tr), where the spot rate
is given by r(tx) = 1 0 " f(t)dt. Nelson and Siegel suggested to model the
forward rates by

-t t _t
fNS(ﬁo,ﬂhﬁz,ﬁ)(t) = Bo+ pre +62T716 1,

The corresponding spot rates are given by

t

PN (0,1, 0m) (£) = Bo + (Br + B2) - (1 —e ﬁ) Bae 1. (3.17)

In order to obtain time-consistent default probabilities resp. intensities, we re-
place s, in equation (3.4) by a Nelson—Siegel spot rate curve (3.17) that has
been fitted to the four quoted average iTraxx spreads, that is,

s (t)

Ao = Alt) = (1 — R)10000°

(3.18)
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Tranches Market VG Market VG Market VG
5Y Y 10Y
0-3% 13.60% 13.60% 28.71% 28.72% 42.67% 42.67%
3-6% 57.16bp 53.30bp 140.27bp 132.27bp 360.34bp 357.60bp
6-9% 16.31bp | 17.19bp 41.64bp 41.83bp | 105.08bp | 111.17bp
9-12% 6.65bp 8.23bp 21.05bp 19.90bp 43.33bp 52.00bp
12-22% 2.67bp 3.05bp 7.43bp 7.34bp 13.52bp 18.97bp

Table 3.2: Results of the VG model calibration simultaneously over all
maturities. The estimated parameters are as follows: Ay = 0.920,
an = 5.553, Bu = 1.157, Az = 2.080, az = 2.306, Sz = —0.753, p = 0.321.

and Q(t) := 1 — e M’ The Nelson-Siegel curve estimated from the iTraxx
spreads of November 13, 2006, is shown in Figure 3.7. At first glance the differ-
ences between constant and time-varying spreads seem to be fairly large, but
one should observe that these are the absolute values which have already been
divided by 10000 and therefore range from 0 to 0.004338, so the differences in
the default probabilities are almost negligible.

Under the additional assumption (3.18), we have calibrated a model with
VG distributed factors to the tranche prices of all maturities simultaneously.
The results are summarized in Table 3.2 and visualized in Figure 3.8. The fit
is excellent. The maximal absolute pricing error is less than 9bp, and for the 5
and 7 year maturities the errors are, apart from the junior mezzanine tranches,

10 bp.

calibrated minus market prices

=5 bp.]

12-22%

- 0,
maturities 9-12%
6-9%

tranches

5Y 0-3%

Figure 3.8: Graphical representation of the differences between model and
market prices obtained from the simultaneous VG calibration.
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almost as small as in the previous calibrations. The junior mezzanine tranche is
underpriced for all maturities, but it is difficult to say whether this is caused by
model or by market imperfections. Nevertheless the overall pricing performance
of the extended VG model is comparable or better than the performance of the
models considered in Albrecher, Ladoucette, and Schoutens (2007), Burtschell,
Gregory, and Laurent (2005), and Kalemanova, Schmid, and Werner (2007),
although the latter were only calibrated to tranche quotes of a single maturity.

Also note that this model admits a flat correlation structure not only over
all tranches, but also over different maturities: all model prices in Table 3.2
were calculated using the same parameter p. Thus the correlation smiles shown
in Figure 3.3 which in some sense question the factor equation (3.5) resp. (3.10)
are completely eliminated, and there is no need for a somewhat artificial base
correlation framework. Therefore the intuitive idea of the factor approach is
preserved, but one should keep in mind that in the case of GH distributed
factors the dependence structure of the joint distribution of the X, is more
complex and cannot be described by correlation alone.

3.3 Summary and outlook

In this chapter we presented a detailed description of synthetic CDOs, a wide-
spread instrument in portfolio credit risk management, and the normal factor
model used to price them. Though the latter has been established as a market
standard, it is completely unable to capture and reproduce the quoted prices,
which can be seen from the implied correlation smile as well as from the poor
calibration results. The main reasons for this unsatisfactory behaviour are the
lack of additional parameters and a too simple dependence structure between
individual default times. We have shown how these deficiencies can be remedied
by implementing more flexible and advanced factor distributions. Extended
models using generalized hyperbolic distributions provide an excellent fit to
quoted market spreads, but remain analytically and numerically tractable yet.
This in particular means that the cumulative default distribution Fz, derived
from the model assumptions can be computed reasonably fast and accurate.

A consistent modeling of Fz, is not only essential for a correct pricing of
credit portfolio tranches, but also for an adequate rating and determination
of tranche sizes as the following example clarifies. Suppose there is a senior
tranche of a large homogeneous credit portfolio with lower attachment point
K; and upper attachment point K, = 1. Depending on the risk aversion of
potential investors, the tranche has to get a certain rating. Let us assume for
simplicity that it will be assigned to a certain rating class i if the probability
that the notional value of the tranche is reduced by defaults during the lifetime
of the contract is smaller than the corresponding rating probability pd;. Using
the notation of the previous sections, this means that the senior tranche will get
the rating i if and only if Fz,. (K;) > 1—pd;. Thus the desired rating can always
be achieved by choosing K; accordingly, but this choice crucially depends on
the shape of Fz, and hence on the underlying factor model.

Assuming zero recovery (R = 0) and an individual default probability
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Figure 3.9: Dependence of optimal lower attachment points K; = Fng(l —pi)
for different rating classes on p in the normal factor model (M, Z; ~ N(0,1)).

Q(T) = 0.02, Figure 3.9 shows the dependence of the lower attachment points
K/ =F Z_Tl(l — pd;) on the correlation parameter p in the normal factor model
where Fz, is given by equation (3.8). The probabilities pd; associated to the
different rating classes given there are just chosen for illustration purposes and
do not correspond to real market values. Note that in this model p is the only
parameter that can influence K. However, things change significantly if we
move to the extended model and allow for alternative factor distributions such
that Fz, is given by (3.11). Two examples are visualized in Figure 3.10. In com-
parison the the normal factor model, the differences in the shapes of the curves
K} (p) are obvious. This again shows the great impact of the factor distributions
on the dependence structure and the loss distribution of the portfolio.

In the present state, our model only incorporates constant default intensities
Aq resp. deterministic intensity functions A(t) (see equations (3.4) and (3.18)).
A topic for future research is the extension to dynamic intensity models which
can also capture the movements of tranche spreads over several trading days.



3.3 Summary and outlook

129

individual pd: 0.02

Zero recovery

M-NIG(5,-3,2.56,1.92), Z-NIG(2,1,1.3,-0.75)

K[ = FZ_T1(1 — p;) for different rating classes on p in the extended factor model

Figure 3.10: Dependence of optimal lower attachment points
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Appendix A

Bessel functions

We summarize some properties of Bessel functions used within this thesis.
The modified Bessel functions of third kind K(z) are solutions of the dif-
ferential equation

2
2%—#2:3—‘]( (Z2+ X)) f=0.
They are regular functions of z throughout the complex z-plane cut along the
negative real axis, and for fixed z # 0, K)(z) is an entire function of A. K(z)
tends to zero for all A as |z| — oo in the sector |arg(z)| < 5. Moreover, Ky(z) is

real and positive if z = 2 € R and > 0 (Abramowitz and Stegun 1968, p. 374).

Integral representation

1 [ v .
Ky(z) = 2/0 P lem vty 1)dy, x> 0. (A.1)

Reference: Watson (1952, p. 182, formula (8))

Basic properties

K(z) = K Az), (A.2)

Kyyi(r) = ?K)\( x) + Ky_1(x), (A.3)

2K} (@) = Ko (1) + K (o), (A1)

Kyie(z) — Kx(x) >0 forall A >0ande>0. (A.5)

References: Watson (1952, p. 79, formulas (8), (1) and (2)) for (A.2)—(A.4), the

last inequality is mentioned in Lorch (1967, p. 2) and goes back to Soni (1965).

Series representation for A = n 4+ %, n € Ny
n .
. (n+1)! —i

T 2
= K_%(x):K%(x):”%e . (A.7)
Reference: Watson (1952, p. 80, formula (12)).
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Asymptotic behaviour

K@ ~ 5t (2) 7 zroazo (A8)

Ko(z) ~ —In(z), x 0, (A.9)

Ky(x) ~ 1/%6733, x — 00, (A.10)

References: Abramowitz and Stegun (1968, fomulas 9.6.8, 9.6.9 and 9.7.2).

The Bessel functions of first and second kind, J)(z) and Y\ (z), respectively,

are solutions of the differential equation
&’f  df
2 2 2y f _

They are also regular functions of z throughout the complex z-plane cut along
the negative real axis, and for fixed z # 0, Jx(z) and Y)(z) are entire func-
tions of A. Moreover, both functions are real valued if z =2z € R and z > 0
(Abramowitz and Stegun 1968, p. 358).

Relations between Jy and Y)

Jx(x) cos(Am) — J_x(x)

Y, = A1l
A(@) sin(Ar) ( )
Reference: Watson (1952, p. 64, formula (1)).
Representations for || = %
Ji(x) = \/Tsin(a:) J_1(z) = \/TCOS(QJ>
% - ™ ’ _% - T ’
(A.12)

Y% (x) = —\/zcos(a:), Y i(z)=— % sin(z)

References: The representations of J1 and J_1 can be found in Watson (1952,
2 2

p. 54, formula (3) and p. 55, formula (6)), those of Y% and Y_

ately follow from (A.11).

=

1 then immedi-
2

Asymptotic behaviour for x | 0

T\ A —1
Ia(@) ~ (5) (T +1) 7 x>0, (A.13)
Yy (z) ~ —FSTA) (g)”, x>0, (A.14)
Yo(z) ~ % In(z). (A.15)

References: Abramowitz and Stegun (1968, fomulas 9.1.7, 9.1.9 and 9.1.8).
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Asymptotic expansions for x — oo

2 Amom A, 2m

@) ~ [ — {cos <:1: -5 - 4> S (-pm ((Qx)Qﬂ”L)
N (A.16)

i AT 4 m(>‘7 2m + 1)
—sin <x—2—4> 7;}(—1) “nEe |
2 ; Amoow m (A, 2m

Y)\(l') ~ 7T72E |:Sln <$ — 7 — 4) mz>:0(_1) ((21:)27'3

. (A.17)

+ cos <:1c _ 2—7’ D Sy 2m i)

=R

2 92 2 92 2 _ (9 — 1)2
where (o) — X = 1)(A :;27)1%!(@ (2m — 1))

References: Watson (1952, p. 199).
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