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Chapter 1

Introduction

Graded Parabolic Induction Let g D b D h be a complex reductive
Lie algebra with a Borel and Cartan subalgebra. Fix a parabolic subalgebra
g D p D b and denote its reductive Levi factor by p — [. Denote by W, > W,
the Weyl groups of g and [.

The goal of this thesis is to construct a graded and geometric version of
parabolic induction for modules in the BGG-category O:

Indy : O(l) — O(g), M — U(g) Qup) Res] M.
We will, amongst other things, prove:

Theorem (Theorem 4.2.2.1). Let A\ € b* be a dominant integral weight and

w a shortest coset representative in W\W,. There is a functor Indy making
the following diagram commute (up to natural isomorphism)

Oua() — OX(g)

and fulfilling I;l?ig<n> o <n>1;1?ig, where (—) is the shift of grading.

Here v : O — O denotes the graded category O , as constructed in [Soe90)]
and [BGS96]. In the words of [Str03], where similar questions for translation
functors are discussed, this means that parabolic induction (at least for integral
blocks) is gradable. We construct I/n\dg with geometric methods, which we will
explain now.
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Geometric Parabolic Induction As envisioned in [BG86], the grading
of category O is deeply related to the mized geometry of flag varieties: There
should be a derived equivalence between each block of O% and a category
of mized sheaves on an associated flag variety. This vision was realized in
[S0e90], [BGS96] and finally [SW16], where an equivalence of categories (up
to adding a root of the Tate twist)

MTDer(5)(G/Q) = Der’(OX(g))

between stratified mized Tate motives on a (partial) flag variety G /@ for the
Langlands dual algebraic group G/C and a derived (singular) block O%(g)
was constructed. This equivalence is indeed a form of Koszul duality: the
perverse t-structure on the left hand side corresponds to the Koszul dual
t-structure on the right, and vice versa.

Stratified mixed Tate motives are certain constructible motivic sheaves.
They behave similarly to mixed /-adic sheaves and mixed Hodge modules
(with the advantage that they have no extensions between Tate motives C(n)).
In particular, they are equipped with a full six functor formalism, which we
can use to construct a geometric version of parabolic induction as follows.

Theorem (Theorem 4.2.1.1 and 4.2.2.1). Let X\ € b* be a reqular dominant
integral weight and w be a shortest coset representative in Wi\W,. Then the
following diagram commutes up to natural isomorphism

!
hw,* pr’LU

MTDer(s)(P/B) — s MTDer(s)(G/B)
! !

v Der®(OF (1)) Der’(O%(g)) |v
Lo L

Der’ (O (D)) M Der'(04(9))

Here G D P D B corresponds to g D p D b and the functor GInd,, = h,, . pr’,,
which we call geometric parabolic induction, is defined via maps

P/B < PwB/B <™ G/B.

We actually show a stronger statement which also holds for singular weights
A € h* and allows us to prove that parabolic induction is also gradable in this
case.



Soergel modules In order to prove these theorems, we use the combina-
torial description of derived blocks of category O and stratified mixed Tate
motives on flag varieties in terms of the homotopy category of Soergel modules.
Let C = H*(G/B,C) — C" = H*(P/B,C) be the cohomology rings of the
flag varieties G/B D P/B. Then for a reduced expression w = s,,...s1 € W,
define the following complex of Soergel bimodules (it is in fact an instance of
a Rougquier complex) over C'

R, = Rs, ®c -+ - ®¢ Ry, where

R 505050002 —0—. ...

With this notation we show:

Theorem (Theorem 2.3.4.1, 3.3.3.1 and 4.2.1.1). Let X\ € h* be a dominant
integral reqular weight and w a shortest coset representative in W\W,. Then
the following diagram of functors commutes (up to natural isomorphism,)

MTDer z)(P/B) Chde s MTDer(s)(G/B)

AVZ ZVA
Hot’(MTDer(g)(P/B)w-o) Hot’(MTDer(p)(G/B).w=0)
IHIVI ZV]HI
Hot(C" -Smod?*") — 2, Hotb(C'-Smod®*")
Hot?(C”"-Smod) S > Hot"(C'-Smod)

V;MAz zAvg
Hot?(Proj O, (1)) Hot’(Proj O, (g))
Vz l\

Indg

Der’ (O (1)) > Der’(Ox(g)).
Here by SMod® we denote the categories of (graded) Soergel modules and
SInd,, : C'-Smod™* — C'-Smod™*’, M ~ R, ®c Res&, M.

Again, we prove a more general version which also applies to singular
weights A € h*. Our proof strategy is the following: Firstly, we show the
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statement for w = e, which is the easiest case, since then Indg maps projec-
tives to projectives and GInd, is weight exact. We then carefully analyse
how (geometric) parabolic induction interacts with (geometric) wall crossing
functors. Comparing the results, we are able to prove the general case by an
induction on the length of w.

Structure In the second chapter we treat the representation theoretic side.
After introducing the necessary notation, we first discuss basic functorial
properties of parabolic induction. We then analyse the interaction of parabolic
induction and translation functors. This constitutes the main part of this
chapter. Using these results we are then able to explicitly describe the effect
of parabolic induction on Soergel modules.

The third chapter is concerned with geometry. We start by recalling several
results about motivic sheaves and their six functor formalism (following
[Ayo07] and [CD12]) and about mixed stratified Tate motives as introduced
in [SW16]. We then proceed to describe the P-orbits on a partial flag variety
G /@ in terms of affine bundles over smaller partial flag varieties P/@Q,,. We use
this description to define the geometric parabolic induction functors GInd,,.
As in the second chapter, we then analyse the interaction of geometric wall
crossing functors 7'm with geometric parabolic induction. This allows us to
ultimately describe the effect of GInd,, on the level of Soergel modules.

In the fourth and last chapter we compare our results from representa-
tion theory and geometry in order to prove the theorems presented in the
introduction.

Conventions By a C-algebra A we always mean a (not necessarily com-
mutative) C-algebra with unit. By A-mod we denote the category of finitely
generated A-modules. If A =D, _, A, is additionally Z-graded, we denote by
A-mod” the category of graded A-modules and by A-mod”® the category
of evenly graded modules, i.e. those modules which are concentrated in even
degrees.

For an abelian category A, we denote by Der(A) and Der’(A) its (bounded)
derived category and by Proj A the full additive subcategory of projective
objects in A. For an additive category A, we denote by Hot(A) and Hot’(A)
its (bounded) homotopy category of chain complexes.
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Chapter 2

Parabolic Induction

2.1 Setup

2.1.1 Lie algebras and root systems

Let g D b D h be a reductive complex Lie algebra together with a Borel and
Cartan subalgebra. Denote by

b D ®y D O DA,

the space of weights, set of roots, positive and simple roots corresponding to
g D b. By a superscript minus as in ¢ = (bg\@; or b~ we always denote the
corresponding negative or opposite. For a root a € ® denote by ¥ € b its
coroot and by s, the corresponding reflection. Let

Wy = (sala € Ay)
8= {salac )
be the Weyl group and set of simple reflections. Denote by (—, —) the natural
evaluation pairing on h* ® b and by
Ag={reh | (Na")yeZforal a e Ay}
Af ={Xeb [ (\a") €Zsforall a € Ay}

the integral weight lattice and the set positive integral weights. For an integral
weight A € Ay denote the unique weight in WyA N AT by A,
Let p € b* be the half-sum of positive roots and denote by
w-A=wA+p)—p

the dot-action of W, on h*. We denote the stabilizer of a weight A\ € h* with
respect to the dot-action by Wj ».
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There is a partial ordering on the set of weights given by
A>p - pe Al

A weight A € b* is called dominant (for &) if (A + p,a") ¢ Z for all
a € ®F. The set of integral dominant weights is hence AJ — p.

Now let g D p — [ be a parabolic and Levi factor of g such that p D b,
for simplicity we choose a splitting [ C p. We denote by n, C p the nilpotent
radical of p and by 3 C [ the center of [. Then we have decompositions of p
and g into

p=ten=hePo.cPo.

a€®  aedi\@f

g:n;@p:n;@[@np
For o € A, let w,, € h*, respectively wy € b, be the fundamental weights; they
form a dual basis to AV, respectively A, and are well-defined if we additionally
require @, (35) = {0} and @ € [g, g]. Then
n={Hebh|a(H)=0forall « € A)\A} = (@) |a € ANA)c D 34
and there is also a partial ordering on the set of 3-weights, namely
) de ! !
v/ Yy e Zso{aly | o € AG\A} for v,v/" € 3.
A priori there are two different dot-actions of W, on h*. They coincide since
wA+p)—p=wr+p)—p

for all w € W, where we use that

w(p — pi) :Zw(wa> :Zwa:P_PI-

a€AG\A¢ a€NAG\A(
Lemma 2.1.1.1. The weights in Ay which are dominant for ® are precisely
the weights of the form w - X for \ € AJ dominant integral and w € W a

shortest coset representative for W\W,.

See also Figure 2.1.3 for an example.
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2.1.2 Category O

The BGG-category O (see [BGGT1]) associated to a complex reductive Lie
algebra with chosen Borel and Cartan subalgebra g D b D b is the full
subcategory of the category of g-modules, g-mod, given by

O(g) = {M € g-mod | b acts locally finitely on M,

b acts semisimply on M, }
M is finitely generated under g

For a complex Lie algebra n, denote its universal enveloping algebra by U(n).
For A € b* let

de
My(N) & U(9) Due) Ca
be the Verma module with highest weight A\ and

Fy(A) — Mg(A) — Ly(})

its projective cover and unique simple quotient in O(g). For A dominant,
denote by
O)\(g) = <Mg(w : )\) ‘ w e Wg,[A])Serre - O(g)

the full Serre subcategory of O(g) generated by the Verma modules My(w - \),
where by W,y € W, we denote the integral Weyl group of A. Then O(g)
decomposes into blocks

O(g) = P Ox(g)

Aeh*
dominant

and we denote the functor projecting on a block O,(g) by pr,.

2.1.3 Generalities on parabolic induction

In the notation of Section 2.1.1, let g D p — [ be a reductive complex
Lie algebra with parabolic subalgebra and Levi factor. Then the parabolic
induction functor is given by

def

Ind} = U(g) u) Resf(—) : O(I) — O(g).

We often drop the Res! from the notation. Since Indj} is exact and Indy Mi(u) =
M, (p) for all 1 € b* (see below) it respects the block decomposition of category
O(g), namely restricts to

Indg : Oy (1) = Ox(g),
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s Ae ce- X1 O,\(1)
stede 1 *t-A 0
L@t&)\' °ts~>\i (’)ts,/\([)

Figure 2.1: The case sl, C sl3: Here Sy = {s,t}, S; = {s} and A € h* denotes
an some regular integral weight. The shortest coset representatives {e, s,ts}
of Wi\W, parameterize the blocks of O(I) which map into O,(g).

for A € h* dominant integral and w € W a shortest coset representative for
WAW,/W,.» or in other words

(Ind}) ™" (O4(N))
WEW\Wy/Wq x

Ou(1),

by Lemma 2.1.1.1. This is visualized in the example sl3 in Figure 2.1.3. We
now state some general functorial properties of parabolic induction.

Lemma 2.1.3.1. The adjoint action of 3 (the center of 1) on U(n,), respec-
tively U(n,), is semisimple with finite dimensional weight spaces of positive,
respectively negative, weight. Furthermore

Ul(n,)*6) = u(n;)ad(z[) = (1)c.

Proof. By the PBW theorem U(n,) is generated by monomials in X, for
a € ®\®, and X, a generator of g,. Furthermore 3 contains @) for
a € ®F\® and

[@a» X] = 005X

for o, f € ®F\®". The statement follows. O

Let A € b* be dominant for ®,". We define the parabolic restriction functor
for category O by

Resx(—) : Ox(8) = OA(1), M = pry (M}

),
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where by definition
M;i[ ={me M|nm=0and Zm = A(Z)m for all Z € 3},

and pry : O(l) — O,(I) is the projection. This is indeed well-defined by the
next theorem, where we list important properties of parabolic induction.

Theorem 2.1.3.2. Let A € h* be an integral weight which is dominant for
. Then the following statements hold.

1. The functor Resy(—) is well-defined and
Indy : O5(I) = Ox(g) : Resy(—)
are adjoint.
2. Indy is eract and Resy(—) is left ezact.
8. Moreover Resy(Indg M) = M for all M in Ox([).
4. For all p € Wi - X\ we have
Indy Mi(p) = My(p) and Resy(My(p)) = Mi(p).

5. The functor Resx(—) is evact and Ind}} sends (indecomposable) projective
modules in O\(l) to (indecomposable) projectives in Ox(g), if and only
if X is dominant for ®F.

Proof. (1) Let us first show that Resy(—) is well-defined. For this we need to

show that for M € O,(g), M;f; is really in O(I) . Firstly, M;l‘; C M is an
[ [

[-submodule of M, hence clearly § acts semisimply and b, acts locally finitely
on it. We need to show that M:\Té is finitely generated as an [-module. For
[

this we show that already N = My, D M;E is finitely generated. Choose
[

a finite set {x;} of g-generators of M. Without loss of generality, we can
assume that each z; is an highest weight vector and hence {x;} is even a set
of b~ -generators, where b~ denotes the opposite Borel. We decompose

b” =b &n,
where and n;” and b are the opposites of n, and b;. Now
U, {zi} NN

is finite dimensional, since the 3; weight spaces of U(n,) are finite dimensional
(Lemma 2.1.3.1). By the PBW theorem a basis of this space provides a finite
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set of [-generators of N. Since U(I) is Noetherian, also M ;f’a C N will be
[

finitely generated and hence in category O(I). That Resy(M) € O, (1) follows
from (4). Hence the first statement follows. Generally, there are natural
isomorphisms

Hom, (Imdg(—)7 —) =~ Hom, (—, —) = Hom, (—, —™)
of functors on [-mod®® xg-mod and hence an adjunction
Indy : [-mod 2 g-mod : —™.

One easily sees that this induces the stated adjuntion (Indy, Resy(—)).

(2) Ind} is exact by the PBW theorem and Resy(—) is left exact since it
is right adjoint.

(3) See also [SS15, Lemma 5.10]. Let M € O,(). We want to show

Res,(Indj(M)) = M.
By the PBW theorem as a vector space (and even as a 3-module)
Indg(M) =U(g) Rupy M = U(Ilp_) Qc M
Lemma 2.1.3.1 shows that Z/{(np*)ad(ﬁl) = (1)¢ and hence
Resy(Indj(M)) C1® M = M.

But every vector in 1 ® M is ny-invariant and the inclusion is actually an
equality. The second statement follows.

(4) The first statement is trivial and the second follows from the first and
point (3).

(5) See also [SS15, Lemma 5.11]. As right adjoint functor Resy(—) is
certainly left exact as explained in (2). Let

M — N
be a surjection in O,(g). We have to show that
Resy (M) — Resy (V)

is also surjective. So let n € Resy(N) C N and m be a preimage in M.
It suffices to show that m is ny-invariant. But this is easy to see: Applying
element of n, to m increases its weight A|;, (Lemma 2.1.3.1), but since A is also
dominant for W, this is already maximal, and hence m is ny-invariant. Hence
Resy)(—) is also right exact. Now functors left adjoint to exact functors send
projectives to projectives and the first implication follows. If on the other hand
A is not dominant for &, then M;(\) is projective but Ind§ M(A) = My(N)
is not. The statement about the indecomposablity follows from (3). [
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2.2 Parabolic induction and translation func-
tors

Let A and g be some dominant integral weights for W, or W, and v = = A
Then the corresponding translation functors are given by

T4 : OA(1) = O,(1), M — pr, (M ®c L()) and
T4: Ox(g) — Ou(g), M — PTM(M ®c Ly(7y)),

where pr, denotes the projection to the corresponding block in O.

In this section we want to understand how translation functors and
parabolic induction interact. There are two different cases. Either a transla-
tion functor maps into a more singular block, i.e. W, x C W, ,. In this case
parabolic induction and the translation functor commute. Or the translation
functor maps out of a more singular block and the situation is more com-
plicated. Most results are a direct generalization of character formulas for
translation functors as in [Jan79, Kapitel 2].

2.2.1 Tensor identity

The most important tool for this section is the tensor identity, which describes
in its most general formulation how tensor products and induction for modules
over a Hopf algebra and a subalgebra interact. For us, the following formulation
suffices.

Lemma 2.2.1.1 (Tensor identity). Let n C m be finite dimensional complex
Lie algebras and M be an m-module. Then there is a natural equivalence of
functors

Ind} (— ®c Resy, M) = (Ind} —) ®c M : n-mod — m-mod,
such that for X € m and m € M
X@(@m)—»(X@—-)am+(1®—)®Xm
Proof. There are the following natural isomorphisms of functors

Homy, (Indy —) ®c M, —) = Hom,, (Indy (=), Home (M, —))
= Hom, (—, Resy, Hom¢ (M, —))
= Hom, (—, Hom¢ (Resy, M, —))
=~ Hom, (— ®c Resy, M, —)

= Homy, (Indy (— ®c Resy, M), —).
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In third equality we used that n is a subalgebra of m. Now one shows that
the induced isomorphism

Indy (— ®c Resy, M) = (Indy —) ®@c M
is indeed given by the stated formula. O

In our specific case of parabolic induction this implies the existence of a
filtration on tensor products with induced modules.

Lemma 2.2.1.2. Let M be a [-module and E a finite dimensional g-module.
Denote by vy, ...,v, the weights of 3 on E, ordered in a way that v; < v;
implies © < 5. Then (Indg M) ® E has a filtration, natural in M,

{0} =NypyCN,C---CNy=(Indi M) E
with subquotients N;/Niy1 = Ind} (M @ E,,), where n, act trivially on E,,.
Proof. The tensor identity yields
(Indf,1 M) ® E = Indy (M ®c Res} E) )

Now set M; := Z?:Z M ® E,; this is clearly a [-submodule of M ® E. Since
furthermore the weights v; are ordered in an ascending way, M; is also stable
under n, and hence a p-submodule. The modules M; give a filtration of M @ £
as a p-module with subquotients

M;/My1 = M & E,,.

Since non-zero elements of n, have non-zero weights with respect to 3, they
indeed act trivially on E,,. Let N; := U(g) ®u) M;. Using the exactness
of parabolic induction and the tensor identity we see that the N; define a
filtration with the desired property. That this is indeed natural follows directly
from the explicit description of the M;. n

2.2.2 Restriction of finite dimensional modules

Since translation functors are built from tensor products with finite dimen-
sional modules, we need to understand how they split when restricted to a
Levi subalgebra. Although this is generally a hard question, certain extremal
direct summands are easy to identify.

Lemma 2.2.2.1. Let v € h* be some integral weight and v’ = v|;,- Then, as
(-module, L(7) appears with multiplicity one as direct summand of Ly(Ty), .
Recall that vy and Uy denote the unique elements in Wyv N A; and Wi N A}
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,,,,,,,,,,,,, oo
B v LN
T O ¢ Le
L[(éj;%rlv
= 5 nies

Figure 2.2: Splitting of the adjoint representation in the case sl, C sl3:
Here Ay = {a, 5}, A = {a}. Dots indicate the weight spaces and the boxes
surround the direct summands of the restriction to [.

Proof. Let w € W such that 7; = w(v). Write w = zy with € wWV, a short-
est coset representative and y € W,. Since x is a shortest coset representative,
it maps positive roots for [ to positive roots for g, and since 7, is dominant
we get

(y(v),a’y = (zy(v), z(a)") = Ty, z(a)") > 0 for all a € D

Therefore

y(v) =7y and xy(v) = 7.
Now choose some non-zero v € L(7g)yq). Then vt is a highest weight vector
for [ since for o €

dime Lg(Tg)y(v)+a = dime Ly(Tg)p, 4a(a) = 0

because z(a) € ®T and all weights of L(7,) are in 7; — Z>o®*. So indeed
vt generates L;(7) as l-module and 3 acts on it via v/ = v|;, = y(v)|;,- The
multiplicity one statement follows from dime Lg(7g)y) = 1. O

2.2.3 Translation into a more singular block

Theorem 2.2.3.1. Let p and A\ be integral dominant weights, such that
Wyr C W, . Let w be a shortest representative of a coset in W\Wj. Let
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M € Oy\(1). Then there exists a natural isomorphism
T4 Ind¢ M = Ind3 TZ% M.

Proof. Firstly, the statement is correct for Verma modules M(zw - ), for
x € W, since

Th Indy M(zw - X) = Ty My(vw - A) = My(zw - )
Ind] TYA Mi(zw - A) = Indg Mi(zw - ) = My(zw - )

by Theorem 2.1.3.2 and [HumO8, Theorem 7.6]. By the exactness of the

inzlfolved functors the statement is hence true on the level of characters. Let
v i — A. Then the tensor identity gives a natural isomorphism

TY Ind} = pr,,(Ind3(—) ® Lg(7g)) = pr,(Ind}(— @ Res)) Ly(7))).

By Lemma 2.2.1.2 we see that, for suitable v; € 3/, the right hand side has a
natural filtration with subquotients

Pfu(lndﬁ(— ® Lg(gg)w))-
We will show that this functor is zero except in the case
vi = w(v)ly.

Again by exactness, we can test this on Verma modules M(zw - \), for z € W,.
In this case
Indy (M(zw - \) ® Ly(7y))

has a Verma flag with subquotients of the form
My(zw - X+ &)

for weights & of Ly(7,). By [Jan79, Satz 2.10] or [Hum08, Lemma 7.5 and
Theorem 7.6] and using the hypothesis W, x C W,,,, the only Verma module
of this form which is contained in the block O, (g) is

My(zw - XN+ &) = M(zw - p).
To not be killed by pr, hence § has to be

E=zw-p—zw-\=zw(v) and therefore

6’3[ = (iL‘w H—TW A)’ﬁl = xw(’/)‘m = w(”)‘zﬂ'
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We hence have a natural isomorphism
Pru(lﬂdﬁ(— ® Lg(vgﬂp)) = pru(lﬂdg(— ® Lg(gg)w(u)lé[))-

Lemma 2.2.2.1 now ensures that, as [-module, Li(w(v),) appears as a direct
summand of Lg(Vg)w(v)), - This induces inclusions

T} Ind} = pr,(Indj(— ® Lg(ﬁg)w(u)h[))
D pr, Ind} (— ® L[(’LU(’/)[))
O pr, Inddpr,,, (— ® L[(W[))
= pr,, Indy T, A (=)
= Ind T} A (—)

The inclusions are equalities for Verma modules, and the statement follows
by the exactness of all involved functors. ]

2.2.4 Translation out of a more singular block

Theorem 2.2.4.1. Let p and X be integral weights, dominant for @, with
Wy CWyn and 271 € W\W, a shortest coset representative such that both
z+ X and z - p are dominant for 7. Let M € O\(I). Then

T7X Ind} M
has a filtration, natural in M, whose successive quotients are
Ind} T\ M

parametrized by shortest representatives w (with respect to 28yz~"

following Remark 2.2.4.2) of the double cosets

, see the

WI,A\Wg,/\/Wg,u

and ordered by the length of w: In particular Indg TA M is a submodule and

Ind] Tf"“ M a quotient of T\ Ind} M, for @ the shortest representative of
the longest word in W .

Proof. We proceed as in the proof of Theorem 2.2.3.1. Let x € W,. Then by
[Jan79, Satz 2.17] or [HumO08, Theorem 7.12] we have the following equalities
of characters:
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On the one hand
ch(T7 5 Indg M(x - \)) = ch(T7X My(x - \))
= Z ch My(zw - 1)

WEWg A/ W,

and on the other hand

ch(TY" My(x - \)) = Z ch Mi(zyw - p)
YEWIN/ Wi wp

and hence

Z ch(Indy T Mi(z - \)) = Z ch My(zyw - 1)
wWEW AN \Wg, 3/ Wa,pu WEW N \Wg, 3/ Wi,
yEW[,)\/WI,w<,u

= Z ch My(zw - p).

WEWg A/ W,

In the last equality we used that the stabilizer in W, of a coset wW,, €
War/ W, 1s exactly wW, ,w™ N Wix = Wi,
Putting everything together, we obtain

ch(TZ4 Ind Mi(z.\)) = > ch(Indd TY* Mi(x.))).
weW[,)\\Wg,A/Wg,u

By the exactness of all involved functors, this shows that our theorem is at
least true on the level of characters.

Now we have to take a more refined look. Let v </ 1 — A. Then the tensor
identity gives a natural isomorphism

T3 Indg = pr.,(Indj(—) @ Ly(7g)) = pr..,,(Indj(— © Resg Ly (7)))-

By Lemma 2.2.1.2 we see that, for suitable v; € 3/, the right hand side has a
natural filtration with subquotients

prz-u(Indg<_ ® Lg(vg>l/i))'

Let us analyse which of them are non-zero. By exactness, this can be tested
on Verma modules M(z - A), for x € W,. In this case

Ind§(Mi(z - A) ® Ly(7y))
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has a Verma flag with subquotients of the form
My(z- XA +¢)

for weights & of L4(7,). The only Verma modules of this form which are
contained in the block O, (g) are of the form

My(x - A+ &) = My(zw - )
for w € Wy /W, .- Hence
E=aw-p—xz-A=z(w-pu—2A) and therefore
§|3I :(l'w‘ﬂ—x'A)B[:ﬁ(w'M—A)m:(w‘M—)\)h[-
Notice that the last term does not depend on z. By the above,
(prz-u(lndg(_ ® LE(EB)V)) 7£ O) =
(i = (w - — N)[;, for some w € Wy /W )-

Choose such i and w. Without loss of generality we can assume that w is a
shortest representative of a double coset in Wi x\\W; /W, ., since for w € W

(wa'u—)\) T (ww‘ﬂ_w)‘)’zu :w(w'u_/\) o (w~,u—)\)|3[.
Now [JanT79, Satz 2.9] implies that
wep—AE Wy

and by Lemma 2.2.2.1, as -module, Li(w - u — \,) appears as a direct summand
of Lg(7g)y,. We hence have a natural inclusion

prz~u<1ndg(_ & Lg(vg)w)) ) przuandg(_ ® L[(w 2 )‘[)))
2 prz~u<1ndg prw'p,<_ ® L[(U) N A[)))
D pr,., (Indg Ty (=)
— IndS TV(—)

Again, by the character computation in the beginning, these are all actually
equalities and the statement follows. ]

Remark 2.2.4.2. In the notation of the preceding Theorem 2.2.4.1 it makes
sense to speak about shortest coset representatives with respect to 2S;z~! in
the double quotient Wy x\Wy »/Wj ., since all involved groups are generated
by their respective intersection with 2S,z7!. By [Hum90, Theorem 1.12 (c)]
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this holds for W, » and W, since A and p are dominant with respect to
2718,z. Since 27! is a shortest coset representative in Wi\W, one can easily
see that 271+ X is dominant for S; and hence again by [Hum90, Theorem 1.12
(¢)] Wi.-1a = 27 "W,z is generated by its intersection with S;. But this just
means that W, is generated by its intersection with 28z~ C S;z~!

Example 2.2.4.3. (1) In the case A = —p, [ = b, this recovers the well-known
fact that the antidominant projective

Py(wo - p) =T, My(—p)

has a Verma flag with quotients My(w - p) of multiplicity one, where w € W,
is a shortest coset representative in Wy /W, ..

(2) The case sly C sl; = g: Denote by {s,t} the simple reflections in W,
and let [ be the Levi subalgebra with Wi = {1, s}. Set furthermore A = —w,,,
such that Wy, = {1,1}. We are interested in the interaction of Ind§ and T3.
There are two different cases (A) for modules in O,(I) and (B) for modules in
Oisa(l). In the illustration we indicated the effect of Tg on Verma modules
Mgy(w - A) by dotted lines and labeled the dominant weights for [ with bold
case letters.

(A) For modules in M € O,([) parabolic induction and translation out of the
wall do not commute, since Wy # W, . We rather get a short exact sequence

0 — Ind{TY M — T3Indd M — Ind§ T M — 0

(B) For modules in M € Oy,.5(l) parabolic induction and translation out of
the wall do commute, since W 5.0 = Wy ts.a:

TS Indd M = Ind§ {23 M.
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The case (B) from the preceding example can be generalized to the
following statement.

Corollary 2.2.4.4. In the notation of Theorem 2.2.4.1 assume additionally
that Wiy = Wya. Let M € O\(1). Then there is a natural equivalence

TZ% Ind? M 2 Ind? T4 M.

2.2.5 Wall crossing functors

Composing translation functors into and out of a wall, i.e. a block of category
O, with [W,| = 2, yield so called wall crossing functors, whose interaction
with parabolic induction is described in the following. This will be an essential
ingredient in the induction step of our proof that parabolic induction and
geometric parabolic induction correspond to each other.

Theorem 2.2.5.1. Let A € b* be a dominant regular weight. Let w € W)\W,
a shortest coset representative and s € Wy a simple reflection with ws > w
such that ws is also a shortest coset representative for WI\W. Denote by 0
a wall-crossing functor through the s-wall. Namely, choose some dominant
weight p with stabilizer Wy, = {1, s} and put 6, = Tﬁ TX. Then for all
M € Oya(l) with a Verma flag there is a short exact sequence, natural in M,

0 — IndfM — 0,Ind{ M — Indi T} M — 0

. . . . . A
where the first morphism is the unit of the adjunction between T}, and TA.

Proof. By Theorem, 2.2.3.1 we have

def ~ w-
0, Indg M = T) T\ Ind M = T), Ind§ T,k M.

By Theorem 2.2.4.1, there is a short exact sequence
0 — Ind3TWA Tok M — T)Indd Toh M — Ind3 TUs A Tuh M — 0
Now w - p is also dominant for ®;": We have
Wiwp = wWy 0w ' O W, = {id}

since wsw™! € W, would imply that ws and w are in the same coset in
WA\W which is a contradiction to the assumption that both are shortest
representatives and ws > w.
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Hence we have

TuA Twh 2 id and TUS) Tok = T3

That we can indeed choose the first morphism as the unit of the adjunction,
say Ks, follows as in [Hum98, Theorem 12.2(b)] (be aware that his notation is
different, since he parametrizes blocks and translation/wall crossing functors
by antidominant weights, hence everything is conjugated /multiplied by the
longest element wy). By induction on the Verma flag of M we see that the
adjunction morphism is indeed injective, and then we use that Indy M is
unique as submodule of 6, Indg M. Let us spell this out in more detail. Let

O=MycMyC---CM,=M

be a filtration of M such that the successive quotients are Verma modules. If
n = 0 the statement is trivial. Else, we have the following diagram of short
exact sequences

0 — O,Indy M,, 1 — 05Indy M,, — 0, Indg Mi(zw - A) — 0
0 — Ind§ M,y —— Ind§ M,, —— Ind; M(zw-X) — 0

for some z € W,. We can assume that the left vertical arrow is injective by
induction. Now

Homy (Ind§ Mi(zw - X), 05 Ind§ Mi(zw - A))
Homg (T My(zw - X), T Mg(zw - X))
Homgy (Mgy(zw - p), My(zw - 1))

C

Hence &, is (up to scalar) the unique non-zero morphism Indj Mi(zw - \) —
0s Indy Mi(zw - A). Since we also know that Indy M;(zw - A) appears as (even
unique) submodule in 6, Indg M(zw - A), ks has to be injective. Hence also
the right vertical arrow of our diagram is injective and we get that

ks Indg M — 0, Indg M

is injective. That Indy M is indeed unique as a submodule of §, Indg M can
also be seen by an inductive argument. Let M;(zw - A\) C M such that no
weight in M is bigger than xzw - A\. The assumption ws > w guarantees that
also in 6, Indg M no weight bigger than xw - A\. Hence we have

U() (0 IndS M) = My(zw - \)*MMECD) C g Indg M.
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This is clearly the unique submodule of this form. Now we can pass to
the quotient and apply the same argument again. The statement follows by
induction. O

Corollary 2.2.5.2. There is a natural equivalence of functors
Ind} TwsA = coker(Indy — 60, Indy) : Proj O,,.x(I) — Proj Ox(g).

Remark 2.2.5.3. The functor coker(id — ;) is also known as shuffling functor.
In general, it maps Verma modules to so called shuffled or twisted Verma
modules, i.e. modules which have the same character as a Verma module,
but a different (shuffled) composition series. See for example [Irv93], [AL03]
and [HumO08, Chapter 12.1]. Since we only apply the functor in the particular
situation ws > w, no shuffling occurs.

Lemma 2.2.5.4. Let A € b* be a dominant regular weight and s € W a
simple reflection. Let M € Ox(I). Then there is a natural isomorphism

0 Indg M = Indy 0,M.
Proof. Directly follows from Theorem 2.2.3.1 and Corollary 2.2.4.4. O

2.2.6 From the singular case to the regular case

At least up to taking it to some n-fold direct sum, parabolic induction for
singular blocks of category O can be expressed in terms of parabolic induction
for regular blocks, by translating out, then inducing, and translating into the
singular block again.

Theorem 2.2.6.1. Let \, pu be integral dominant weights where p is further-
more reqular. Let w be a shortest representative of a coset in W\Wy/W,.a
and n = Wy |. Then there is a natural equivalence of functors

Ty Indd T8 22 (Indd)®" : Opr (1) — Oa(g).
Proof. By Theorem 2.2.3.1 we have

T, Indd Tyyh = Indd T Toohl = Indg id®",

wA T

where the last isomorphism follows by using
T Tk My(w - ) = Mi(w - X)®"

and the classification of projective functors from [BG80], i.e. that projec-
tive functors (and natural transformations between them) are completely

determined by their effect on a dominant Verma module (in fact any Verma
module). O
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2.3 Soergel modules

In [Soe90] Soergel gives a completely combinatorial description of the bounded
derived category of a block of category O in terms of the bounded homotopy
category of Soergel modules over the endomorphism ring of its antidominant
projective module. In this section we aim to give a description of parabolic
induction on the level of Soergel modules, i.e. fill out the question mark in
the diagram

Hot®(C* -Smod) —— Hotb(Cé\ -Smod)

] 1

Der(Ouwa() —%, Der(04(g)).

2.3.1 Soergel’s functor V

Let A € h* be a dominant integral weight and w a shortest representative in
WAW, /W, ». Denote by
Pg’\ and P[w"\

the antidominant (self-dual) projective in O,(g), respectively O,,.\([), and by
C; = Endy(P;) and C{"* = End,(P"*)

their endomorphism rings. Then Soergel’s functor V (see [Soe90]) is defined
by
A = Homg (P}, —) : Ox(g) = mod- C; = C; -mod and
Vet Y Homy (PP, =) 1 Oy(1) = mod- P = C** -mod..

Theorem 2.3.1.1 (Struktursatz [Soe90]). Soergel’s functor V is fully faithful
on projective modules.

Definition 2.3.1.2. The modules in the essential image of the restriction
of V to projective modules are called Soergel modules, so that V induces an
equivalence of categories:
Vy 1 ProjOx(g) = C; -Smod
Vit 2 Proj Oy (l) = C* -Smod

between projectives in O and the category of Soergel modules over C’g’\, respec-
tively C*, denoted C’é\ -Smod, respectively C*-Smod.
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Remark 2.3.1.3. Abbreviate C' = C'QA. Then the category C'-Smod is generated
by modules of the form

C®C€n C@Cle

for simple reflections s; (see Theorem 2.3.3 for the action of W, on C'), with
respect to finite direct sums, taking direct summands and isomorphism. This
corresponds to the fact that for regular A all projectives in O,(g) appear as
direct summands in the projective modules

0571 e 981Mg()‘>
and the following Lemma.

Lemma 2.3.1.4 ([Soe90] Theorem 10). Let A, i € h* be dominant integral
weights such that Wyx C W, ,. Then there are natural isomorphisms of
functors

Vo T = C) @cr VI and

~ Cy A
VETY = Rescg %
Corollary 2.3.1.5. There are equivalences of categories

Der’(Ox(g)) ¢~ Hot’(Proj Ox(g)) = Hot’(Cy -Smod),
Der?(Oy1 (1)) <~ Hot’(Proj O,,.»(1)) = Hot?(C{"* -Smod).

2.3.2 Harish-Chandra morphism and parabolic restric-
tion

In this section we will discuss how the relative Harish-Chandra morphism
HC} : Z(g) — 2(1)
between the center of U(g) and U(I) and the parabolic restriction functor

ReS)\(—) : O)\(g) — O,\([), M — pr)\(M;“:[)
interact. The results are a straightforward generalization of the fact that
the action of z € Z(g) on a Verma module is completely determined by the
action on the highest weight vector, which is completely described by its
image HC{(2) € S(b) under the Harish-Chandra morphism.
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Definition 2.3.2.1. Denote by n, and n, the nilradical of p and its opposite
p~. The relative Harish-Chandra homomorphism

HCE1 U(g) — U(T)
15 obtained by the projection on the first factor in the PBW-decomposition
Ulg) = U(1) ©nU(p™) & Ulg)ny
It restricts to a homomorphism of algebras
HCE : Z(g) = Z(1).

Remark 2.3.2.2. This version of the Harish-Chandra morphism depends not
only on the Levi but also on the parabolic subalgebra, hence the decoration
HC?.

g

Lemma 2.3.2.3. In the above notation let M be a g-module, u € Z(g) and
m € M™. Then we have
um = HCY(u)m.

Proof. Let u = uy + uy 4+ u3 in the above PBW decomposition and 3 C [ be
the center of [. Since

ny () 12 () = {0}
it follows that uy = 0. Hence
u — HCH(u) € U(g)n,
and (u — HC(u))m = 0 for all m € M™. See also [How00]. O

Corollary 2.3.2.4. Let M € Oy4(X). Then the following diagram commutes.

2(g) — < 2

| |

Endy(M) -2 End,(M™)

We will also need this statement about antidominant projectives and
parabolic restriction.

Lemma 2.3.2.5. Let A\ € h* be a dominant integral weight. Then

P = Resy(P)).
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Proof. We have the following equalities:
P} =T My(—p) = T, Indg Mi(—p).

By Theorem 2.2.4.1 we know that the right hand side has a filtration {/V;}
with successive quotients

Ind§ T Mi(—p),

for w shortest representatives of the double cosets W\W, /W, ». But for all
w # id we certainly have

Res(Ind§ T Mi(—p)) = 0

since 3 acts on them via (w - A)[;, # Al;,. Our filtration provides us with short
exact sequences of the form

0 — Niyy — N; — Ind§ T2 M(—p) — 0
and since Resy(—) is left exact we get exact sequences
0 — Resy(Nip1) — Resy(N;) — Resy(Indg T Mi(—p)).
As long as w # id the right term vanishes and hence
Resx(Nit1) = Resy (V).
By induction we get
Resy(P;') = Resy(Ind T? , Mi(—p)) = Res,(Indg PY).

But for modules in M € Ox(I) we know that Resy(Indg(M)) = M by Theorem
2.1.3.2 and the statement follows. O

2.3.3 Endomorphismensatz

Soergel’s Endomorphismensatz gives a completely explicit description of the
endomorphism rings of antidominant projectives in category Q. His description
is compatible with parabolic restriction in the following way.

Theorem 2.3.3.1 (Endomorphismensatz [Soe90]). The following diagram
commutes:
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(S(D)/(S(B) W) WVer e (S(B)/(S(h)}"))er

N

E=3
\
I
\

po(+A) po(+X)?
S(h)) > S() e
HC?[)\Z ZJ\HCS
HCE
Z(1) < - Z(g)
act act

SO pndy(ph) Y o

C  End,(PY)
where (+\)* denotes translation of a function in S(h) = O(h*) by X and p the
projection. Furthermore, the upward arrows p0(+)\)ﬂOHC:” and p0(+)\)uOHCS
are surjective and have the same kernel as the downward arrows act, which
are also surjective.

Proof. For the horizontal morphism on the bottom we use Lemma 2.3.2.5
which provides an isomorphism P} = Resy(P;'). Lemma 2.3.2.3 shows that
the lower square commutes. The middle square commutes since (relative)
Harish-Chandra homomorphisms are compatible, see [How00, Equation 1.12].
The upper one commutes by definition. The other statements are [Soe90,
Endomorphismensatz). ]

Corollary 2.3.3.2. The following diagram commutes:

(S(5)/(S(5)))Wix —— (S(b)/(S(H)2*)) e

| |

C} = End(PY) «—22 Endy(P) = ¢

g

Here the vertical arrows are defined as in the preceding Theorem.

2.3.4 Parabolic induction and Soergel bimodules
The regular case

Assume that A € h* is some regular integral dominant weight (for example
A = 0), and abbreviate
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For a simple reflection s, denote by C*® the s-invariants. Then C* C C'is a
Frobenius extension, and we denote by

R . 50502 0®C—0—-

the complex of Soergel bimodules over C' known as Rouquier complex. Here
C ®¢s C lives in cohomological degree 0, and the map is the unit of the
adjunction between Resgs and C®¢s. For a reduced expression w = s, - - - 51
for w € W, we define a complex of Soergel bimodules by

Rwdéf R51 Rc - Q¢ Rsn.

In fact, up to homotopy, this complex does not depend on the choice of shortest
expression, but this is not important for us. Also denote by

de c
Res Rescf;
the morphism discussed in Section 2.3.2. Furthermore identify
G =S(h)/(S(p)1) = €7

In the rest of this Chapter we will—among other things—prove that on the
level of Soergel modules, parabolic induction for regular blocks

Indg : Derb((’)w.,\([)) — Derb(ox(g))

is given by the functor

SInd;, et R, ®c Res(—)

Theorem 2.3.4.1. Let A € h* be a regular integral dominant weight. Let
w be a shortest coset representative in W\W, and w = s, ---s1 a reduced
expression. Then the following diagram of functors commutes up to natural
1somorphism

SInd),

Hot?(C®* -Smod) > Hotb(Cé‘ -Smod)

A
zTV;v VQTz

Hot?(Proj O, (1)) Hot"(Proj Ox(g))

| Ik

Der’ (O (1)) fndy » Der’(Ox(g)).

Proof. Postponed. ]
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The singular case

Now let i € h* be a possibly singular integral dominant weight and let w be
a shortest coset representative in W(\W,; /W, let m = [W,,.,|. Then there
are natural maps

Cl—C=Cp« C=CP "

On the level of Soergel modules, parabolic induction for singular blocks (or
rather an m-fold direct sum of it)

(Indg)@m : Derb((’)w.u(l)) — Der’(0,(g))

is given by the functor

w-

SInd., wf Res/’ ' R, ®cC}P ®cwe (=)

Theorem 2.3.4.2. Let pu, A € h* be integral dominant weights, where \ is
furthermore regular. Let w be a shortest coset representative in W\Wy/Wj .-
Then the following diagram of functors commutes up to natural isomorphism

SInd!,

Hot’(C{"* -Smod) » Hot"(C¥ -Smod)

] ]

) (Indg)®&m )
Der’(Ou.p(1)) » Der’(Ou(g))-

Proof. Follows from Theorem 2.3.4.1 and Theorem 2.2.6.1 using that under

Soergel’s functor V, Tﬁ corresponds to Resgg and T% to O®C§1-M, see [S0e90,
Theorem 10]. O

Unfortunately, up until this point, we do not know how to get rid of the
m-fold direct sum. In the case w = e though, the following theorem gives a
complete answer:

Theorem 2.3.4.3. Let w = e. Then the following diagram commutes up to
natural isomorphism.

¢! -mod —=5 C¥-mod

wT Tt

Ind?
Ou(l) ——— Oy(g)
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Proof. Since Indy is left adjoint, we have to use a different definition of
Soergel’s functor V. By [S0e90, Lemma 9], there are equivalences of functors:
V& = Hom, (PY, —) = d Homg (—, P¥)

Vi = Homy (P}, —) = dHom, (—, P}"),

where d denotes the duality. There are the following equivalences of functors
0,(l) = C-mod:

Resy (—)

——— Homy (—, Res,(P!)) = Homy (—, P}")

~ g

Hom, (Ind§ —, P¥)

For the first equivalence we use the adjunction and Res, (Indy —) = id (Theo-
rem 2.1.3.2). For the equality on the right we identify P/ = Res,(P}') which
we are allowed to do by Lemma 2.3.2.5.

By Theorem 2.3.3.1 and Corollary 2.3.3.2 this promotes to an equivalence

Homg (Ind¢ —, P#) —— Res's Hom (—, PY)
[

of functors O,(I) — C} -mod. Now we dualize on both sides and obtain the
statement. ]

Corollary 2.3.4.4. Let w = e. The following diagram commutes up to natural
1somorphism.

Hot?(C# -Smod) Hes » Hot"(C¥ -Smod)
ZTVf V’,{Tz
Hot’(Proj O,,(1)) Hot"(Proj O,.(g))

| I

Der’(O, (1) e Da’(0,(0).

Proof. Follows from Theorem 2.3.4.3, using that here Indy maps projectives to
projectives by Theorem 2.1.3.2 (5) and hence acts on the homotopy categories
of projectives by pointwise application. O

Proof of the regular case

The proof mainly relies on Theorem 2.2.5.1 and Corollary 2.2.5.2 and an
induction on I(w).
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Proof of Theorem 2.3.4.1. First assume that {(w) = 0, then w = e and the
statement is Corollary 2.3.4.4.
Now let ws > w with both ws and w shortest representatives in W/\W,.
Assuming that the statement holds for w, we show that it holds for ws.
Denote by A the equivalence between a derived category and the homotopy
category of projectives. Let M € Der’(Oys(l)). Denote M = TY\ M. We
have the following diagram of distinguished triangles:

VIAINdI M —————— V)AO, Indd M ———— V)AIndI M ——

| o]

VAT — L C@p VA IS T —— VA TndS M —L

(2>lz (2)lz

SInd)), VP *AM —— C ®c- SInd)) VP AAM —— VXA Indd M ——

| |
SInd}) Vi**AM —— C ®c- SInd), V" AM —— V)AIndd M —

The first triangle is given by Theorem 2.2.5.1.

(1) Since 0 is exact and maps projectives to projectives, it commutes with
A. On Soergel modules 6 is given by C®¢s, see [Soe90, Korollar 1].

(2) This is the induction hypothesis.

(3) Recall that we identified C*s* = S(h)/(S(h)""') = C*. The functor
T2 is an equivalence of categories and we have V@A = VA T,

(x) This is given by the adjunction homomorphism by Theorem 2.2.5.1.

We hence have the following isomorphism

VoA Tnd§ M = Cone(SInd), V{**AM — € ©c- SInd;, Vi *AM)
=R, ®¢ SInd), V=2 M
=SInd) V=2 M
where by Cone we denote the mapping cone. In order to show that this is

indeed a natural isomorphism, we want to apply the following Lemma 2.3.4.5.

We have to show that for M, N € Der’(Oysa (1))
Homp,i (o, (g (Ind§ Tiy N, Ind§ M) = 0.

ws-A

But this follows from
Ext’(My(zw - \), My(yws - \)) = 0
for all z,y € W), i € Z, see [Hum98, Theorem 6.11]. H
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Lemma 2.3.4.5. Let F,G : T — T be triangulated functors between trian-
gulated categories T and T, and let ¢ : F = G be a morphism of functors.

For X € T abbreviate C(X) = Cone(¢x : F(X) = G(X)). Assume that for
X,Y €T we have
Homz (F(X)[1],C(Y)) = 0.

Then there exists (up to natural isomorphism) a unique functor H : T — T’
and morphisms G — H — F[1] which induce distinguished triangles

F(X) 25 G(X) — H(X) 25
for all X € T. In particular H(X) = C(X).

Proof. Let f: X — Y be a morphism in 7. We claim that there is a unique
morphism C(f) making the following diagram commute:

F(X) 2 qx) 2 ox) =
lF(f) lG(f) 310(f)

hd

FY) 25 ay) 25 cy) 25
To see this, consider the long exact sequence:

. — 0 = Homz (F(X)[1],C(Y)) — Homp (C(X),C(Y)) —

% Homy (G(X),C(Y)) —2 Homy (F(X),C(Y)) — ...

Then ¢% (VyG(f)) = Yy G(f)px = Yy dy F(f) = 0. Hence C(f) exists and is
uniquely determined by the equation C(f)vYx = Y% (C(f)) = vy G(f).
Moreover if g : Y — Z is a second morphism in 7, the uniqueness
immediately implies C(g)C(f) = C(gf). Hence C defines a functor with the
required properties. The same uniqueness arguments show that C' is uniquely
determined with these properties (up to natural isomorphism). O
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Chapter 3

Geometric Parabolic Induction

3.1 Setup

3.1.1 Motivic sheaves and six functors

In this section we recall some of the notations and constructions regarding
motivic sheaves used in [SW16]. We denote by T the system of triangulated
categories of motives constructed from the spectrum representing the semisim-
plification of de Rahm cohomology, see [SW16, Section 2.4]. This is defined in
[Drel5] and a motivic triangulated category in the sense of Cisinski-Déglise,
[CD12].

T associates to every complex variety X € Var(C) a triangulated C-linear
monoidal category 7 (X) and to every morphism f : X—Y a symmetric
triangulated functor f*: 7 (Y)—T(X). Denote the tensor unit in 7 (X) by
1x, we will also refer to this as constant motive or constant sheaf.

Since this system of categories is a motivic triangulated category it comes
with a full six functor formalism, whose most important properties we subsume
in the following list, see [CD12].

1. For every morphism f : Y — X in Var(k) the functor f* has a right
adjoint the direct image functor f,

[ TX)=2TY): f..

2. For any morphism f : Y — X in Var(C), one can construct a further
pair of adjoint functors, the exceptional functors

[T STX): f

which fit together to form a covariant (respectively contravariant) 2-
functor f + f (resp. f +— f').

35
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. For each X € Var(k), the tensor structure on 7 (X) is closed in the

sense that for every F € T(X), the functor — ® E has a right adjoint

—QFE:T(X)2T(X): Homx(E,—),

the internal Hom functor.

. (Stability) For every X € Var(C), let p : AL — X be the canonical

projection with zero section s. Then the endofunctor
s'p* T(X) = T(X)
is invertible. For E' € T(X) and n € Z we denote

E(n) == (s'p")"(E)[~2n]

the n-th Tate twist of E.

. With X and p as above, T satisfies A'-homotopy invariance in the

sense that the unit of the adjunction (p*, p.) is an isomorphism.

id = p.p*.

. For any f:Y — X in Var(C) there exists a natural transformation

f!_>f*

which is an isomorphism when f is proper.

. (Relative purity) For any smooth morphism f :Y — X in Var(k) of

relative dimension d there is a canonical isomorphism

fr = fi(=d)[-2d].

. (Base change) For any Cartesian square

X x

d )

Y/ _g> Y
there exist natural isomorphisms of functors

! 1%

L= g, dft = fle.,
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9. (Localization) For i : Z — X a closed immersion with open comple-
ment j: U — X, there are distinguished triangles

giit = 1= — ']

Qi — 1= juj* — i [1]
where the first and second maps are the counits and units of the respec-

tive adjunctions.

10. (Projection formulae, Verdier duality) For any morphism f : Y —
X in Var(C), there exist natural isomorphisms

(hE)@x F — [(E®y ['F),
Homx (E, f.F) — f.Homy (f*E,F),
Homx (fiE, F) = f,Homy (E, f'F),
f'Homx(E, F) = Homy (f*E, f'F).

11. Define the subcategory of constructible objects 7¢(S) C T(S) to be
the subcategory of compact objects. This subcategory coincides with the
thick full subcategory generated by fif'1(n) forn € Zand f: X — S
smooth. The six functors fi, f*, f*, f., ®, Hom preserve compact objects.

12. Let f: X — Spec(C) in Var(C). For E € T(X) we denote by
Dy (E) := Homx(E, f'(1))

the Verdier dual of E. For all E, F € T°(X), there is a canonical
duality isomorphism

Dy (E ® Dy (F)) 5 Homyx (B, F).

Furthermore, for any morphism f : Y — X in Var(C) and any F €
T¢(X) there are natural isomorphisms

Dx(Dx(F)) = E,
Dy (f*(E)) = f/(Dx(E)),
Dx (H(E)) = fu(Dy(E)).

I

Furthermore, due to the particular construction of the categories 7 (X), we
have the following additional properties.



38 CHAPTER 3. GEOMETRIC PARABOLIC INDUCTION

13. (Grading condition) There are no extensions between the Tate mo-
tives on A", or in formulas

C, forn=m=0
Homyan) (L, 1(n)[m]) = {

0, else.

14. (Realization functor) For every X € Var(C) there is a realization
functor

Real : T(X) — Der’(X(C); C)

into the bounded derived category of sheaves on X (C) equipped with
the metric topology. The realization functor is triangulated, monoidal
and compatible with the six functors.

3.1.2 Stratified mixed Tate motives

The categories T (X), similarly to the derived category of sheaves on X (C), are
gigantic. We will restrict ourselves to the analogue to constructible sheaves in
our setting, namely to stratified mized Tate motives as introduced in [SW16].
We will recall all important definitions and properties in this section.

Definitions

Let (X, S) be a an affinely stratified variety over C, i.e. a variety X with a
finite partition into locally closed subvarieties (called the strata of X)

X =Jx.

seSs

such that each stratum X, is isomorphic to A™ for some n, and the closure
X, is a union of strata. The embeddings are denoted by j, : X; < X. The
prime example we always have in mind here is the flag variety of a reductive
group with its Bruhat stratification. Starting from this datum, [SW16] defines
the category of stratified mixzed Tate motives on X, which we recall in this
paragraph. We start with the basic case of just one stratum.

Definition 3.1.2.1 ([SW16] 3.1). For X = A", denote by MTDer(X) the
full triangulated subcategory of T(X) generated by motives isomorphic to
1x(p) for p € Z. Recall that by 1x we denote the tensor unit in T (X).

By the grading property we get the following.
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Proposition 3.1.2.2. For X = A", we have the following equivalence of
monoidal C-linear categories:

MTDer(X) = C-mod”** 2 Der’(C -mod?).

We can now proceed to the general case. Since our category should be
closed under taking Verdier duals and other reasonable combinations of the
six functors, we have to assume that (X, S) fulfills an additional condition:

Definition 3.1.2.3 ([SW16] 4.5). (X,S) is called Whitney-Tate if for all
s,t € S and M € MTDer(X) we have jfjM € MTDer(X;).

From now on we always assume that (X, S) is Whitney-Tate. In [SW16] it
is shown that (partial) flag varieties and other examples are indeed Whitney-
Tate.

Definition 3.1.2.4 ([SW16] 4.7). The category of stratified mixed Tate mo-
tives on X, denoted by MTDerg(X), is the full subcategory of T(X) consisting
of objects M such that j*M € MTDer(X;) for all s € S.

The right definition of a map between affinely stratified varieties is different
to the usual definition of a stratified map, as defined for example in [GMS88|.

Definition 3.1.2.5. Let (X, S) and (Y, S) be affinely stratified varieties. We
call f + X = Y an affinely stratified map if

1. for all s € S’ the inverse image f~(Y,) is a union of strata;

2. for each X, mapping into Yy, the induced map f : Xy — Yy is a
projection A™ x A™ — A™.

Stratified mixed Tate motives are compatible with functors induced from
affinely stratified maps.

Lemma 3.1.2.6. Let X € Var(C). Consider
s: X =A% :p

where p denotes the projection and s the zero section. Then

pa(lan) = 1x p(Lay) = Lx(—n)[—2n]
P (lx) = Ty p(1x) = 1an (n)[2n]
8*(1A}) = ILX 8!<1A§() = ]1X(—n)[—2n]

Furthermore Dx (1 x(m)[2m]) = 1 x(dim X —m)[2 dim X —2m]| if X is smooth.
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Proposition 3.1.2.7. Let (X,S) and (Y,S") be affinely Whitney-Tate strat-
ified varieties and f : X — Y an affinely stratified map. Then the induced
functors restrict to stratified mized Tate motives on X and Y. In formulas

fur fi s MTDerg(X) = MTDerg/(Y) : f*, f'
Also the internal Hom, duality and tensor product restrict.

Proof. [EK16, Proposition 3.8] O

Weight structure

Weight structures—as first considered in [Bonl0]—provide a very concise
framework for the powerful yoga of weights, as applied, for example, in the
proof of the Weil conjectures or the decomposition theorem for perverse
sheaves.

Definition 3.1.2.8. Let C be a triangulated category. A weight structure on C
is a pair (Cy<o, Cuw>0) of full subcategories of C such that with Cy<y, := Cyw<o[n]
and Cy>n = Cy<o[n] the following conditions are satisfied:

1. Cy<o and Cy>o are closed under direct summands;
2. Cy<o C Cu<1 and Cy>1 € Cy>o;

3. for all X € Cy<p and Y € Cy>1, we have Home (X,Y) =0

4. forany X € C there is a distinguished triangle A — X — B RN
with A € Cy<o and B € Cy>1

The full subcategory Cy—o = Cw<o N Cy>o @5 called the heart of the weight
struture.

A weight structure on stratified mixed Tate motives on an affinely stratified
variety can be obtained by gluing of weight structures on the strata. The
motive 1n(p)[q] is defined to have weight ¢ — 2p.

Definition 3.1.2.9. Let MTDer(A"),,<¢ (resp. MTDer(A"),>0) be the full
subcategory of MTDer(A™) consisting of objects isomorphic to finite direct
sums of 1an(p)[q] for ¢ < 2p (q > 2p). This defines a weight structure on
MTDer(A™).

Proof. We use Proposition 3.1.2.2 to identify MTDer(A™) with the derived
category of graded vector spaces. Here the axioms of a weight structure are
easily checked. O]
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Definition 3.1.2.10 ([SW16] 5.1). Let (X, S) be an affinely Whitney-Tate
stratified variety. Then we obtain a weight structure on MTDerg(X) by setting

MTDerg(X )< := {M | jiM € MTDer(Xj)y<o for all s € S}
MTDers(X)yso == {M | j:M € MTDer(X,),>o for all s € S}

With this definition we have the following compatibilities with the six
functors.

Proposition 3.1.2.11 ([EK16] 3.12). Let (X,S) and (Y,S") be affinely
Whitney-Tate stratified varieties and f : X — 'Y an affinely stratified map.
Then

~

. the functors f*, fi are weight left exact, i.e. they preserve w < 0;
2. the functors f', f. are weight right exact, i.e. they preserve w > 0;

3. the tensor product is weight left exact, i.e. restricts to

MTDerg(X)w<n X MTDers(X)w<m — MTDers(X)w<nim

4. Verdier duality reverses weights, i.e. restricts to

Dy : MTDerg(X)or,, — MTDerg(X)w>—n

w<n
5. the internal Hom functor Homx is weight right exact, i.e. restricts to

MTDerg(X) e, X MTDerg(X)w>m — MTDers(X)w>m-n

6. For f smooth f' and f* are weight exact;

7. For f proper fy and f. are weight exvact;

8. If X is smooth 1x(n)[2n] is of weight zero for alln € Z.
Tilting

We will now recall the formalism of tilting for derived (dg)-categories, as
introduced in [Ric89], [Kel93] and [Kel94].

Definition 3.1.2.12. Let A be an abelian category. A complex I € Hot(.A)
15 called homotopy-injgective if the natural map

HomHot(A) (A, [) :> HomDer(A) (A, I)
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is an isomorphism for all A € Hot(A). A complex P € Hot(A) is called
homotopy-projective if the natural map

HomHot(A) (P, A) :> HomDer(A) (P, A)
is an isomorphism for all A € Hot(A).

Definition 3.1.2.13. Let A be an abelian category. A collection {T;} of
complezes T; € Hot(A) is called tilting if for all i,j and n € Z the natural
map

Homyot(ay (T3, Tj[n]) = Homper(ay (T3, T;[n])

s an isomorphism and
Homper(ay (T3, Tj[n]) = 0
for all n # 0.

For complexes M, N € Hot(P) in some additive category P, we denote
by Homp (M, N) € Hot(P) their Hom-complex.

Theorem 3.1.2.14 (Tilting [Kel93]). Let A be an abelian category and {T;}
a tilting collection. Then there is an equivalence of triangulated categories

A Hot({Tih)e"™) 5 ({112 € Der(A)

called tilting. Here by (—)ég9 we denote closure under finite direct sums in an
additive category B and by (=)3 closure under distinguished triangles in a
triangulated category B.

Proof. This is copied almost word by word from [SW16, Appendix B]. We
just sketch a proof for {7;} = {T'}. Since by assumption

Hompes(a) (T, T'[n]) = Hompey(ay (T, T[n])
we have by dévissage
(T2 = (TYH° amd (1) 2= (1)1
So it suffices to proof that there is an equivalence

A : Hot?((T) Ry () Rort),

Let £ Hom A(T,T) be the endomorphism complex of T'. This is a differ-

ential graded algebra (dg-algebra). Let Z = Z%(E) @ E=° be the truncation
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of E and H H°(E) be the 0-th cohomology of E. By the tilting property

the cohomology of E is concentrated in degree zero and hence the natural

morphisms
EFE+—~7—-H

are quasi-isomorphisms of dg-algebras and furthermore
H = Hompygeg(ay (T, T) = Homper(ay (T, 7).
For a dg-algebra R we denote by
dgHot- R D dgFree- R

the homotopy category of right R-dg-modules and the triangulated subcate-
gory generated by the free module R. Then there is the following chain of
equivalences of triangulated categories

Hot(A ~ ~ = — LorA
Hot?((T')Ho"A) 7 deFree- H < dgFree- 7 7 dgFree- B <5 (T) 5 1

1. The following functor induces an equivalence of categories
Homyioi(a) (T, =) : (7)™ 5 (H)get,

Since H is a dg-algebra concentrated in degree 0, dg-modules over H
are just complexes of H-modules and we have an equivalence

Hotb(<T>got(«4)) :> Hotb<<H>$od-H) _ dgFree— H
2. This is — ®z H, which is an equivalence since Z — H is a quasi-
isomorphism.

3. This is — ®4 F, which is an equivalence since Z — FE is a quasi-
isomorphism.

4. This is given by the functor
Hom (T, —) : (T>i°t(“4) = dgFree- E.
Our tilting functor A is defined as the composition of those equivalences (or
their inverse functors). O

Remark 3.1.2.15. We could have also used the functors Hompe 4 (—,7) and
Hom 4 (—,T"). Then our tilting equivalence would be of the form
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Hot?((T)2"y =~ (H -dgFree)°

=

(Z -dgFree)®? —=— (F -dgFree)? «—— <T>iOt(A)
But we rather avoid opposite categories.

Proposition 3.1.2.16 (Tilting and functors). Let A, B be abelian categories.
Let {T;} C Hot(A) and {U;} C Hot(B) be tilting collections. Assume further-
more that all U; are homotopy-projective.

Let F: A — B be an exact functor. Assume that for all T; there exists
a U; and a quasi-isomorphism ¢; : U; — F(T;). Then the following diagram
commutes up to natural isomorphism

Hot' ({T )2 ) —2— ({11 —— Der(A)

Jr - |

Hot"({U})57®) —2— ({UHR™® —— Dex(B)

where on the left side F' acts by pointwise application or in other words, it is
induced by an sequence of functors

UL & (TR 5 ({(F(T)HE® = (F(T)NeT® — ({Uih)2e®

Proof. This is copied almost word by word from [SVW, Appendix|. Again,
we restrict ourselves to the case {T;} = {T'} and {U;} = {U} and a quasi-
isomorphism ¢ : U — F(T'). We abbreviate S = F(T') and Er = Hom4 (T, T),
Eg =Homg (S,95), Ey = Homg (U,U). Let Zy, Zg, Zy and Hy, Hg, Hy their
degree 0 truncation and 0-th cohomology, respectively.

We consider a diagram where the top and bottom row are defining the
tilting equivalences A as in Theorem 3.1.2.14 and fill it up with natural
isomorphisms.
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Hot (<T>Hot(A)

Hot"({S) 5"

Hot"((U)g,

Hot"((U7)Het®)

1.

45
)HOM dgFree- Hy <®Z7T dgFree- Zp ®i> dgFree- Er w <T>i°t(“4)
(1) —®upHs (2) ~®z,7s (3) —®n, Es (4) F
HM dgFree- Hg +——— st +—— dgFree- Zg —— —Bzs B ——=— dgFree- Fg Homi(s’i) <S>§°t(8)
(5) —®uslx (6) —©z57x (7) ~®nsX (8)
7y 20
Der(Bg0M7_cigFreeDer— Hy ng dgFreePe - Z;; <— dgFreeP- Ey; Homi(U’i) (U >2€r(5)
! ? 2 !
)H% dgFree- Hy ;®Z+HU dgFree- 7 M dgFree- By <H0m+(U_) (U )iOt(B)

Here we use the map

F: Hp = Hompeya) (T, T) = Hompesy (F(T), F(T))

Hg.

The natural transformation is given by

comp(F®1d)

HomHot(A) (T ) RH;, Hg HomHot(B) (F(T), F(—))

where by comp be denote composition. This is clearly an isomorphism
when applied to T and hence restricts to a natural isomorphism by
devissage.

. The morphism Z; — Zg is induced by

F : By = Homy (T, T) — Homg (F(T), F(T)) = Es.

The following diagram commutes.

ZT—»HT

[l

ZS—»HS

We hence get a natural isomorphism

— Qzp Hr Qu, Hs = — Ry, Zs @z, Hg.
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3. As in the last point.

4. The natural transformation is given by

Hom (T, —) @, Bs ™5 Hompg (F(T), F(-)).

Again this restricts to a natural isomorphism by devissage.

For a dg-algebra R we denote by dgFreeP®- R the full triangulated subcate-
gory of dgDer- R generated by the free module R. Localization induces an
equivalence of categories

dgFree- R 5 dgFreeP- R.

We denote X = Homg (U, S). This is a Es-Ey-dg-bimodule. We denote by Zx
and Hy its degree 0 trunctation and 0-th cohomology, respectively. Since U
is homotopy-projective by assumption, the cohomology of X is concentrated
in degree 0 and

Hyx = Hompe s (U, S) = Homper s (U, S) &= Hompe, 5 (U, U) = Hy

is freely generated by [c]| as right (dg-)module over Hy. Furthermore, the
maps
Hy « Zx &5 X

are quasi-isomorphisms of Zg-Z;-dg-bimodules.
5. The left vertical arrow is defined via

()2 = (5)2™ = )™,

The right vertical arrow restricts to dgFreeP*"- Hy; since Hy is free. The

natural isomorphism is defined similarly as in (1) by

Hompoys) (S, =) ®@pg Hx = Hompeys) (U, —)
= Hompers) (U, —).

6. The right vertical and bottom horizontal arrow restrict to dgFreeP®- Z;;,
since Hy and Zx are quasi-isomorphic to Zy; as Zy-dg-modules. It is easy
to see that the following diagram commutes up to natural isomorphism.
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—®zsHs
dgFree- Hg «+——>——— dgFree- Zg
—®ugHx —QzgZx
—Q®zgHs

<HX><igHot- Hy <ZX>dAgHot- Zu

l l

~ Hyy ~
Res,

dgFreePe- Hy ——~%— dgFreeP* - Z;;

Here we use Resy |, which goes in the wrong direction, to avoid using
its inverse functor, which is the derived functor — ®%U Hy.

7. As in the last point.
8. Similar to (5).

The squares in the bottom are easily filled with natural isomorphisms and we
are finished with this proof. ]

Remark 3.1.2.17. The completely dual statements hold when we instead
require homotopy-injective resolutions ¢ : F(T) — U and use the tilting
equivalence discussed in Remark 3.1.2.15.

Tilting and motives

We apply the tilting formalism to stratified mixed Tate motives. Under an
additional pointwise purity condition this allows us to identity the category
of stratified mixed Tate motives with the homotopy category of its weight
zero objects.

Definition 3.1.2.18 ([SW16] 6.1). Let (X,S) be an affinely Whitney-Tate
stratified variety and ? € {x,!}. A motive M € MTDerg(X) is called pointwise
?-pure if for all s € S

i' M € MTDer (X)w—o.
If both conditions are satisfied, the motive is called pointwise pure.
Proposition 3.1.2.19 ([SW16] 6.3). Let (X,S) be an affinely Whitney-Tate

stratified variety and M, N € MTDerg(X) such that M is pointwise x-pure
and N is pointwise !-pure. Then Homy(x) (M, Nla]) =0 for all a > 0.
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Theorem 3.1.2.20 (Tilting for motives, [SW16] 9.2). Let (X, S) be an affinely
Whitney-Tate stratified variety, such that all objects of MTDerg(X ),—o are
additionally pointwise pure. Then there is an equivalence of categories, called
tilting,

A : MTDerg(X) = Hot?(MTDerg(X )w—o)-

Proof. The category T (X) can be embedded in a derived category of a
Grothendieck abelian category. We can hence take a system of homotopy
injective resolutions of representatives of the isomorphism classes of inde-
composable objects in MTDerg(X),—o. This forms a tilting collection by
Proposition 3.1.2.19 and the pointwise purity assumption. We can hence
apply Theorem 3.1.2.14 and the statement follows. n

Remark 3.1.2.21. The last theorem can also be stated differently. Namely, let
{Ls}ses € MTPerg(X)y—o € MTDerg(X),—o be a set of representative of
indecomposable weight zero perverse stratified mixed Tate motives on X. Then
{Ls(7)[2i]}sesicz generates MTDerg(X),—o as an additive subcategory by
[SW16, Corollary 11.11]. Assume without loss of generality that the L(4)[2i]
are homotopy projective. They hence form a tilting collection as considered
in the proof. Now let L = o Ls and

seSs

H = @ Homy(x (L, L(n)[2n]) .

Then we have

Der®(mod? H) 2 Hot"(({L(§)[2i] }sesiez)n )
= Hot?(MTDerg(X)y—o) = MTDerg(X)

where by mod?- H we denote the category of finitely generated graded H
right modules. See Theorem 3.1.2.14 and [RSW14, Proposition 5.4.2.] for the
first equivalence.

Theorem 3.1.2.22 (Tilting for motives and functors). Let (X, S), (Y, 5’) be
affinely Whitney-Tate stratified varieties, such that all objects of MTDerg (X )y=o
and MTDerg/ (Y ),=o are additionally pointwise pure. Let f : X — Y be an
affinely stratified morphism. Assume that either f is smooth and proper or

that f a closed immersion with X and'Y smooth. Then tilting commutes with
f* = f(d)[2d] and f. = fi. So for example the diagram

Hot’(MTDerg (X )y—o) —=— MTDerg(X)

s I

Hot’(MTDerg (Y )y—o) —=— MTDerg (V)
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commutes up to natural isomorphism, where on the left side f, acts by pointwise
application. Furthermore tilting commutes with shifts of the form (n)[2n] for
n € 2.

Proof. First of all, the functors f* = f'(d)[2d] and f, = f, are weight exact,
hence really restrict to weight zero motives by Proposition 3.1.2.11. It suffices
to show the statement for one of the functors, since the other functors are
adjoints (or shifts of it).

Asumme that f is smooth and proper. The tilting equivalence was con-
structed by embedding 7 (X) and 7 (Y") in a derived category of a Grothendieck
abelian category, say Ax, Ay. The functor f*: 7(Y) — T(X) is actually
just pointwise application of an exact functor f* : Ay — Ax, since f is
smooth (see [CD12, 5.1.16]). We can furthermore assume that our tilting
collections for {7;} € MTDerg(X),—o and {U;} C MTDerg (Y ),=o are given
by homotopy-injective complexes and chosen in a way, that for every T; there
is a U; and a quasi-isomorphism f*(7;) — U;. We are hence exactly in the
setting of Proposition 3.1.2.16 (see also Remark 3.1.2.17) which shows that
f* commutes with tilting. By adjunction also f, = fi have to commute.

The exact same argument works for fi = f, when f is a closed immersion.

Denote by 7 : P, — X the projection. For every M € T(X) we have a
canonical splitting m.7*M = M & M (—1)[—2], hence also shifts of the form
(n)[2n] commute with tilting. O

3.1.3 Flag varieties

In this section we introduce a lot of notation for reductive algebraic groups
and partial flag varieties. We also introduce the maps we will later use to
construct a geometric version of parabolic induction.

Generalities

Let G D B D T be a reductive algebraic group over the complex numbers
together with a Borel subgroup and maximal torus. Denote by

X(T)2®d>d* DA

the character lattice of T, the root system, set of positive and simple roots
associated to the choice of B. Denote by

W = Na(T)/T > S

the Weyl group and the set of simple reflections. By abuse of notation, we will
let elements of YW act on cosets, subgroups, etc. whenever the action does not
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depend on a choice of representative mod 7. For o« € ® we denote the root
subgroup of G on which the conjugation action by 7" is described by a by

G, =2U, CG.

Denote by U and U~ the unipotent radical of B and B~, where by B~ we
denote the opposite Borel. For € W we define

U, Y UnaU-27 = Us]a ez(@)ndT) C B.

By a standard parabolic subgroup we mean a subgroup G D ) D B. We
denote its Weyl group and simple reflections by

SQ:SQWQCWQCW.
From here on out, we always fix one particular standard parabolic subgroup
BcCPcCaG.

We denote its Levi factor by

P — P/Rad,(P) Y L

and for convenience choose a splitting of this map to interpret L as a subgroup
of P. We denote by

A= B/Rady,(P) C L

its Borel subgroup. In this chapter we will be interested in (partial) flag
varieties associated to G and L. But for convenience, we will always prefer to
work with quotients of P instead of quotients of L using

L/A= P/B.
Partial flag varieties associated to G or P are always affinely Whitney-Tate
stratified varieties with respect to their stratification by Bruhat cells (these are

precisely the B-orbits) [SW16, 4.10] and we can hence look at the associated
categories of stratified mixed Tate motives

MTDeI‘(B)(G/B), MTDer(B)(G/P), MTDer(B)(P/B) ..
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Maps for geometric parabolic induction

We will now introduce all necessary notations and maps we will later use
to define a geometric version of parabolic induction. If B C ) C G is a
standard parabolic subgroup, then there is a well known generalized Bruhat
decomposition of G into P x () orbits, given by

G= | PaQ
@EWP\W/WQ
and an associated stratification of the partial flag variety

G/IQ= | Pw/Q.

HJEWP\W/WQ

As it turns out, those strata Pw@/@) are affine bundles over partial flag
varieties associated to P, let say P/Q,,, for P D @Q,, D B a standard parabolic
depending on ) and w. Geometric parabolic induction will be constructed by
passing between sheaves on P/Q,, and G/Q, using the maps and notation
from the following Theorem.

Theorem 3.1.3.1. Letw € W be a shortest coset representative in Wp\W/Wg
and set

Wow < WpnuwWow™ ¢ Wp,
Quw ™ BWy.,B C P and
A2 LNQ,

Let x be a shortest representative in Wp/Weq. (it makes sense to talk about
shortest representatives here, since Wq ., is generated by simple reflections,see
(1)). Consider the diagram

T

J J J J

Az Ay /Aw & BxQyw/Qu 45— BrQu x % BwQ/Q rﬁt BrwQ/Q

| ] ]

. . . ~ ..
U,z o U,z x Uypw — U@

L/QwﬂL e P/Qw A P x@u BwQ/Q ﬁ) PwQ/Q ‘}:3 G/Q

where by § € Ng(T') we denote a representative in y = yT'. Then the following
statements hold.
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1. Wq . s generated by simple reflections,

NS

. Qu acts on Bw(@ by left multiplication and

Qo

. Qu contains the stabilizer of the action of P on wQ/Q

Quw D PNwQu™t.

B

. The diagram is well defined and all squares are commutative and Carte-
sian.

5. The arrows marked by ~ are isomorphisms.

Proof. (1) Since @ is a standard parabolic subgroup, Wy, is the isotropy group
of some dominant weight A. Since w is a shortest coset representative w - A is
still dominant for Sp. Now Wy, is the isotropy group of A in Wp and hence
generated by simple reflections, see [Hum90, Theorem 1.12 (c)].

(2) Let s € Wg., be a simple reflection. Write s = wqw™! for ¢ € W,.
Let y € Wy, then

BsBwByB C BswyB U BwyB = BwqyB U BwyB C Bw(@.

The statement follows since Wy ,, is generated by simple reflections.
(3) We show that in fact B(P NwQuw)B C Q,,. We have

B(PNwQw™")B = BWpBN BuBWyBuw™'B
= BWpB N BuWgBw™'B

c|JBWr nuWqu;")B
I

where the second equality holds since w is reduced with respect to Wy and
the w; denote subexpressions of w (see [Bou02, IV.2.1 Lemma 1]). But now
assume that there are p € Wp, ¢ € W)y such that p = wqwl_l. Then pw; = wq
and both represent the same coset in Wp\W/Wg. Since l(w;) < I(w) and w
is the shortest representative, we have w = w; and hence

B(PNwQuw ')B C BWpNuwWow™')B = Q,.

(4) Follows from (2).

(5) The multiplication map in the first row is an isomorphism by (3).
The maps from the bottom to the middle row are isomorphisms since z, w
and zw are shortest coset representatives in Wp/Wg ., W/Wg and W/ W,
respectively. Here we use that for x € Wp, zw is a shortest representative in
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W/Wyg, if and only if z is a shortest representative in Wp/(Wp N wWouw™!)
(see [He07, 1.2]). The multiplication map in the bottom row is an isomorphism
since [(zw) = I(z) +1(w) (see [Bou02, IV Exercise §1.3]). All other statements
follow.

See also Chapter 3 in [BT72] for a good reference on BN-pairs and parabolic
subgroups. ]

Remark 3.1.3.2. In the regular case () = B the notation dramatically simplifies
to

LJA «~— P/B «—5— P x? BuB/B —>— PwB/B — G/B
Tw mult hy

J J J J

ArAJA <“— BxB/B 4— BxB x” BwB/B — BxwB/B

1 { 1

. . . ~ .
U,x REa— U,z x Uyw — UpwTW

for x € Whp.

Ezxample 3.1.3.3. Since admittedly the notation and all the involved maps
can be quite confusing, we illustrate everything in the case G = GLj3. Let s,1
be the simple reflections in G.

(1) The case of disjoint parabolic subgroups. Let P = B U BsB,
(Q = B U BtB be minimal parabolic subgroups. Then G/Q = P? has two
P-orbits corresponding to the decomposition P? = P! U A2,

PtsQ/Q = BtsQ/Q Pl pJQu, = P/.Qts
PQ/Q =5 PR
= e > ce= @
Q/Q  BsQ/Q Qe/Qe  BsQ./Qe

Here pr, : PQ/Q = P! = P! = P/Q, and pr,, : PtsQ/Q = A? — pt =
P/Qts-

(2) The case of meeting parabolic subgroups. Let P = @ = BU BsB.
Then G/Q = P? has two P-orbits corresponding to the decomposition P? =
ptUO(1).
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BtQ/Q
PiQ/Q = BstQ/Q P P/Qi= o
Qt/Qt BSQt/Qt
PQ/Q 2y P
=@ E— e = @
Q/Q Qe/Qe

Here pr, : Q/Q = pt = pt = P/Q. and pr, : PtQ/Q = O(1) — Py = P/Q,
where O(1) is the hyperplane bundle or Serre’s twisting sheaf on PL.

Compatibilities

All maps constructed in the preceding section are well-behaved with respect
to passing between different standard parabolic subgroups, as described in
the following.

Lemma 3.1.3.4. In the notation of Theorem 3.1.5.1 let Q C Q' be another
standard parabolic containing Q and denote all objects associated to Q' by —'.
Let w € W be a shortest coset representative in Wp\W /W and x € Wy
be a shortest coset representative in

w_IWQ/,ww\WQ//WQ = (w_Ipr N WQ/)\WQ//WQ.
Then Q. C Q., and the following diagram commutes

PwzQ/Q <2 P xQus BuwxzQ/Q = P/Qua
PuQ[Q P X% BuQ' Q' ——» P/Q,

If x = e, the diagram is moreover Cartesian.

Lemma 3.1.3.5. In the notation of Lemma 3.1.3.4, denote by Z the pullback
of the diagram

7 — G/Q
ook

PuwQ'/Q —— G/Q
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Then
7 = H—JwaQ/Q cG/Q

where x runs over the shortest representatives of the double cosets
w*1WQ/,ww\WQ//WQ = (@Uilew N WQ/)\WQI/WQ.

Corollary 3.1.3.6. In the notation of Lemma 3.1.3.5 assume additionally
that Wo: C w™*Wpw, then the following diagram is Cartesian.

PwQ/Q —— G/Q

Foook

PwQ//Ql ¢ hw G/Q/

3.2 (Geometric parabolic induction and trans-
lation functors

In this section we will introduce geometric parabolic induction and then study
its interaction with the geometric versions of translation functors, i.e. the
functors

m : MTDer5)(G/Q) +— MTDer ) (G/Q') : '

associated to the projections G/Q — G/Q’ for Q C Q.

There will be two different cases. Passing into a smaller flag variety, i.e.
applying the functors m, will commute with geometric parabolic induction.
However, the case of passing out of a smaller flag variety, i.e. applying 7',
will be more complicated.

3.2.1 Geometric parabolic induction

Definition 3.2.1.1. Let B C (Q C G be a standard parabolic subgroup and
let w € W be a shortest coset representative in Wp\W /Wq. We then call the
functor

hw,* priv

MTDer ) (P/Quw) —gima

MTDer ) (G/Q)
geometric parabolic induction and denote it by GInd,,. The maps

P/Qu 2 PuQ/Q < G/Q
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are defined as in Theorem 3.1.3.1.

Lemma 3.2.1.2. 1. GInd, s well defined, i.e. it restricts to stratified
mazed Tate motives.

2. If w = e, then GInd, = h. . is weight-ezact.

3. Denote by i, : BxQ,/Q., — P/Q, and i, : BrwQ/Q — G/Q the

inclusions, then

GIndy, iy .1 =i,  1(1(w))[20(w)]

TW,*

where by 1 we denote the constant motive on BxQ,,/Q, and BrwQ/Q,
respectively.

Proof. (1) By Theorem 3.1.3.1 both pr,, and h,, are affinely stratified maps,
compatible with the Bruhat stratification of P/Q,, and G/Q. The statement
follows using Lemma 3.1.2.7.

(2) In this case P/Q, = P/PNQ = PQ/Q. Hence pr, is an isomorphism
and furthermore h, is a closed embedding and hence weight exact.

(3) By Theorem 3.1.3.1, the diagram

BrwQ/Q < PewQ/Q <M G/Q
BiQu/Qu —=— P/Qu,

is Cartesian. Hence by base change and Lemma 3.1.2.6

GIndy, iyl = hy . prl iz 1 = hy. . pr, 1 = i L(U(w)) 20 (w)]. O

3.2.2 Into a smaller flag variety

Theorem 3.2.2.1. Let B C (Q C Q' be standard parabolic subgroups. Denote
all objects associated to Q' by —'. Let w be a shortest coset representative
of Wo\W/Wp. Then the following diagram of functors commutes (up to
natural isomorphism,).

MTDer(g)(P/Q.) ——2% s MTDerz)(G/Q)

|~ |

GInd), ,
MTDGI‘(B) (P/in) MTDGI‘(B)<G/Q )

Proof. Follows immediately from Lemma 3.1.3.4 and base change. O
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3.2.3 Out of a smaller flag variety

Theorem 3.2.3.1. Let B C Q) C Q' be standard parabolic subgroups. Denote
all objects associated to Q' by —'. Consider the composition

GInd/,

MTDer z(P/Q,) MTDer 5)(G/Q') —=— MTDerz)(G/Q)

Choose an ordering by length {xy}1<k<n on the set of shortest coset represen-
tatives in

w_IWngw\WQ//WQ = (w_Ipr N WQ/)\WQ//WQ.

Then for all M € MTDerpy(P/Q.), there exists a family of distinguished
triangles

My — My — GIndyg, M 5

in MTDerp)(G/Q) where
M, =7 GInd/, M and My =0

and the right hand side is given by

GIndwzk

MTDer g (P/Q,,) —=— MTDer(s)(P/Quz,) ———% MTDer s (G/Q)

and the map my, is induced by the inclusion Quy, C Q..
Proof. By Lemma 3.1.3.5 there is a Cartesian square
Z e h G/Q
PwQ' /Q' - hy G/Q
with
Z =H PuzQ/Q C G/Q.
k
Denote by
igk UP’LU.%ZQ/Q — Z

1<k

the inclusions. For N € MTDer)(Z) define N, = i<k11%y,N. Then there
exists a family of distinguished triangles
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. 0 —+1
Nk—l — Nk — Zk7*Z}€N —

with Ny = 0 and N,, = N, using the localisation sequence and induction on

n. We apply this to NV oo pr, M and set M; = h.N. We hence obtain

distinguished triangles
My = hyNy_y —> My, = h,Ny, —> hyij.iin prl, M 25
We furthermore have
M, = h,N = h,r' priu M=r hyy 4 priu M=r GInd,, M
and for all £ by Lemma 3.1.3.4

. 00 ! ! ! |
hoip im0 Py M = Ny, s DT, T M = Glnd,y,, 7, M

WI g
and the statement follows. O]

FExample 3.2.3.2. Keep the notation from the last Theorem.
(1) Assume that the set {xx} = {1} has just one element. Then there is
an isomorphism of functors

7' GInd, = GInd,, 7'

(2) Assume that the set {z,} = {1, s} has just two elements. Then the
theorem yields a distinguished triangle

Glnd, M — 7' GInd/, M — GInd,, W!SM N

3.2.4 Geometric wall crossing

We discuss the interaction of the geometric version of the wall crossing functors
0, for category O and geometric parabolic induction. As in the Category O
case, this will be an essential ingredient in the induction step of our proof
that parabolic induction and geometric parabolic induction correspond to
each other.

Theorem 3.2.4.1. Let Q = (BU BsB). Let w € Wp\W a shortest coset
representative and s € W a simple reflection with ws > w such that ws is
also a shortest coset representative for Wp\W. Let m: G/B — G/Q. Then
there is a distinguished triangle of functors

GInd, — 7'm GInd,, — GInd,, LN
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from MTDergy(P/B) to MTDergy(G/B). The map on the left hand side is
the unit of the adjunction (m, 7).

Proof. This is more or less Theorem 3.2.2.1 and 3.2.3.1 combined. Consider
the Cartesian diagram

iwj

Z —' G/B

Fook

PwQ/Q 5 G/Q

PwB/BW PwsB/B

Then there are the following natural isomorphisms of functors
7'm GInd, = m'm hoy « pr!w ~ r'mh,i, pr!w ~ o hiv’* M pr!w ~ bt priv

We apply the localization triangle associated to (7, j) to the term on the right
hand side and obtain
+1

h*i!i!ﬂ!migpriu — h.'mi priu — h*j*j!ﬂ!migpriﬂ —
Since ws > w the map mi : PwB/B — Pw(@/Q is an isomorphism. Hence
hy it mi priu = R, pr!w = GInd,, .
Furthermore ws > w implies that Q),, = B, since

Wp NuWow ™' = Wpe Nw{l,s}w™" = {1}.

By Lemma 3.1.3.4 the diagrams

llm‘ w’ lﬂj i
PuQ/Q — P|Qu = P/B PuQ/Q ——» P/Q. = P/B

commute, and the left hand diagram is cartesian. Hence

~Y

hojejim miyprly = hejj'nt prl ) 2 hyj, prly, 7' 22 hey prl, = GIndy, .
Putting everything together, our distinguished triangle reads

CInd, — 7'm CInd, — GInd,, —5

But a priori the first map is induced by the counit of the adjunction (i, ').

That this coincides with the unit of the adjunction (m, ') follows from the
following general Lemma. ]
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Lemma 3.2.4.2. Leti: Z <» X : 7 be two morphisms in Var(C), such that
1 1s a closed embedding and wi = idy. Then the following diagram of functors
T(Z) = T(X) commutes

. | .
) — T M

. |
) ————

R | |
nT ——

where the top row is the unit of the adjunction (m, ') and the bottom row the
counit of (iy,').

Proof. The two base change morphisms (called exchange morphisms in [CD12])
iyid* — 7'id, associated to the diagram

— X
Z 1—d> Z
coincide. O

The theorem implies that for every M € MTDerp)(P/B) there is an
isomorphism

GInd,s M = Cone(GInd, M — 7'm GInd,, M)

in MTDerp)(G/B), where by Cone we denote the mapping cone. In general
however, mapping cones are not functorial. But as in the proof of Theorem
2.3.4.1, in our particular situation Lemma 2.3.4.5 applies and the mapping
cone is indeed functorial.

Lemma 3.2.4.3. For all M, N € MTDerg)(P/B) we have
Homy¢/p) (GInd, (M), GInd,,s(N)) = 0.

Proof. This is simply a matter of their support. Let

U pusB/B 1 7Y vuw « > W™ PuwB/B
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and denote by k the inclusion of Z in X. Notice that U is open in Z.

Homy g/ p) (GInd,, M, GInd,s N)

= Homy(¢/p) (hws, pry,s N, hy pry M) (duality)

= Homy(z) (k" hus, priys N, k™ hy, pry, M) (support C Z)

= Homy(z) (jij"k* hos, priys N, 40"k hyy) pri, M) (support C W, resp. U)
= Hom7(z) (7°K* sy Priys N, 57017 k* by priy, M) (adjunction and j* = j')
=0 (since j%i, =0)

and the claim follows. ]
Corollary 3.2.4.4. There is a natural equivalence of functors
GInd,,, = Cone(GInd,, — 7'm GInd,,).

Proof. Follows from Theorem 3.2.4.1, Lemma 3.2.4.3 and Lemma 2.3.4.5. [

3.2.5 From the singular case to the regular case

Up to direct sums and shifts, geometric parabolic induction for partial flag
varieties G/@Q can be expressed in terms of geometric parabolic induction for
the regular flag variety G/B and geometric translation functors.

Theorem 3.2.5.1. Let B C Q C G and w be a shortest representative of
a coset in Wp\W/Wy. Let 7 : G/B — G/Q and 7' : P/B — P/Q,, be the

projections. Then there is a natural equivalence of functors

7. GInd,, 7" = @ GInd,, (I(z))[2l(z)] :
zEWQ, w
MTDerp)(P/Qw) — MTDer5(G/Q)
Proof. By Theorem 3.2.2.1 we have

7. GInd,, 7" = GInd,, 7’7"

Now we argue as in [BGS96, Lemma 3.5.4]. The decomposition theorem yields

Tl @ Lejg.(—l(2))[-2Ux)]

mGWQ,w
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and using Verdier duality we get

I~

ma" 2 1l Homp,p(1, 7" (=) = Homp,q, (7,1, —)

= @ Hompq,, (1p/q, (—1(x))[-20(x)], —)

xGWQﬂw

>~ P id(i(x))2(x)]

TEWQ w
The statement follows. O]

Remark 3.2.5.2. Let us explain why we were allowed to use the decomposition
theorem for perverse sheaves here. After all, the decomposition theorem is a
statement about constructible sheaves and not motives.

By [Drel5], for all X € Var(C), there is a Hodge realization functor

Realy : T(X) — Der(X(C),C)

from motives on X into the derived category of sheaves on X (C) (equipped
with its metric topology). This is compatible with the six operations.

For an affinely Whitney-Tate stratified variety (X,.S), Realy restricts to
a functor

Realy : MTDerg(X) — Der% (X, C).

By [SW16, Theorem 11.3] it induces isomorphisms

@ HomMTDerS(X) (M, N(Z)) :> HomDerf’g(X,(C) (RealH(M), RealH(N))

1€EZL

which are compatible with composition. In the notation of the last proof, the
decomposition theorem yields

m.Cp/p = @ Cpo,[—2U(7)] € Derl()B)<P/Qwa(C)'

zeEWQ, w

Actually, the decomposition theorem in its full strength is not needed here.
We can also use that 7 is a fibration with typical fibre Q,,/B, and apply
the Leray-Serre spectral sequence, which degenerates on page two by parity
vanishing: The cohomology of both @Q,,/B and P/B is concentrated in even
degrees. This implies

W;gP/B = @ H'(Qu/B,C) & QP/Qw[_i]-

1EL
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Combined with the equality

H'(Q./B,C)=EHC

wEWQ w
2l(z)=t

we obtain our statement. By [SW16, Lemma 6.6.], 7, 1p/5 and 1p/o, are
pointwise pure of weight zero. This implies

Homyirpers(x) (72 1p/8, 1p/q, (n)[20](i)) = 0 and
Homyrpers(x) (1p/q., (7)[20] (1), T 1p/5) = 0

for all i # 0, n € Z, using [SW16, Corollary 6.3]. Hence there are isomorphisms

Homyirpers(x) (72 1p/8, 1p/q, (1)[21])

_HomDer ) (P/Qu,C) (W CP/B>(CP/Q (n )[Qn]) and
Homarrpers(x) (177, (7)[20], 7.1 p/5)

_HomDer ) (P/Qu,C (QP/QU,(”)[QH]?W;QP/B)'

So we can transport the projections and embeddings from the direct sum
decomposition of 7,C p/p to 7, 1p/p and obtain

Tlps = D I, (—l(x))[=2(x).

xEWQﬂU

Admittedly, this argument is awkward, and there should be a much more
direct proof using a motivic version of the Leray-Serre spectral sequence.

3.3 Soergel modules

The category of stratified mixed Tate motives on a flag variety has a completely
combinatorial description as the bounded homotopy category of Soergel
modules. In this section we aim to give a description of geometric parabolic
induction on the level of Soergel modules, i.e. fill out the question mark in
the diagram

MTDer(g)(P/Qu) — 9 MTDers)(G/Q)

i §

Hot’(H(P/Q.,)-Smod%*”) —— Hot’(H(G/Q)-Smod%*")
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3.3.1 Erweiterungssatz, Tilting and Soergel modules

Let (X, S) be an affinely Whitney-Tate stratified variety. Then the hyperco-
homology functor is defined by

H : MTDerg(X) — H(X)-mod™* M+ @D Homy(x) (1x, M(i)[j]) ,
1,JEL
def
where H(X) = H(1x).

Theorem 3.3.1.1 (Erweiterungssatz). Let X € Var(C) be a partial flag
variety. Then the hypercohomology functor

H : MTDer(g)(X)y—o — H(X)-mod”

is fully faithful on weight zero stratified mixed Tate motives.

Proof. See [Gin91] for a proof using mixed Hodge modules. All the proof
really relies on is a six functor formalism and a theory of weights. It hence
also holds in our setting as spelled out in [SW16, Theorem 8.4]. ]

Definition 3.3.1.2. The modules in the essential image of H are called
(graded) Soergel modules, so that H induces an equivalence of categories:

H : MTDer(z)(X)w—o —— H(X)-Smod™*

between weight zero stratified mized Tate motives and the category of evenly
graded Soergel modules over H(X) denoted H(X)-Smod®*,

Remark 3.3.1.3. Let X = G/Q. Abbreviate C' = H(G/Q). Then the category
C'-Smod” is generated by modules of the form

C®C~9n “ e C®051 C

for simple reflections s;, with respect to finite direct sums, taking direct sum-
mands, shifts and isomorphism. This corresponds to the next Lemma and the
fact that for regular X = G/ B all simple perverse motives in MTDerg)(G/B)
can appear as (shifts of) direct summands in the motives modules

! ! 1
T Tl - - T T Ut |

where 7; : G/B — G/(BU Bs;B) is the projection and i, : B/B — G/B the
inclusion of the point.
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Lemma 3.3.1.4 ([Soe90] Theorem 14). Let B C Q' C @ C G be parabolic
subgroups and let m: G/Q" — G /Q be the projection. Then there are natural
isomorphisms of functors

Hr* = H(G/Ql) ®H(G/Q) H and

~ H(G/Q)
Hr, = ResH(G/Q,) H.

Corollary 3.3.1.5 (Corollary 9.4 [SW16]). Let X = G/Q be a flag variety.
There are equivalences of triangulated categories

MTDer(p)(X) —+ Hot?(MTDer(p)(X )=o) —= Hot’(H(X)-Smod**")

where A denotes the tilting equivalence, see Theorem 3.1.2.20.

Proof. The proof uses that for partial flag varieties all objects in MTDer(g) (X )w—o
are additionally pointwise pure. ]

3.3.2 Cohomology rings of flag varieties

There is a completely explicit description of the cohomology ring of flag
varieties, due to Borel. In this section we describe how this is compatible with
respect to the inclusion P/Q. — G/Q.

Lemma 3.3.2.1. Denote by X(T') the character lattice of the torus T C G
and by
S =8S(X(T) ®z C)

the symmetric algebra of its complexification. Then the following diagram of
short exact sequences commutes

0 0

| l

S(SY) —— S(S)

[ [

S—— S

lcl * lcl

H(G/B) —% H(P/B)

l l

0 0
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where ¢y denotes the map induced by the first Chern class of a line bundle
induced by a character of T.

Proof. H(G/B) and H(P/B) are the de Rham cohomology groups of G/B
and P/B and this is the classical Borel image. The diagram commutes since
pullback of line bundles and taking Chern classes commutes. [

Lemma 3.3.2.2. Let Q C G be a standard parabolic. Then the following
diagram commutes

def def
Ce = (S/5(SM)Ve —— (5/S(SY))er = Cf,

! !

H(G/Q) - » H(P/Q.)

Proof. The isomorphism C’g >~ H(G/Q) is established by identifying the
image of the injection

7 H(G/Q)— H(G/B)

with the We-invariants in S/S(S%Y), where 7 : G/B — G/Q denotes the
projection, see [BGG73|. The same holds for H(P/Q.) and the statement
follows by h, m = mh, and Lemma 3.3.2.1. O

3.3.3 Geometric parabolic induction and Soergel bi-
modules

The regular case

Recall that B C P C G was a parabolic subgroup. Abbreviate
C=Cg = H(G/B) =2 S(X(T) ©z C)/(S(X(T) @z C)YY).

This is a graded ring, living in even and positive degrees. Denote for a graded
module M its n-th shift by M(n), such that

(Mn))' = M+,

For a simple reflection s, denote by C® the s-invariants. Then C* C C'is a
Frobenius extension, and we denote by

R . 505C3C0:C2)—0—. ..
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the complex of graded Soergel bimodules over C' known as Rouquier complex.
Here C'®¢s C'(2) lives in cohomological degree 0, and the map is the unit of the
adjunction between Res& (—(1)) and C ®¢s —(1). For a reduced expression
w =8, s of we W, we define a complex of graded Soergel bimodules by

Rw déf Rsl Rc - Q¢ Rsn.

Denote by

de
Res lef Resg B
B

the functor associated to the morphism C' — C& discussed in Section 3.3.2.
In the rest of this Chapter we will-—among other things—prove that on the
level of graded Soergel modules, geometric parabolic induction for regular flag
variety

GInd,, : MTDery(P/B) — MTDer)(G/B)

is given by the functor
SInd,, et Ry, ®c Res(—).

Theorem 3.3.3.1. Let w be a shortest coset representative in Wp\W and
w = 8,581 a reduced expression. Then the following diagram of functors
commutes up to natural isomorphism

MTDer g)(P/B) clnde s MTDer z(G/B)

s s

Hot"(MTDer(z)(P/B)wo) Hot”(MTDer(5)(G/B)w=o)

) |+

Hot?(C5 -Smod?*") Sindy » Hot"(C'-Smod?*”).

Proof. Postponed. ]

The singular case

Now let B C @ C G be another parabolic subgroup. Let w be a shortest coset
representative in Wp\W/Wy. Recall that Wg ., = Wp N wWow™! and let
m = |Wp,|. Then there are natural maps

Ce—»C=Cf« CE+CP
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On the level of graded Soergel modules, geometric parabolic induction for
partial flag varieties (or better an m-fold direct sum of shifted copies of it)

@D Gind, (~)(~I(2))[~2(x)] : MTDer s (P/Q.,) — MTDer s (G/Q)

xEWP,w

is given by the functor
0 de Q
Stnd;, “ Resg” R ®cCF @pgu (-)

Theorem 3.3.3.2. let B C () C G be another parabolic subgroup. Let w be
a shortest coset representative in Wp\W/Wq. Let w = s, ---s1 a reduced
expression. Abbreviate

Glnd, = @ GInd,(-)(—1(x))[-2(x)]

TEWQ w
Then the following diagram of functors commutes up to natural isomorphism

GlIndy,

MTDer g (P/Q.) » MTDer(5)(G/Q)

N| Ja

Hot?(MTDer(g)(P/Qu)w=0) Hot”(MTDer 5)(G/Q)w—0)

| |+

@
Hot?(C'%" -Smod%) Sndw » Hot’(C¥ -Smod™").

Proof. Denote by 7 : G/B — G/Q and ©' : P/B — P/Q,, the projections.
Then on the one hand we have

m GInd,, 7" = GInd,, (7" = GInd,, = @ GInd,, (—)({(x))[2l(x)]

xGWQyw

by Theorem 3.2.5.1. On the other hand

Q
HAm, GInd,, 7* = Resc® HA GInd,, 7
Q
=~ Resc® Ry, ©cHAR"
~ ca B
= SInd HA
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where we use that 7, and 7/, commute with tilting, since 7’ is proper and

smooth (Theorem 3.1.2.22), and that under the hypercohomology functor
Q
H, 7, corresponds to Resgc and 7* to C®08’ see [S0e90, Theorem 14]. Now

m = T, since 7 is proper and 7* = 7' (—d)[—2d] since 7’ is smooth, where d
denotes the relative dimension of 7’. But d is exactly the length of the longest
word in Wg ,,, hence

7. Glnd, 7 =~ @ Glnd,(—)(I(z) — d)[21(z) — 2d]

CKEWQ,U,

= @ GIndy(-)(~l(z))[-2!(=)]

zeEWQ,w
and the statement follows. O

Unfortunately, up until this point, we do not know how to get rid of the
m-fold direct sum. In the case w = e though, the following theorem gives a
complete answer:

Theorem 3.3.3.3. Let w = e. The following diagram of functors commutes
up to natural isomorphism

GInd,=h, .
MTDer g)(P/Q.) ———— MTDer ) (G/Q)
Js Js
C'2° -mod Hes » C% -mod

Proof. Let M € MTDerp)(P/Q.). By definition we have

H(he M) = @D Homya/q) (1a/q; he M (i)[4])
1,JEL
= P Homr(psq.) (hilasq, M(i)[])
1,JEL
= P Homr(pyq.) (Lrsq., M(0)]j])
1,JEL

= H(M)
and the statement follows from Lemma 3.3.2.2. ]

Corollary 3.3.3.4. The following diagram of functors commutes up to natural
1somorphism
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GInd.=he .

MTDer(p)(P/Q.) » MTDer(5)(G/Q)

N s

Hot’(MTDer(p)(P/Quw)w=0) Hot’(MTDer(5)(G/Q)w=0)
le llH
Hot®(C'2° -Smod?) Res > Hot’(CF -Smod?)

Proof. Follows from Theorem 3.3.3.3. We use that h, is a closed embedding,
and hence h. , = h. acts on the homotopy categories of weight zero motives
by pointwise application, see Theorem 3.1.2.22. O

Proof of the regular case
The proof mainly relies on Theorem 3.2.4.1 and an induction on [(w).

Proof of Theorem 3.3.3.1. First assume that {(w) = 0, then w = e and the
statement is Corollary 3.3.3.4.
Now let ws > w with both ws and w shortest representatives in Wp\W.
Assuming that the statement holds for w, we show that it holds for ws.
Denote by A the tilting equivalence. Let 7 : G/B — G/(B U BsB) be
the projection. Let M € MTDerp)(P/B). We have the following diagram of
distinguished triangles:

HA GInd, M — HA#'m GIndy M —— HA GInd,,, M —1

| o] |

HA Glnd, M~ € ®c. HA Glnd, M(2) —— HA GInd,, M —1s

(Q)lz (Z)lz H

SInd, HAM —— C ®¢s SInd,, HAM (2) —— HA GInd,,, M —

The first triangle is given by Theorem 3.2.4.1.
(1) Since 7'm commutes with A by 3.1.2.22. On Soergel modules 7' is
given by C ®c¢s (2), see [Soe90, Korollar 2].
(2) This is the induction hypothesis.
(%) This is given by the adjunction homomorphism by Theorem 3.2.4.1.
We hence have the following isomorphism

HA GInd,, M = Cone(SInd,, HAM — C ®¢- SInd,, HAM (2))
=R, ®c SInd,, HAM
— SInd,, HAM
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where by Cone we denote the mapping cone. This is indeed a natural isomor-
phism by the discussion in Section 3.2.4 and Lemma 2.3.4.5. [
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Chapter 4

Main Results

4.1 Setup

4.1.1 Lie algebras and groups

We recall and compare some of the notations of Chapter 2 and 3. Let g D b D b
be a reductive Lie algebra with Borel and Cartan subalgebra. Denote by
G D B DT a Langlands dual algebraic group over C, i.e a group such that
the root system with simple roots associated to Lie(G) D Lie(B) D Lie(T)
is dual to the one of g D b D h. The Weyl group W and simple roots S
corresponding to g D b and G D B are hence identified. Now let

bCp—I
BCcP—L

be corresponding parabolic subgroups/algebras with their Levi factor, i.e.
Wp = W,. Let X\ € h* be a dominant integral weight. Then the stabilizer of
A with respect to the dot action W, ) is generated by simple roots. Hence A
corresponds to a standard parabolic subgroup

BcQcag

with W, » = Wg. We also have equalities Wg ., = Wp NwuWow ™ = Wiy,
for w € W shortest coset representatives of Wp\W/Wg.
We can naturally identify
H(P/Quw) = CE" = (S(X(T) ®7 C)/(S(X(T) ©7 C)}")) e

— (S(5)/(S(H) "))
= O = End (P)

73



74 CHAPTER 4. MAIN RESULTS

and similarly

H(G/Q) = C& = (S(X(T) ®2 C)/(S(X(T) @5 C)¥))"e
= (

(
S(h)/(S(h)%"))"
C} = Endg(P")

where we use the natural identification X (7T') ®; C = (h)* = b.

Furthermore, their categories of (graded) Soergel modules, which we had
defined as the essential image of projective modules and weight zero stratified
mixed Tate motives under Soergel’s functor V and the hypercohomology
functor H, respectively, coincide. By this we mean, that functor v, forgetting
the grading, restricts to a functor

v: H(P/Qy,)-Smod”®® — End((P"*)-Smod

and every module on the right hand side can be lifted, i.e. has a preimage
under v. The same statement holds for G/Q and g.

4.2 Results

4.2.1 Geometric Parabolic Induction and Parabolic In-
duction

Combining the results from Chapter 2 and 3, we obtain our main theorem.

Theorem 4.2.1.1. Let A € b* be a dominant integral weight and Q) C G the
corresponding standard parabolic subgroup. Let w € W be a shortest coset
representative in Wp\W/Wqo = W\W,/Wyx. Let n = [Wia| and

Glnd, = @ GInd,(-)(—1(x))[-2(x)]

zEWQ w

Then the following diagram commutes up to natural isomorphism
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MTDer ) (P/Qu) ——29 4 MTDer)(G/Q)
A LA
Hot"(MTDer p)(P/Quw)w=0) Hot"(MTDer5)(G/Q)w=0)
H | U H

b Qwv Z.,ev %g b Q ~ 7.ev
Hot”(CE* -Smod™*") Hot”(Cg& -Smod™*")
b wv)\ mi b :\’

Hot”(C{"* -Smod) » Hot”(C; -Smod)
V;U'*Az z/\vg
Hot?(Proj O,,(1)) Hot®(Proj O,(g))
/\2 2/\

(Indg)ED"

Der® (O, (1)) » Der’(Ox(g))

Proof. The upper and lower rectangles are Theorem 3.3.3.2 and 2.3.4.2. By
definition vSIndg = SIndfﬂv and the statement follows. O

Remark 4.2.1.2. Unfortunately, we will not prove that the corresponding
diagram with just Indy and GInd,, and without the direct sum commutes.
But let us sketch a possible approach. In the next Section 4.2.2 we will show
how a Krull-Remak-Schmidt argument allows to get rid of the direct sum for
the restrictions of the (geometric) parabolic to the heart of a t-structure on
the categories and show that the following diagram of functors commutes (up
to natural isomorphism):

MTDer(g)(P/Q.)° <224 MTDer(s)(G/Q)%

L I

Ind?
Ow~>\([) ’ > O)\<g)

Now it would suffice to show that the following diagram of functors commutes

Der’(MTDer () (P/Qu)%) <224 Der®(MTDer 5)(G/Q)%)

ereal llreal

MTDer(g)(P/Qu) —2 s MTDerz)(G/Q)
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where the upper horizontal arrow is given by pointwise application of the
(t-exact) functor GInd,,. This is true by using for example [Bei87, Lemma A
7.1] or [Lur, Theorem 1.3.3.2]. Both results require the existence of a lift of
GInd,, to some upgraded category of motives; an f-category in the former
and a stable oo-category in the latter. Since GInd,, = h,, . pr, is defined using
the six functors, this lift exists. Introducing the necessary notation would go
beyond the scope of this thesis. We hence omit a formal proof.

For regular weights everything just works fine.
Corollary 4.2.1.3. Let A € b* be a regular integral dominant weight and

w € W be a shortest coset representative in Wi\ Wj then the following diagram
commutes up to natural isomorphism.

MTDer z)(P/B) Ghde __ MTDer(s)(G/B)
Der®(O(1)) o » Der’(Ox(g))

4.2.2 Graded Parabolic Induction

The main goal of this section is to use our results to show that parabolic
induction for integral blocks of category O is gradable (see [Str03, Definition
3.3]), which means that there is a functor I;l\dg making the following diagram
commute up to natural isomorphism

Opa(h) — OX(g)

and fulfilling ﬂl\dg (n)y = <n>ﬂ1\dg, where OZ denotes the graded category O as
defined in [BGS96] and (—) denotes the shift of grading.
Graded category O (for a fixed block) is constructed by establishing a
grading on the ring
A = Endp(P)

where P denotes a (minimal) projective generator of the given block and
then defining graded category O as the category of finitely generated graded
modules over A.



4.2. RESULTS 7

O% def mod”- A
O, Hom+(P’_)> mod- A

This grading on A is established by realizing it as Ext-ring of a certain complex
of sheaves on the Langlands dual flag variety.

Let us explain what this concretely means in our setting. See [SW16, Sec-
tion 11] for a reference. Fix a dominant integral weight A and the corresponding
standard parabolic ). Denote by

P = EB Py(z - A) € Ox(g) and
xEWg/W51A

L= @ IC,ecMTPer)(G/Q)u=o
:CEW/WQ

the sum of the indecomposable projectives and the sum of simple weight zero
perverse stratified mixed Tate motives ZC, supported on Bx(Q)/Q), respectively.
Denote by

A = End,(P) and
A" = P Homy ) (L, L(D)[21]) .

€L

By showing V(Py(z - \)) = H(ZC,) as C& = Cy-modules and using Soergel’s
Erweiterungssatz and Struktursatz, one sees that in fact A = A’. This puts a
grading on A. To be compatible with [BGS96|, we redefine this grading to
be even, i.e. we want the shift (#)[2i] to correspond to (2i), or in other words
Ab; = Homy /gy (L, L(7)[2i]) and A5, = 0. Then the graded category O is

defined by
def

O%(g) = mod?- A’
Denote by B = B’ the algebras analogously defined for P/Q,, and O,,.,(l).
The tilting equivalence from Theorem 3.1.2.20 can also be stated as an
equivalence

A : MTDer(p)(G/Q) = Der’(mod?*- A)

as discussed in Remark 3.1.2.21. This equivalence equips MTDer)(G/Q)
with a t-structure, which is the Koszul dual of the perverse t-structure, see
[SW16, Section 1.4]. We denote its heart by MTDer(z)(G/Q)%. Hence mixed
stratified Tate motives on the flag variety provide a geometric realization of
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the evenly graded category O
MTDer5)(G/Q) = mod™- A’ = O (g)
MTDer(B)(P/Qw)O ~ modZev. B! o Oi’.e;([)
and we can use our geometric construction to show that parabolic induction
is gradable.

Theorem 4.2.2.1. Let A be a dominant integral weight. Then there is a
functor Indy compatible with the shift of grading (n), making the following
diagram commute

Proof. In the notation of Theorem 4.2.1.1 consider the following diagram.

MTDer ) (P/Q.) Gindw » MTDer5)(G/Q)

Der’(mod%<'- B') & Der®(mod%ev- 4’)

Der’(mod- B) —%— Der’(mod- A)

~ ~
2 2

n a\Pbn
Der (O (1)) (ndy) » Der’(Ox(g))

The functors v on the very left and right are defined as in Theorem 4.2.1.1
and the functors v in the middle are forgetting the grading and using the
isomorphisms A = A’ and B = B’. In fact, the trapezia on the left and
the right commute (up to natural isomorphism). See Remark 4.2.2.2 for
an expanded version. Both F' and G denote the functors induced by the
equivalences. Then by definition

F=F{i))® - ®F(i,)
G=a"
split into direct summands. G is clearly t-exact since Indj is, hence we are pre-

cisely in the setting of Proposition 4.2.2.3, which gives us a natural equivalence
of functors vFy = Gov and thereby a commutative diagram
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MTDer g)(P/Qu) Glndw s MTDer z(G/Q)°

O (1) = modZev- B~y modZev- A’ = 0% (g)

. J . E .

mod- B o s> mod- A

Indg

Clearly Fy commutes with the shift of grading, since it is induced by GInd,, =
h,.. pr},, which commutes with (i)[2i]. So Fy is a grading of parabolic induction
for the evenly graded category O. This can be easily extended to the whole
graded category O since O = Q% ¢ O%ev(1). ]

Remark 4.2.2.2. The following diagram commutes (up to natural isomorphism)

Hot?(MTDer(z)(G/Q)w=0) +—a—— MTDer(z)(G/Q)

| !

~

HOtb<<ICx EXS W)Z.!(g)/g])) — Derb(modZ— A"

H|? l

~

reW)

Cg -mod?

Hot’((H(ZC,) oz ) Der’(mod?- H(A"))

v v
2
2

Hot!((vH(ZC,) | = € W)58 ™) = Der’(mod- vH(A'))

l l

CgA -mod

Hot’((VPy(z - \) |2 € W), ) —— Derb(mo;l— V(A))

4 4

% l

Hot"((Py(z - A) |2 € W)2W) —=— Der’(mod- A)

| l

Hot’(Proj Ox(g)) = > Der’(0,(g))
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where the horizontal arrows are the obvious equivalences and we denote

H(A) % P Hom g 2 (HL, HL(2i)),
i€EZ ¢
JH(A) < P Hom g .4 (VHLL, vHL(2i))
€L
= Endcg moq(VHL) and
V(A) Y Endey noa (VP).

Proposition 4.2.2.3. Let A and B be finite dimensional graded C-algebras
and
v: A-mod” - A-mod and B-mod” — B-mod

be the functors forgetting the grading. Assume that there is a diagram

Der’(B-mod”) —— Der®(A-mod?)

L |

Der’(B-mod) —%— Der’(A4-mod)

commuting up to natural tsomorphism, and that F' commutes with the shift of
grading. Then the following statements hold.

1. F is exact with respect to the standard t-structure if and only if G is.
2. Assume that F splits into a direct sum
F=F{))® @ F(i,).

of shifted versions of a functor F. Then F is exact if and only if F is
exact.

3. Assume that F and G are exact and that there are functors F, G such
that

Denote the induced functors on the heart of the t-structure by Fy, Go, Fo,
Go. Then the following diagram commutes up to natural isomorphism
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B -mod? i A-mod”

I

B-mod L A-mod

Proof. (1) Denote by H!(C') the i-th cohomology of a complex C. Then
clearly H'(vC) = vH!(C) for all C' € Der’(A-mod?), Der’(B-mod?). Since
the standard t-structure is defined by vanishing conditions on cohomology,
the statement follows.

(2) As in (1).

(3) Since by assumption and points (1) and (2) F and G are exact, they
restrict to the hearts of the t-structure, which are naturally isomorphic to
A-mod?, B-mod?, A-mod and B-mod, respectively. So the diagram makes
sense. Now clearly Gy, Gy, Fy and F, are exact functors. By a graded version
of the Eilenberg-Watts Theorem [Wat60], this implies that there are natural
isomorphisms

Fo 2 M ®p — and
Gy = N ®p —

for the (graded) B-A-bimodules M = Fy(B), N = Go(B) and hence
F() = @M<Z]> Xp — and
J
Gy 2 N @p —.

By assumption, there is a natural equivalence Gyv = vFj and hence

v( M) = v(@ M(i;)) = N®",

Now decomposing both v(M) and N into a finite direct sum of indecompos-
ables and applying the Krull-Remak—Schmidt theorem implies that there is
an isomorphism

v(M)= N

and hence a natural isomorphism
G()U = UFo.

The statement follows. O
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Appendix A

Deutsche Zusammenfassung

Graduierte Parabolische Induktion Sei g D b D § eine reduktive Lie-
Algebra mit einer Borelschen and Cartanschen Unteralgebra. Fixiere eine
parabolische Unteralgebra g D p D b und nenne ihren reduktive Levi-Faktor
p — [. Bezeichne mit W, D W, die Weyl-Gruppen von g und [.

Das Ziel dieser Arbeit ist die Konstruktion einer graduierten und ge-
ometrischen Version von parabolischer Induktion fir Moduln in der BGG-
Kategorie O:

Ind? : O(l) = O(g), M — U(g) Ruy) Res] M.
Wir werden unter anderem beweisen:

Theorem (Theorem 4.2.2.1). Sei A\ € h* ein dominantes integrales Gewicht
und w der kiirzester Reprdsentant einer Nebenklasse in W\W,. Dann ex-

wstiert ein Funktor I;l\dg, sodass das folgende Diagramm (bis auf natirlichen
Isomorphismus) kommutiert

Oq%-,\([) — O%(g)

und sodass I;l\dg (ny = <n>1?1?13, wobei (—) die Graduierung verschiebt.

Hier bezeichnet v : O% — O die graduierte Kategorie O, (siehe [Soe90] und
[BGS96]). In den Worten von [Str03], wo dhnliche Fragen fiir Verschiebungs-
funktoren diskutiert werden, impliziert dieses Theorem, dass parabolische
Induktion (zumindest fiir integrale Blocke) graduierbar ist. Wir konstruieren

Iﬁag mit geometrischen Methoden, die wir nun beschreiben.

83
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Geometrische Parabolische Induktion Beilinson und Ginzburg erklaren
in [BG86], wie die gemischte Geometrie von Fahnenvarietéten eine Graduierung
von Kategorie O induzieren sollte: Sie vermuten eine derivierte Aquivalenz
zwischen jedem einzelnen Block von Kategorie O% und einer Kategorie von
gemischten Garben auf einer assoziierten Fahnenvarietit. Diese Vision wurde
in [S0e90], [BGS96] und schlussendlich [SW16] realisiert, wo eine Aquivalenz
von Kategorien (bis auf das Hinzufligen einer Wurzel des Tate-Twists)

MTDer z)(G/Q) = Der’(O%(g))

zwischen stratifizierten gemischten Tate-Motiven auf einer (partiellen) Fah-
nenvarietit G /@ fiir die Langlands-duale algebraische Gruppe G/C und einem
(singuldren) Block O%(g) konstruiert wird. Diese Aquivalenz ist in der Tat
eine Form von Koszul-Dualitat: die perverse t-Struktur auf der linken Seite
korrespondiert zu der Koszul-dualen t-Struktur auf der rechten Seite, und
umgekehrt.

Stratifizierte gemischte Tate-Motive sind bestimmte konstruierbare mo-
tivische Garben. Sie verhalten sich ahnlich wie gemischte /-adische Garben
und gemischte Hodge-Moduln (mit dem Vorteil, dass die Tate-Motive C(n)
nicht erweitern). Sie sind insbesondere mit einem Sechs-Funktor-Formalismus
ausgestattet, den wir fiir die Konstruktion einer geometrischen Version von
parabolischer Induktion benutzen konnen.

Theorem (Theorem 4.2.1.1 and 4.2.2.1). Sei A € b* ein reguldres integrales
Gewicht und w der kiirzeste Reprdasentant einer Nebenklasse in Wi\Wj,. Dann
kommutiert das folgende Diagram (bis auf natirlichen Isomorphismus)

MTDer(s)(P/B) — s MTDer(z)(G/B)
! !
v Der®(OF (1)) Der’(O%(g)) |v

I L

Der’(Opa(l) —— %, Dex(O(g))

Hier korrespondiert G D P D B zu g D p D b und der Funktor GInd,, =
hyy « pr',, den wir geometrische parabolische Induktion nennen, ist definiert
durch

P/B 2 PwB/B <™ G/B.

Tatséchlich beweisen wir eine allgemeinere Aussage, die auch singulare
Gewichte A € h* beinhaltet. Mit ihr konnen wir beweisen, dass parabolische
Induktion auch in diesem Fall graduierbar ist.
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Soergelsche Moduln Zum Beweis dieser Theoreme benutzen wir die kom-
binatorische Beschreibung von derivierten Blocken der Kategorie O und strati-
fizierten gemischten Tate-Motiven auf Fahnenvarietaten durch die Homotopie-
Kategorie von Soergelschen Moduln.

Seien C' = H*(G/B,C) — C' = H*(P/B,C) die Kohomologieringe von
G/B D P/B. Fiir einen reduzierten Ausdruck w = s,,...s1 € W, definiere
den folgenden Komplex von Soergelschen Bimoduln iiber C

R, L Rs, ®c -+ ®c Rs,,, wobei

R . 50502 0®C02) —0—....

Wir werden zeigen:

Theorem (Theorem 2.3.4.1, 3.3.3.1 und 4.2.1.1). Sei A € b* ein dominantes
requldres Gewicht und w der kiirzeste Reprdasentant einer Nebenklasse in
WA\W,. Dann kommutiert das folgende Diagramm (bis auf natirlichen Iso-
morphismus)

MTDer(s)(P/B) Cbde s MTDers)(G/B)

AVZ ZVA
Hot"(MTDer g (P/B)u=o) Hot’(MTDerp)(G/B)w—o)
HVZ 2VH
Hot’(C” -Smod®*") Sndy Hot’(C -Smod®*")
Hotb(C';’—Smod) Sndy > Hotb(C::Smod)

o] T
Hot®(Proj O,.1(1)) Hot’(Proj O, (g))
. P
Indg

Der’ (O (1)) > Der’(Ox(g)).

Hier bezeichnet SMod® die Kategorie der (graduierten) Soergelschen Moduln
und

SInd,, : C'-Smod”™® — C'-Smod™*’, M ~ R, ®c Res&, M.
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Auch hier beweisen wir eine allgemeinere Aussage, die auch singulare
Gewichte A € h* beinhaltet. Unsere Beweisstrategie ist die folgende: Zuerst
zeigen wir die Aussage fiir w = e. Das ist der einfachste Fall, da hier Indj
projektive Moduln auf ebensolche abbildet und GInd, exakt beziiglich der
Gewichtsstruktur ist. Dann analysieren wir die Interaktion von (geometrischer)
parabolischer Induktion und der (geometrischen) Verschiebung durch die
Wand. Ein Vergleich der Resultate beweist dann den allgemeinen Fall mit
einer Induktion iiber die Lange von w.
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