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Preface

In this work, we present the development of a numerical algorithm, which calculates a de-
sign of experiments to allow for optimal discrimination of different hypothetic candidate
models of a given dynamical system for the most inappropriate parameter configurations
within a parameter range. The collectivity of design conditions is novel and motivated
by a real biological experimental setup. The statistical discrimination criterion is worked
out rigorously for these settings. The underlying problem can be classified as a semi-
infinite optimization problem, which is solved in an Quter Approzimations approach.
The algorithmic framework is applied to two example problems for the calculation of
optimal experimental designs. Additionally, it is applied to design a Circadian Rhythm

to set its period in a robust optimal way:.
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CHAPTER 1

Introduction

Finding suitable models for dynamic systems is an important task in natural science.
On the one hand a correct model helps to understand the underlying mechanisms on the
other hand one can use the model to predict the behavior of a system under various cir-
cumstances. In particular in modern systems biology a related issue is to link molecular
attributes to dynamic mechanisms and functional properties at the system level in order
to mechanistically understand emerging functionality. For these purposes, mathematical
modeling, numerical simulation and scientific computing techniques are indispensable.
Quantitative modeling closely combined with experimental investigations is required if
the model is supposed to be used for sound mechanistic analysis and model predictions.
Typically, before an appropriate model of a system is found different hypothetical mod-
els might be reasonable and consistent with previous knowledge and available data. The
main goal now is to find the best suited model out of different hypotheses. This is usu-
ally done by iterative measurements and successive fitting of the different models to the
collectivity of all series of measurements. This is repeated until all inappropriate models
do not fit to the collectivity of all series of measurements any more. Thus the inappro-
priate models are iteratively falsified. The whole process is called model discrimination.
In the process of model discrimination the question arises in which way the sequential
experiments have to be designed such that the goal of discarding inappropriate models
is achieved best.

In this application oriented scientific computing research work we develop a numerical
algorithm, which calculates in a suitable sense an optimal design of experiments, which

allows the best discrimination of different hypothetic canditate models of a given dy-
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namic system modeled by ordinary differential equations (ODEs). Different approaches
to design experiments for model discrimination exist. Besides optimization methods (see
e.g. [71, 40, 116, 68]) a model-based feedback controller see e.g. [7] and Markov chain
Monte Carlo sampling methods [81] have been used to construct an appropriate design.
An overview of different experimental design techniques can be found in [69]. In this
work, the motivation for such an algorithm comes from the cooperation with a group of
experimental biologists, working on the reconstruction of the provitamin A biosynthetic
pathway in an in vitro biphasic system [129, 128]. Therefore, the design conditions are
specifically taylored to the needs of their experimental setup. The design comprises
initial values, system perturbations and the optimal placement of measurement time
points. The number of measurements as well as the time points are subject to design.
The parameters of the models up to an estimated confidence region are generally not
known a priori. Therefore, one has to incorporate possible parameter configurations
of different models into a model discrimination algorithm leading to the need for ro-
bustification. The statistical discrimination criterion is worked out rigorously for these
settings. A derivation from the Kullback-Leibler divergence as optimization objective is
presented for the case of discontinuous Heaviside-functions modeling the measurement
decision, which are replaced by continuous approximations during the optimization pro-
cedure. The resulting problem can be classified as a semi-infinite optimization problem,
which we solve in an Quter Approzimations approach stabilized by a suggested homo-
topy strategy whose efficiency is demonstrated. We choose the Outer Approximations
approach, since beside the fact that convergence can be proven, at each iteration of the
Outer Approximations algorithm a worst case design is calculated. Therefore, although
the current design might not be optimal, it can be used reliably for practical application.
This behavior is especially beneficial in a biological setting, since often due to complex
experimental setups and imprecise measurements the model parameters can only be
calibrated with huge variances leading to a non convex and non linear robustification

space.

1.1. Results and new contributions

Results and new contributions are shortly presented in this section. Parts of this work
have been published in [105, 73, 104] and an electronic preprint is published in [106, 107]

(the later one is a revised version).

e The algorithm for the numerical calculation of optimal experimental designs, which
is developed in this work, is specifically tailored to a real life experimental situation.

To our knowledge, this special scenario is not considered in existing literature.




1.2 — Outline of this thesis

Especially, the need to determine the best time point for a measurement and
to simultaneously determine the optimum number of measurement time points
does not seem to be considered satisfactorily in literature despite the fact that
these demands seem natural. Therefore, a new optimization criterion for optimal
experimental design in the context of model discrimination is rigerously derived

utilizing discontinuous Heaviside-functions in an attempt to face this requirements.

e This new optimization criterion leads to a discontinuous semi-infinite optimization
problem and thus it is not possible to solve this optimization problem by standard
optimization approaches, directly. To remedy this fact a smoothing approach,
motivated by a similar approach in [132], is applied. The consistency of this
smoothing approach is theoretically validated. It should be mentioned that the
optimization scenario, presented in [132], differs in two ways. First, in [132] only
the unconstrained case is considered. Whereas in our case, inequality and equality
constraints have to be tackled, as well. Second, the optimization problem, we face,
is semi-infinite. To our knowledge, it is the first time that a smoothing approach

is applied in this scenario and is theoretically validated.

e We solve the semi-infinite approximation utilizing the well known Outer Approxi-
mations scheme. Each finite subproblem within the Quter Approzimations scheme
is solved by an Interior Point optimization algorithm. Modern Interior Point al-
gorithms are robust even under weak constraint qualifications and therefore highly
suited for this type of problems. To improve robustness of the Outer Approxima-
tions scheme, we suggest a heuristic homotopy method, which is similar to the one

presented in [93].

e A BDF-integrator has been implemented with the capability to calculate higher
order sensitivities in forward and reverse mode based on the sophisticated frame-

work of Internal Numerical Differentiation [25, 26].

e The whole framework for model discrimination, which is developed in this thesis,
has been implemented in a software package using the third party software packages
IPOPT [124, 127] and CppAD [19, 18].

1.2. OQOutline of this thesis
This work is organized as follows:

Chapter 2 (Theory of model discrimination).

In this chapter, we first give a short introduction to optimal experimental design in the
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context of model discrimination. In particular, we introduce Kullback-Leibler-optimality
as discussed by Lépez-Fidalgo et al. [77]. The design conditions are stated. Based on
Kullback-Leibler-optimality, we formally derive our optimization objective function lead-

ing to a discontinuous optimization problem.

Chapter 3 (Theory of the solution of minMax optimization problems).

The resulting optimization problem of interest for the calculation of an optimal experi-
mental design, which is solved numerically, can be classified as a semi-infinite inequality
and finite equality constrained optimization problem (SIECP). Therefore, in this chap-
ter we briefly present the theoretical basis for the solution of SIECPs, i.e. necessary
first order optimality conditions. The concept of a continuous optimality function is
introduced, which gives a measure of the degree of optimality in respect to the first
order optimality conditions. Prior to that, an equivalent first order optimality condition
for finite inequality and equality constrained optimization problems (IECPs) is intro-
duced together with a related continuous optimality function. Based on the concept of
optimality functions, the mathematical derivation of a consistent discretization scheme
for the numerical solution of a SIECP, namely the Quter Approximations scheme, is

finally shown.

In Chapters 4, 5 and 6, the elementary numerical techniques, which are indispensable for

the numerical calculation of the resulting optimization problem of interest, are presented.

Chapter 4 (Automatic Differentiation).

In this chapter, we give a brief introduction to Automatic Differentiation (AD) utilizing
truncated Taylor series propagation in forward and reverse mode. Hereafter, we treat
the special case of AD of solutions of parametrized nonlinear equations, i.e. implicitly

defined functions.

Chapter 5 (Calculating numerical solutions of Ordinary Differential Equations

and Sensitivity Generation for Ordinary Differential Equations).

In this chapter, we treat the numerical solution of ordinary differential equations (ODEs).
More precisely, we present the implementation details of a Backward Differentiation
Formula (BDF) method based on Nordsiek array interpolation. This is a numerical in-
tegration method, capable to solve stiff ODEs. Based on the sophisticated framework of
Internal Numerical Differentiation [25, 26], we subsequently present the implementation
details of algorithmic strategies for the numerical calulation of sensitivities within the
implemented BDF method.
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Chapter 6 (Nonlinear Programming).

This chapter treats the numerical solution of nonlinear programming (NLP) problems by
use of a primal-dual Interior Point method. The conceptual idea, the barrier approach,
is briefly sketched.

Chapter 7 (Numerical Calculation of Robust Optimal Experimental Design).

In this chapter, we first state the formal discontinuous optimization problem for the cal-
culation of an optimal experimental design. Since this problem is not directly solvable
by the Outer Approzimations scheme as presented in Chapter 3 (due to the discontinu-
ities in the optimization objective), the optimization problem is first approximated by a
smoothed continuous version depending on smoothing parameters. This smoothing ap-
proach is presented and the theoretical aspects of this smoothing approach are discussed.
Hereafter, the application of the Quter Approzimations scheme to the smoothed contin-
uous optimization problem is worked out. Finally, we discuss a homotopy approach to

numerically stabilize the Quter Approximations scheme.

Chapter 8 (Numerical results).

We have applied the algorithmic framework for the calculation of optimal experimental
designs to two example problems for which we present results in this chapter, namely
to models describing glycolytic oscillations and to models describing signal sensing in
dictyostelium discoideum. Additionally, we have applied the algorithmic framework to

design a Circadian Rhythm in order to set its period in a robust optimal way.

1.3. General notation

The i-th element of a vector = of an n-dimensional vector space is written as z, i.e.
with superscript indices. The exponentiation of a scalar value a by the power of b is
also written as a’. If the i-th element of a vector z is exponentiated by the power b, it
is written as (ﬂ:’)b to prevent ambiguity.

Additionally, for a sequence {y;}32, we denote by
yi ="y

that {y;}jex C {y;}52, converges to y. For a scalar sequence {z;}72 the limit superior
is denoted by lim zj and the limit inferior is denoted by lim z;. These notations are taken
from [91].







CHAPTER 2

Theory of model discrimination

2.1. Introduction to model discrimination

Experience has shown that a modelling approach firmly based on experimental data can
lead to the generation of valuable biological knowledge [115, 100, 17].

To discriminate a set of candidate models against a given set of experimental data, often
likelihood ratio tests based on bootstrap methods are applied [63, 114, 117]. Ranking
methods like Stewart’s method [112, 66, 20] or the well known Akaike information cri-
terion [30] are popular as well in the field of biological modeling.

In contrast to these approaches this work deals with the problem of designing experi-
ments so that statistical methods of this type can be exploited in an optimal sense.
This differs from the approach to find an experimental design to best estimate the pa-
rameters of a model for a given experimental system in the sense of criteria characterizing
the confidence regions [67, 15, 13].

The conceptual methodology presented here goes back to ideas of Hunter and Reiner
[65], they state ... choose the experimental points which,. .., will most strain the incor-
rect model in its attempt to jointly explain the previous data and the new observation.”
Atkinson and Fedorov summerized in 1975 [11] a statistically rooted optimal design
criterium for model discrimination, the so called T-optimum design. The T-optimum
design is based on the assumption that the observations y;; € R can either be explained

by nonlinear regression model 7 (x, 01) or ny(x,02) of type

Yik = 77(55@) +er 1=1,...N, k=1,.... R;, (2.1)
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where the design points x;, ¢ = 1,..., N, are known and the random variables ¢;; are
independently normally distributed with zero mean and constant variance 2. The
index k =1, ..., R;, enumerates R; repeated measurements at the design point x;.

Assuming that the first model is true, that is n;(x) = 11 (z, 0;), the optimization objective

for a T-optimum design is given by
N
= pifme(w:) — ma(i,02) ),
i=1

where

N
> pilme(wi) — ma(wi, 02) ) = inf Zp@{m (i) — n2(i,02) )
i=1

with the design £y containing probability weights p; for the observations at points x;.

Tlyeeey TN
£N = )
p1,--,PN

N
Zpi =1
i=1

l.e.

The design é n for which

Ao(én) = sup Ao(En)

is called T-optimum. The T-optimum design provides the most powerful F-test for lack
of fit of the second model when the first is true [10]. Instead of analyzing such Maxmin

problems of finding a design for N discrete trials, it is more convenient to replace

N
> pifm(a) = m2(wi, 02)}
i=1

/ (me() — ma(, Bo(E)) 26 (d),

with
05(€) := arg min /{m — ol 02)}2E(dx),

02€02

where £ is a normed measure defined on the design region X and assuming that ég(f)

exists. This leads to the Maxmin optimization problem

As(€) = up As(8). (2.2)
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With the assumptions
(a) X compact and n;(z,6;), j = 1,2, continuous on X,
(b) nj(x,0;) differentiable with respect to 6; on ©;, j = 1,2,

(¢) The optimal design ¢ satisfying (2.2) is regular, i.c.

/{m —1a(x,02)¢(dx)} = inf /{m — n2(x,02)€(d)},

02€02

has a unique solution 65 when &= { ;

the following theorem states the necessary and sufficient optimality conditions of the

optimization problem (2.2).
Theorem 1 (Theorem 1 in [11]). Given the preceeding assumptions:

(i) A necessary and sufficient condition for a designé to be T-optimum s the inequal-
ity
(@, €) < Ao(€) Vi € X,
where
Ya(2, &) = {m(x) — m2(z,02) };
(ii) at the points of the optimum design 1/12(36,5) achieves its upper bound;

(iii) for any non-optimal design &, i.e. a design for which Ay(€') < Ag(€), it holds

sup a(2,€) > Ag(€);

zeX
(iv) the set of T-optimum designs is convex.

A proof of this theorem can be found in [43].

In the literature [10, 43, 11, 12] one can find two common classes of algorithms to
compute such T-optimum designs.

First, the following iterative algorithms for the computation of a T-optimum design:

Algorithm 1 (The algorithm is taken from [11]).

(i) Let &s be the design at iteration s. Find xs11 according to

Tzz)2(xs+1a gs) = sup ZZ)Q(x, gs)

reX
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(ii) Compute the next design as

§s11 = (1 — as)és + asé(wsy1),

where £(x541) is a design with respect to a single point measure in Tsi1.
as has to be a sequence of one of following forms:

(a) any sequence which satisfies

[o.¢] o0
ag — 0, g Qg = 00, E a§<oo;
s=0 s=0

(b) as mazimizes Ao((1 — a)és + a&(xs41));

(c) if DNa(&s) > Ag(Est1), s is taken as min(as, as—1/5), for >0 fized, with

stzoo and limagz=0, as s— oo.

Details can be found in [11].

The second common class of important algorithms to construct discriminating designs
are the sequential algorithms leading to designs which are asymptotically T-optimum
and which give at each trial the largest increase in the expected value of the sum of

squares of differences between the responses of the two models.

Algorithm 2 (The algorithm is taken from [11]).

1. Given an initial nonsingular design {n, (a design is called singular if its informa-
tion matrixz is singular [43]), where Ny is the number of observations. Find the

estimates él N, and égNO satisfying
No No
— Gjeej i—1

2. The point xn,+1 s found for which

{771 (xNoJrl’ élNo) —n2 (xNoJrl’ é2N0)}2 = glea/\},{{nl (:C, élNo) -2 (:C, éQNo)}Q

holds.

10
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3. The (No + 1)st observation is taken at Ty,y1.

4. Repeat steps 1 to 3.

For details we refer to [10, 43, 11, 12].

A generalization of the T-optimum design to the case of multiresponse heteroskedas-
tic regression models of type (2.1) was given by Ucinski and Bogacka [119, 120] in 2004
called generalized T-optimality.

2.2. KL-optimal design

In this section a model discrimination criterion based on the Kullback-Leibler (KL) di-
vergence called KL-optimality as discussed by Lépez-Fidalgo et al. [77] is introduced.
Lépez-Fidalgo et al. [77] demonstrate that KL-optimality is consistent with T-optimality
[11] and generalized T-optimality [119].

We introduce the concept of a probability space and formally define the KL-divergence.
Definition 1. A probability space is a triple (Q,]—" , P) consisting of

e o non-empty set Q0 (sample space),

e o o-algebra F C P(Q), E € F is called an event,

e a probability measure P : F — [0, 1].

Definition 2. Two probability spaces (Q,]—',Pi>, 1= 1,2, are called absolutely contin-
uous with respect to each other, in symbols Py = P, if # E € F : (P(E) = 0 AND
P,(E)#0) OR (Pi(E) #0 AND Py(E) =0).

The Radon-Nikodym Theorem allows a representation of a probability measure via a

measurable probability density function.

Theorem 2. (Radon-Nikodym)
Let A be a probability measure such that A = Py, A = P5. Then \-measurable functions
fi: Q= Ri=1,2, called generalized probability densities, exist which are unique up

to sets of measure zero and non-negative, such that

F(E) = /E fi@)dr@), =12,

for all E € F.

11
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A proof of this theorem can be found e.g. in [22].

In the following, we use X for the generic variable and = for a specific value of X.
If H;, i = 1,2 is the hypothesis that X is from the statistical population with probability
measure P;, the mean information for discrimination in favor of H; against Hy given

x € F € F, for Py is given by the Kullback—Leibler divergence.

Definition 3. Kullback-Leibler (KL) divergence

IR I
PiE) J, % B

1 fi(x) .
_) B /Efl(x) log f2(x)d)\(:n) if Pi(E)>0,
0

I(1:2,FE): =

if P(E)=0,

with
dP(z) = fi(z)dA(z).

When E is the entire sample space §), we shorten the notation to Z(1 :2) and omit the

region of integration. For discrete sets E the integral is substituted by a sum.

For details we refer to [70].

Now assume that the sample space €2 is split into two disjoint sets Fq7 and Fs, ) =
FEy U E5. We define a statistical test procedure to choose between hypotheses H; and
Hy by accepting Hy if x € Ey and accepting Hs if x € Fy. Assuming that one of the
hypotheses has to be true we treat Hy as the null hypothesis and call E; the critical

region. The following wrong test decisions can occur.

Definition 4. Incorrectly accepting Hi although Ho is true is called type I error. The

probability that this error occurs is given by
o = PI‘Ob(CE € E1|H2) = PQ(El)

Definition 5. Incorrectly accepting Ho although Hy is true is called type II error. The

probability that this error occurs is given by
b= Prob(m € E2|H1) = Pl(EQ)

We assume that the test is repeated n-times and denote by O, a sample of n inde-
pendent observations. (O represents a sample of a single observation. [, is defined as

the corresponding probability of an error of type II which depends on the number of

12
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independent observations and the splitting of the corresponding probability space €2 into

disjoint sets E; and Fj.

The following theorem demonstrates an asymptotic relation between the KL-divergence
and the minimum possible probability 8 of an error of type Il with respect to all possible
splittings Fy U By = Q with given « = Prob(z € E1|Hs2) = Py(E7) [37].

Theorem 3 (Theorem 3.3 in [70]). For any value of a, say g, 0 < ap < 1,

o ()" - e
A proof of this theorem is given in [37, 70].
Assuming probability models for the outcome of a data measurement experiment de-
pending on experimental design parameter ¢ € = C R?, this theorem justifies the KL-
divergence to be an appropriate objective functional for model-based computation of an
optimal experimental design for discrimination between model hypotheses. For a design
with the largest possible value of Z the asymptotical probability of encountering an er-
ror of type II 3} becomes minimal with respect to all possible splittings £ U Ey = )
with given ag. We indicate the dependency of the KL divergence on the design by
Z(2:1,01;¢). Our aim is to derive an algorithm to calculate the optimal design é €=
such that

£ = argrélea:xI@ :1,015€).
An extension of the case to test a simple null hypothesis against a simple alternative
hypothesis to the more general case of both hypotheses being composite is generally of
interest. This includes the situation to test if given measurement data can be explained
best by the parametrized probability measure P, parametrized by parameters ¢, € 0
where ©1 C RP! is the set of all possible parameter values to parametrize P;, against
the hypothesis that the measurement can best be explained by P,, parametrized by
parameters o € O where Oy C RP? is the set of all possible parameter values to
parametrize Ps.
In the following, we assume that the parameters 6 € ©9 of P, are known but not the
parameters 01 € ©1 of P of the alternative hypotheses. We denote the dependency of
the KL divergence on the parameter vector §; € ©1 by Z(2: 1,01;€,61). By calculating

A~

= in Z7(2:1,01;&,0 2.3
§ argr?eaaxerlréléll ( ) 17&7 1)7 ( )

we can get a robust worst case estimate of an optimally discriminating design for the

case of a composite alternative hypothesis.

13
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2.3. Derivation of the optimal experimental design criterion

In this section we derive a numerically computable optimization objective functional
based on the framework of KL divergence. The derivation is motivated by the require-
ments of biological in vitro time series experiments modeled by kinetic ODE systems. In
most situations such experiments are time and cost consuming. Therefore a central issue
is to get the most information out of a single time series data measurement experiment
taking place within a given fixed time span [0, 7°"4]. This means that in an optimal ex-
perimental design the most informative measurement time points for one measurement
run have to be calculated in such a way that only one measurement at one time point
can be performed. Often, an experiment cannot produce measurements in a time con-
tinuous way. Therefore we assume that there has to be a minimal time span AT for the
separation of measurement time points. Additionally, the initial species concentrations
of the participating species should be chosen in a most discriminating way.

A commonly used practice is to combine kinetic time series measurements with pertur-
bation stimuli like external adding of species quantities. From the model discrimination
point of view the optimal time point of perturbation and the optimal species quantities
to be added should be determined. We further assume that a measurement cannot be
done at the same time as a perturbation.

In the following, we translate these experimental conditions into a statistical model.
Given the measurement time-vector ¢t € R’} with entries t' for the n measurement time
points t',i = 1,...,n such that "1 > ¢!, the model response vectors at measurement

time ¢* for hypotheses H j» 7 = 1,2 are given by
Yji = yj(ti_l,ti,yj7i_1 + Cz‘—179j), 1=1,..,n, j=1,2

where y;(t7 1t yji-1 +cim1,0;) € R™, i =1,...,n, j = 1,2 is the solution of the initial
value problem

dy r ini n .
d—tj = fjhs(y]79])7 le [t tate d]a J = 172 (24)

with initial state y; (i) = Yji—1+ci—1 at initial time it = =1 and end time ¢t = ¢*,
i=1,...,n, j = 1,2, tg := 0 and ¢y := 0. The vectors ¢; € R™, ¢ =1,....n — 1, de-
note species quantities the experimental system can be perturbed with at time points
thi=1,...n—1. fjlfhs(-, 1), j = 1,2 are the right hand side functions of the two ODE
models. We assume autonomous ODE models [58]. yr =: y;0, 7 = 1,2, denotes the

initial species concentration of the entire experiment, which is the same for both models.

Let y: denote the vector of species concentrations of an observation at measurement time

point ¢'. By assuming that the measurements at successive time points t', i = 1,...,n,
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2.3 — Derivation of the optimal experimental design criterion

are independent with normally distributed error vectors €¢;; € R™, i =1,...,n, j = 1,2,
zero mean and variance functions (vj(ym,ti,&j))Q, i=1,...,n, j = 1,2, we get for the
regression models

Yo = vii ke = Lown, =12

the two model probability densities f1(-;-) for hypothesis H; and fa(-;-) for hypothesis
H, at measurement time point t*, i = 1, ...,n, given by
1 1 T
(i) = —— e~ 2Wiimy ) Via(yji—yu) 5 = i—1.92 25
i —e 2 t e g sy My ,2, .
f](yt yj,l) \/%h)ﬂ J ( )
with |v;| =T, vf(yjﬂ-,tiﬁj), 1 =1,...,n, j = 1,2, where vf(yj,i,ti,ﬁj) denotes the
k-th entry of the square root of the variance functions (vj(ym, t, @))2, and diagonal ma-
trices Vj; € R™*™ i =1,...,n, j = 1,2 with diagonal entries Vj]ff = (1/vf(yj,i,ti,9j))2,
i=1,.n,j=1,2k=1,..m.

We generally allow for different error models for both hypotheses. The error model
might dependent on the species concentrations y;;, i = 1,...,n, j = 1,2, the time th,

i =1,...,n, and possibly on parameters ¢;, j = 1, 2.
For the sake of notational simplicity we define

f](ytl) = fj(ytlay],l)’ 1= 15 ooy T, j = 1,2

For the full measurement run containing n measurement time points we get the proba-

bility density models
Fily) =TT fiwe), G =12
i=1

However, by assuming such a model probability distribution we still allow that two
measurements are separated by a time span less than AT'. To overcome this problem we
extend the probability spaces 2; = R, i = 1,...,n of a measurement at one measurement

time point by one-element-containing sets N;, i = 1,...,n to

Q; = QiUM, 1=1,..,n,

where ﬁl is the disjoint union of Q; and N;, i = 1,...,n. The element of the set N
with measure P(N;) € [0,1], ¢ = 1,...,n represents the event “no measurement”, i.e.

7; € N; & “no measurement performed at time point YA

15



2 — Theory of model discrimination

In order to derive measures on Qi, 1 = 1,...,n that allow a density function repre-
sentation according to the Radon-Nikodym theorem (Theorem 2), we introduce the
Heaviside-functions

H, M1 R — [0, 1]

with

, 1 iftt—¢=t > AT
H(t') = pEoto= i=1,...n
0 ift! —t-1 < AT

and ‘ ‘
0 iftt—t—1 > AT

H* (1) == { i=1,...,n

1 iftt— ¢ < AT.

By use of these Heaviside-functions and o-algebras F;, where F; contains the Lebesgue
measurable sets on §2; and additionally the union of them with the set A, we define

probability spaces (ﬁi,}}, ﬁi,j) with measures
Pij:Ei € Fi Pj(E)el0,1], i=1,...,n, j=1,2,

with respect to H; and Hy. Three cases have to be distinguished:
1. E; C Q,
2. E; C N,
3. ENQ;#Pand E;NN; #0,i=1,...,n.

For case one with E; C ; we set

For case two with E; C N; we set

Pj(E) =M ("), i=1,..,n, j=1,2

For case three with E; N €; # () and E; NN; # () we set

M8

By introducing these modifications the probability measures ZBM, i=1,...,n, 7 =12,
do not depend on measurements which are performed in less than AT after the previous

measurement any more.
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2.3 — Derivation of the optimal experimental design criterion

To take into account that a species concentration perturbation to the system can only
be applied if no measurement is done at the same time, the same procedure is repeated

with the Heaviside-functions

. 1 iftt—¢= > AT
H(t) = Bt o= i=1, ...,
0 iftt =t < AT

o (2.6)
o if # — =1 > AT
H*(t') = o i=1,..,n
if t* — =1 < AT
and
~ 0 ife;>0
H(ci) = S T
1 if C; = 0
(2.7)

_ 1 ife; >0
H(c;) = D S T )
0 lfCZZO

The measures ng, 1=1,...,n, j = 1,2 are defined in the same way as above by replacing
H (") with H(t")H(c;). One further has to exchange H*(t):

H () — (%(ti)ﬁ*(ci) + H () H(e) + %*(ti)ﬁ*(ci)> .

Inserting the two probability models into the KL divergence (Definition 3), i.e. using
A= Nm, i = 1,...,n and the additivity of the KL divergence for independent events

one gets the following expression

(2 1 Ol,f (91 [/7‘[ CZ f2 ytz)log{z ~E

VH
los {’H(tiﬂz*(ci) + H*(ﬂ)g(q) +
HEYH* (¢;) + H* () H(c;) +

where ¢, := 0. With log(1) = 0 this simplifies to

Z(2:1,04;€,601) = Z?—[(t’)?jl(cl) /fg(ytl) -log {fgtl; } dyy:. (2.8)
i=1 t

By inserting the normal distribution (2.5) in (2.8) one gets

L o3 (y2,i—yp0) " Vasi(y2,i—y,0)

N P | Vamo]] |
I(2 . 17 01755 91) - Z;H(t )H(CZ) / f2(yt1) 1Og \/71‘ _‘67%(yl,i*yti)TVI,i(yl,i*yti) dyt"
= 27 |vl
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2 — Theory of model discrimination

In the next step we obtain

n » m ’Uk i
T(2:1,01;6,61) = Z’H(ti)ﬂ(ci) (Zlog <%) + A’“) (2.9)

with

1 2 2
/ 13 (yw) [— ((y’i) — 29kt + (uf) >
(0 (2,1, 02))
1 2 2
o ((y’f,i> —2yb ki + () )] dyf:-
(vF (Y1, £, 61))
A¥ reduces using the well known moments of the normal distribution to
1 1 2 2 2 A 2
AF = 3 [— P : 2 ((ylfz) -2 (y§z> + (ylgz) + <U§(y2,i7tza92)> >
(05 (y2,0, £, 62))

1 2 2 _ 2
bt ()" bk () (mer ) )]
(VF (1,3, 1%, 61))

This further simplifies to

2 2 , )
1 <(ylfz) — 2y} y5, + <y§z> + (V5 (ya,i, ', 02)) >

2 (Ulf(y17z‘,ti,91))2

I(2 : 1,01;5,91) = Z’]—[(tl)ﬁ(cz) ilog <U]f(y1 Zat 92) +

1
2
y]f,i - ylzg,z) + (Uz (y2 i tt 92
(U]f (yl ut 91

—_
/N

This reduces to

1 & e
7(2:1,04;6,01) = 3 Z;’H(t JH(ci)-
2 ‘ (2.10)
i U2 Y2, z,t 92)) (yg,l - yfz) 91 (Ug(yli,tz,@g))
- —2log | =——"—"""2]| —m
k=1 (v} (yl,z‘,t’,Hl))Q of (g1, t7, 61)
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2.3 — Derivation of the optimal experimental design criterion

This criterion has to be maximized with respect to the initial concentrations yy := y(to),
the measurement time points ¢ and the system perturbations ¢, thus £ := (y1,t,¢) € E C
R4,

For our optimal experimental design we generally start with a large number of measure-
ment time points. By use of the Heaviside-functions the number of measurement time
points gets reduced in the sense that for ¢ —t*~! < AT the corresponding measurement

time point is “turned off”.

Remark. The Heaviside-functions can be replaced by any appropriate switching func-
tions

H () +H*(t) =1 with H/'(t), H™*(t) € [0,1]

and

H(c)+H* (c)=1 with H'(c),H*(c) € [0,1],

e.g. continuously differentiable functions.
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CHAPTER 3

Theory of the solution of minMax optimization problems

In this chapter we present first order optimality conditions for semi-infinite inequal-
ity and finite equality constrained optimization problems (SIECP) and an algorithmic
scheme to find solution points which satisfy first order optimality conditions. Several
methods to solve such STIECP are available, an overview can be found in [60, 91]. We
choose the method of Outer Approzimations [95, 103, 91], whose origin can be traced
back to cutting plane methods for convex problems [91]. This approach is beneficial in
the presence of a complex inner problem. The Outer Approximations algorithm solves
iteratively discretized finite counterparts of the semi-infinite problem in each step refin-
ing the discretization until a sufficient approximation of the original problem is reached.
The relation between the semi-infinite problem and an infinite sequence of finite prob-
lems can be formalized in the theory of consistent approximations and epi-convergence
[88, 89, 90, 91].

In the following, we first present a first order optimality condition for finite inequality
and equality constrained optimization problems (IECP). Thereafter, we present the
concept of a continuous optimality function, which gives a measure of the degree of
optimality. At a point where the first order optimality condition is fullfilled the value
of the optimality function is zero. Hereafter we present first order optimalty conditions
for SIECP and a related optimality function. At the end of the chapter we derive the
Outer Approximations scheme utilizing the concept of optimality functions for IECP
and SIECP.

We stay close to the presentation in [91], but it should be noted that the presentation

is partially extended, i.e. in Section 3.1 Corollaries 1 and 2, as well as the proofs of

21



3 — Theory of the solution of minMax optimization problems

Proposition 2 and Theorem 8 are not contained in the presentation in [91]. In Section
3.2 Corollary 4 and the proofs of the presented results are not contained in [91]. The
proof of Theorem 14 in Section 3.3, the main result of this chapter is not included in
[91], as well. To be consistent with [91], we drop the meaning of the indices as used in
Chapter 2 and use the same notation as in [91]. For preliminary definitions and results

refer to Appendix A.

3.1. Finite inequality and equality constrained optimization

problem

Definition 6 (Definition (Oc), page 167 in [91]). The problem

min {f°(z)|f/(x) <0, j € q, ¢"(z) =0, k ex}, (3.1)

where the constraint functions f7:R* = R, jeq:={1,...,q¢}, and g* : R* = R, k €
r:={1,...,7} are continuously differentiable, while the cost function f°:R" — R can

be either continuously differentiable on R™ or a max function of the form

fo(:v) 1= max ck(az),
kep

with the ¢ - R" - R, k € p := {1,...,p} continuously differentiable is called a finite
inequality and equality constrained optimization problem (IECP ).

Definition 7 (Definition 2.2.15 in [91]). Let Xig := {z € R"|¢(x) <0, g(x) =0}. We
will say that & € Xg is a local minimizer for IECP if there exists a p > 0 such that
fO>z) > f%2) for all x € X;p N B(&, p) with
W (x) = max f/(x)
JEq

and

If fO>x) > (&) for allx € X1 N B(&,p), x # &, & is called a strict local minimizer.

3.1.1. First order optimality conditions for IECP

Theorem 4 (Theorem 2.2.16 in [91]). (a) Suppose & is a local minimizer for the problem

TIECP, then & is a local minimizer for the problem

min {ﬁ(x)|g(x) - o} , (3.2)
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3.1 — Finite inequality and equality constrained optimization problem

where

Fla) = mas {°(0) = 19(0), ()} = maox { (e &) — /(@) max ) |
(b) suppose that, for any x € R™ such that both ¥(x) = 0 and g(x) = 0, there exists a
sequence of vectors {x;}2, converging to x, such that 1 (z;) < 0 and g(x;) = 0 for all
i € N. If & is a local minimizer for (3.2) such that () <0, then Z is a local minimizer

for (3.1).

Proof (Modification of the proofs of Theorem 2.2.2 and Theorem 2.2.3 in [91]).
(a) First, since () < 0, by assumption, it holds that F(2) = 0. Next, let p > 0 be the
radius associated with & (see Definition 7). Then, for all x € B(%, p) N Xg with

Xp = {z e R"|g(z) = 0},

F(z) >0, if ¥(z) > 0, and fO(z) — fO(2) > 0, if ¢(z) < 0, the latter also implies that
F(x) > 0. Hence & is a local minimizer for (3.2).

(b) First suppose that () < 0. Since 1(-) is continuous, and F(#) = 0, and # is a local
minimizer of (3.2), there exists a p > 0 such that, for all z € B(2, )N X, F(z) > 0 and
Y(x) < 0. It now follows by inspection that, for all z € B(#,p) N Xg, fO(x)— fO(&) >0,
which shows that Z is a local minimizer for IECP.

Next suppose that ¢ (#) = 0. Since & is a local minimizer of (3.2), it follows that there
exists a p > 0 such that for all z € B(2,p) N X, F(z) > 0. Now, if z € B(&,p) N X is
such that ¥(z) < 0, then F(z) > 0 implies that fO(z) — fO(2) > 0. If z € B(2,p) N Xg
is such that ¢(x) = 0 then by assumption there exists a sequence of vectors {z;}:2,
converging to z, such that ¥ (x;) < 0 and g(z;) = 0 for all i € N. Consequently there
exist i9 € N so that for all i > ig, z; € B(&,p) N Xg with ¢(z;) < 0, which implies that
F(x;) = ;) — fO(&) > 0 for all i > ig. It now follows from the continuity of f0(.)
that f9(z) — f%(2) > 0. Hence we conclude that & is a local minimizer for IECP. [

Proposition 1 (Proposition 2.2.18 in [91]). Suppose that C' is a convex, compact set in
R™ and that H is a subspace of R™. Then

R) > 0,Yh € H 3.3
rgleag@m_ , (3.3)

if and only if
CNHY#0, (3.4)

where H* is the orthogonal complement of H in R™.

Proof (The proof is taken from [91]). “=" We give a proof by contraposition. Suppose
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3 — Theory of the solution of minMax optimization problems

Figure 3.1.: Visualization for the proof of Proposition 1.

CNH* = (. Then C can be separated strictly from H* (see Theorem 19), i.e., there
exists a h # 0 such that (v,h) = 0 for all v € H*, and (£,h) < 0 for all £ € C, which
shows that (3.3) does not hold. See Figure 3.1.

“<” Suppose that there is a vector g € C N H*. Then for any h € H,

Iglgg(f h) > (g,h) =0,

i.e., (3.3) holds. O

Theorem 5 (Theorem 2.2.19 in [91]). Consider problem TECP. Suppose that the func-
tions ¢ : R® — R,k € p and the functions fi,¢' : R = R,j € q,l € r are at least
once continuously differentiable. If T is a local minimizer for IECP and the vectors
Vgl(j:),l € r, are linearly independent, then
(a) R

dF(z;h) > 0,Yh € Hp(2), (3.5)

where
Hp(2) == {h € R"|g,(2)h = 0}, (3.6)

and dF (2 h) is the directional derivative (see Theorem 24) of function F(-) at # € R"
i direction h € R™ as given in Definition 2/;

(b) there exist multipliers fi € X := {(u°, p)|p° € Ry, p € RE, Y _gp/ =1}, v e B =
{vlv e RE, 3, v =1}, and { € R" such that

p
fi° [E vk (1)
k=1

q r
+) V@) + > ¢Ve@) =0, (3.7)
j=1 =1
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3.1 — Finite inequality and equality constrained optimization problem

and

ik (@) - 12@)] + i P @) = (38)

Proof (The proof is taken from [91]). (a) Since Z is a local minimizer for IECP, it must
also be a local minimizer for the problem (3.2). Hence, for the sake of contradiction,
suppose that there is a vector h € Hpg(&) such that dF(2;h) < 0. Since the matrix
92(#) has maximum row rank, it follows from Corollary 6 that there exists a t;, > 0
and continuously differentiable function s : [0,¢;] — R"™ such that s(0) = &, $(0) = h,
and g(s(t)) = 0 for all t € [0,t,]. Let o : [0,¢,] — R be defined by o(t) = F(s(t)).
Then by the Chain Rule Theorem (Theorem 27), the directional derivative do(0;1) =
dF(d;h) < 0, and hence there exists a ¢’ € (0, ] such that o(t) < o(0) for all ¢ € (0,¢').
Consequently, for any ¢ € (0,#'), g(s(t)) = 0 and F(s(t)) < F(&) = 0, which contradicts
the fact that # is a local minimizer for the problem (3.2) and hence for the problem
IECP.

(b) Now, by Theorem 24, (a) for any h € R",

£€OF(2)
and (c),
OF (%) = conv U {ij(uﬁ), Vck(ﬁ)} ; (3.9)

j€aa(®)

k€ p(a)
with

p(z) = {k € plch(a) = /@) |

and

qa(z) == {j € q|fi(z) > 0}.

It now follows from (3.5), (3.6) and Proposition 1 that
OF (&) NHE(E) # 0.

Since the vectors Vg'(2),l € r, form a basis for H#(#), it follows that there exists

fieX), v ey, and ¢ € R” such that (3.7) and (3.8) hold with (3.8) ensuring that only

the vectors appearing in the expression (3.9) for @F(2) have nonzero coefficients in (3.7)
since [cF(2) — f9(2)] <0 and f7(z) < 0. O
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3 — Theory of the solution of minMax optimization problems

For later purpose, we now introduce the so called Mangasarian-Fromowitz constraint
qualification (M FCQ).

Definition 8. Consider problem TECP. We say that the Mangasarian-Fromowitz con-
straint qualification holds at x € R™, if the vectors V¢! (x),1 € r, are linearly independent,
and there exists h € R" such that (strictly feasible direction),

Vi(x)Th =0, ler,

and
V() 'h <0, j€qa()

Corollary 1. If & is a local minimizer for problem (3.2) with ¥(2) <0 and MFCQ is
satisfied at all points x € R™ with ¥ (x) = 0 and g(x) = 0, then & is a local minimizer
for problem TECP.

Proof. Tt is sufficient to show (Theorem 4(b)), that if z € R™ with ¢(z) = 0 and
g(x) = 0 there exists a sequence of vectors {xz;}3°, converging to z, such that ¢(z;) < 0
and g(z;) = 0 for all i € N. Be z € R" with ¢(z) = 0 and g(z) = 0. By assumption x
satisfies M FCQ and thus there is a direction & such that g, (z)"h = 0 and dv(z; h) < 0.
It follows from Corollary 6 that there exists a t; > 0 and continuously differentiable
function s : [0,#;] — R" such that s(0) = z, $(0) = h, and g(s(t)) = 0 for all ¢ € [0,#;].
Let o : [0,%;] — R be defined by o(t) = 1(s(t)). Then by the Chain Rule Theorem
(Theorem 27), the directional derivative do(0;1) = di(x;h) < 0, and hence there
exists a t' € (0,t;] such that o(t) < o(0) for all ¢ € (0,¢). Consequently, for any
t € (0,¢),9(s(t)) = 0 and ¥(s(t)) < ¥(x) = 0 and thus there exists a sequence of vectors
{x;}52, converging to x, such that ¢ (x;) < 0 and g(x;) = 0 for all i € N, O

Corollary 2. Consider problem TECP. Suppose that the functions c*: R* - R,k € p
and the functions fi,g' : R" — R,j € q,l € r are at least once continuously differ-
entiable. If T is a local minimizer for IECP and MFCQ is satisfied at T there exist
multipliers i € RY, 0 € ¥, := {v|v € RE, Z?:o vl =1}, and ¢ € R such that

and
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3.1 — Finite inequality and equality constrained optimization problem

Proof. It is sufficient to show that i° > 0 in (3.7). We proof by contraposition. Suppose
fi° = 0, then there exist multipliers 4 € ¥, := {ulp € R%, ?:0 p =1}, and { € R”
such that

q r
S V@) + > (Vg (@) =0,
j=1 =1

Since i € ¥, and MFCQ holds at & there exists h € R™ such that for all j € q with
i >0, p7Vf(2)Th < 0 and ('Vgl(&)Th =0, [ € r. It follows

T
q r
0> Y V(@) +> {vg@) | h=0"h=0,
j=1 I=1
which is a contradiction and therefore i > 0. O

Remark. In the special case p = {1} Corollary 2 restates the Karush—Kuhn—Tucker
(KKT) conditions [83].

3.1.2. Optimality function for IECP

Proposition 2. Suppose that g : R" — R", with r < n, is continuously differentiable
and that the matriz g;(x) has mazimum row rank for all x € R™. Let the set valued
function Hg(-) be defined by

Hp(x) = {heR|g,(x)h =0}

HE () is outer semicontinuous (Definition 32) and inner semicontinuous (Definition 33)

and hence continuous.

Proof. First we show that Hg(-) is outer semicontinuous using Theorem 21(a).
Let # € R™ and let {z;}°, be a sequence such that z; — &, as i — oco. Let h be a
cluster point (Definition 35) of {Hg(x;)}52,. Since & is a cluster point of {Hp(z;)}32,
it follows that there exists a {h;}2y, hi € Hp(z;) with by = h, for a infinite subset
K C N. Since g,(z)h is continuous in x and h and g¢,(z;)h; = 0 it follows that

Jim 9o(zi)hi = go(&)h =0,
and hence LimH g(z;) C He(2).
Next we show that Hg(-) is inner semicontinuous using Theorem 21(c).
Suppose that & € R™ and h € Hp(i) are given and that {z;}5°, is a sequence in R”
converging to . Clearly, we only need to show that there exist vectors h; € Hpg(x;)

such that h; — h, as i — co. Since the matrix g2 (-) has maximum row rank, there
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exists a continuous, (n — r) X n, matrix-valued function W (z) (e.g. whose rows form an

orthogonal basis for the null space of g,(x)) such that the matrix

e

Aw) = |
is continuous and nonsingular. For an x € R", let

h(z) = A~Nz)A(Z)h.

h(-) is continuous and well defined so that obviously h(z;) € Hp(z;) and

lim h(x;) — h,

i—00

thus LimH g(x;) D Hp(Z). O

Theorem 6 (Theorem 5.4.1 in [91]). Suppose that ¢ : R" x R™ — R is continuous, that
Y : R™ — 2R™ s outer semicontinuous and that the function 1 : R® — R defined by

Ble) = max (z,y) (3.10)
yeY (z)
s well defined for all x € R™. If, for every bounded set X C R™, there exists an o < 0o
such that for all x € X,

|arg max ¢(z,y)| < a, (3.11)
yeY (z)

then E() 18 upper semicontinuous.

Proof (The proof is taken from [91]). Let & € R™ be given. Let {x;}:°, be an arbitrary
sequence such that x; — &, as i — oo, and let y; € Y (z;) be such that ¥(z;) = ¢(x;, y;)
for i € N. Since the sequence {z;};°, is bounded, it follows from our hypotheses
that there exists an o < oo such that [|y;|| < « for all ¢ € N, and hence, since
#(-,-) is continuous, lim ¢(z;,y;) exists. Suppose that y;,4 € K C N are such that
lim ¢(z;,y;) = Z_l)lgloo é(x,y;) and y; = y*, as i — co. Then y* € Y(2) because Y (-) is

outer semicontinuous and hence
»(2) > ¢(2,y") = 2116% d(xi,yi) = lim ().
O

Proposition 3 (Corollary 5.4.2 in [91]). Suppose that ¢ : R™ x R™ — R is continuous,
that Y : R™ — 28" s continuous, and that the function 1) : R™ — R, defined by (3.10),

28



3.1 — Finite inequality and equality constrained optimization problem

1s well defined for all x € R™. If, for every bounded set X C R", there exists an o < o0
such that (3.11) holds for all x € X, then ¢(-) as defined by (3.10) is continuous.

Proof (The proof is taken from [91]). Since by Theorem 6, 1)(-) is upper semicontinuous,
we only need to show that it is lower semicontinuous under the stronger assumption on
Y (). For the sake of contradiction, suppose that there is a point & € R™ and a sequence
x; — &, as i — oo such that Zlgélo P (x;) exists and

lim (z;) < B(2).

Suppose that ¥ (2) = ¢(&,9) with § € Y(2). Then, since Y(-) is continuous, there
exist y; € Y(x;), i € N, such that y; — ¢, as i — oo. Since ¢(-,-) is continuous,
lim; o0 @(27,9:) = ¢(&,9). Hence there exists an ig such that ¢(x;,y;) > 9¥(z;), for all
i > ip, which contradicts the definition of ¥ (z;). O

Theorem 7 (Modification of Corollary 5.5.2 in [91]). Consider the problem
min{ f%(z)|f/(z) <0,j € q, Az —b= 0,2 € C} (3.12)

where the functions f7 : R" - R, j € q:= {0,1,...,q}, are convex (and hence contin-
uous), A is an r x n (r < n) matriz of maximum row rank, b € R", and C is a convex
subset of R™. Let Z := {7z’ € R"|2' = Ax — b,z € C} be a subset of R". Suppose that
there exists an xo € C, such that Azg—b =0 and f7(x¢) < 0 for all j € q, the minimum
in (3.12) is achieved and the zero vector 0, € R" is in the interior of Z. Let f : R™ — RY
be defined by

f@) = (1 (@), f2(@),..., f1(x)), (3.13)
let
vy = nf sup () + (, () + (G, Az —b) (3.14)
TEY pery
CeR"
and let
vg = sup inf fO(z) + (u, f(z)) + (¢, Az — b)
peER? zeC
¢eR"
Then
(a)
vp = min { fO(z)|f(z) <0,j € q, Az —b= 0,z € C} (3.15)

(b) v, = vq, and
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(¢c) there exist & € C, i € RL, and { € R", such that

vp = min fO(2) + (@, f(x)) + (C, Az — b)

zeC
= max fOF) + (i, [(2)) + (¢ AT = b) = vy (3.16)
R
and
({1, f(#)) = (C, Az —b) = 0. (3.17)

Proof (Modification of the proof of Theorem 5.5.1 in [91]).
First, since, for any = € C such that f7(z) > 0 for some j € q or Az — b # 0,

sup </,L,f(1')> + <C,A1’ - b> = 00,
peRY
CERT

it follows directly that the equality in (3.15) holds and that, if Z is a solution of (3.12),
then Z is also a solution of (3.14), to which corresponds a i and 6 satisfying (3.17).
For every x € R", let

G(a) = {7 = (",y,2) ERxRI xRy’ > fI(2), j €q, 2= Az — b}
and let G = G(C). We begin by showing (i) that G is convex and (ii) that

vp = inf sup y” + (u,y) + (¢, 2). (3.18)
yeG MGRi
CER”
(i) Suppose that g1, g2 € G and A € (0,1). Then there exist z1,z9 € C such that
7 € G(x1), y2 € G(x2), and for every j € q,
Al + (L= Ngd > A (1) + (1= N (a2) 2 (Aay + (1= Naz)
and

Az + (1 — )\)22 = A()\xl + (1 — )\)562) — b,

which shows that
Ay + (1= N)g2 € GAxy + (1 — N)za).

Since A\zx1 + (1 — A)zg € C, it follows that Ay; + (1 — N)ya € G.
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(ii) Let F: R™ — R x R? x R" be defined by

Fo(z)
Fla)=| f) [
Az —b
Then because F(C) C G,

vp = inf sup fO(a)+ (u, f(2)) + (¢, Az —b) = inf sup y”+ (u,y) + (¢, 2)

mecMERi ?eﬁwc)ueRi
CERT CeRT
> inf sup y° + (u,y) + ((, 2).
yEGueRi
CeR”

But, for every 7 € G, there exists 7 € F/(C) such that y”7 </, for all j € g and 2’ = 2.
Hence (3.18) must hold.
Next for any 2’ € C, p € R% and ¢ € R,

inf (f(z) + (u, f(x)) + (¢, Az = b)) < fO(a”) + (u, f(2)) + (¢, A’ 1),

zeC

which leads to the conclusion that, for all 2’ € C,

va= sup inf fO(x)+ (u, f(2)) + (¢, Az —b) < sup fO(2) + (u, f(a')) + (¢, Az’ — ).

ueRixeC peRY
CeR™ CeER™
Hence
va < inf sup [Oa') + (p, F(@)) + (G, Aa — b) = v (3.19)
z'eC q
HERY
CeER™

Next, we will show that the point gy, = (v7,0,0) € R x R? x R" is a boundary point of
the set G, by showing that

(6~ 153)n@+ =0, (320
where Q" = {7 = (1°,4,0) e R x R x R"|y/ < 0,5 € q}. Clearly the zero vector is

an element of <G - {gj*}) NQ™ M with Q"M .= {5 = (14°,4,0) € R x R? x R"|y/ <
0,7 € q}. Hence, if (3.20) does not hold, then there must exist a y.. € G such that

yi*_yi<0, j€q’

and z,, = 0. Since 74 € G, there exists an x., € C such that fj(m**) < yi*, for all
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j € qand Az, —b = 0. Since yJ, < 0 for all j € q, fj(x4) < 0 for all j € q, and
y?, < y? = v,. Since, by definition, y? = v, we have a contradiction of the optimality
of vp.
Since (3.20) holds and G — {7,} and Q""" are convex, disjoint sets, their closures can
be separated, i.e. there exists a nonzero vector 7 := (7%, 7,7.) € R x R x R” and an
o € R such that

(J—yu,m) >, YyeGG (3.21)

and
7,7) <a, VjeQ I (3.22)

Because 0 € (G — {g*}) N QT:HJH, it follows that o = 0. Since the R x R? x R" unit
vectors —e; = (0,0,...,—-1,...,0) € Q" for j € g, it follows from (3.22) that

<_éjua> = _7Tj < 0’ \V/j € q’

which shows that 77 > 0 for all j € q. We will now show that 70 > 0. Suppose that
70 = 0. Then (3.21) implies that

q q r

Zﬂ'j(yj —0)+ ng(zj —-0)= Zﬂ'jyj + Zﬂ'gzj >0, VyeG. (3.23)
j=1 j=1 j=1 j=1

By assumption, there exists an 2o € C such that f7(z¢) < 0, for all j € q and Azg—b = 0.

Since (f%(z0), f(20),0) € G, it follows from (3.23) that

> 7l (o) > 0. (3.24)
j=1

Since 7; > 0 for j € @, we see that (3.24) can hold if and only if 77 = 0 for all j € @.
Thus for 7 # 0, there has to be a7, € R",7, # 0 and (2, 7,) > 0, for all 2/ € Z. But this
implies that the zero vector 0, is a boundary point of the set Z which is a contradiction
to the assumption, so we conclude that 7 > 0.

We now define

and
¢=al/n je{l,....r}
Then, from (3.21), we obtain

1

F(?‘T,ﬂ—yﬁ =" 0+ (y—y) + ({2 —2) >0, VjeG. (3.25)
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Since 3 = 1, y« = 0 and 2, = 0, (3.25) yields

¥+ (i y) +((2) > vy, VG EG.

which shows that the first equation in (3.16) holds. Let Z be a solution of (3.12). Then
°(&) = vp, f(2) <0 (componentwise) and A% — b = 0. Hence

max (s, [ () = 0,
HERY

and
((, Az —b) =0, VY(eR"

therefore the second equation in (3.16) follows by inspection. Next, since F'(C) C G, it
follows that

vg= sup inf (y°+ (u,y)+(¢,2)) > sup ,incf;(yo + () + (¢, 2))

peR? IEF (@) peRr? UE
CeR” ¢eR”
> inf (4" + (1) + ((,2) = v
7€G
In view of (3.19), it follows that v, = v4, which completes the proof. O

Corollary 3 (Corollary 5.5.3 (b) in [91]). Consider the minMax problem

mrrelIiRr}L {Y(z)|Ax — b= 0}, (3.26)

where Y(z) = maxjeq f(z), and suppose, that for all j € q, the functions f7 : R™ — R
in (3.26) are convex, with at least one of them bounded from below, and that A is an

n x r (r <n) matriz of maximum rank. Then

min {¢(z)|Az — b = 0} = min max{(u, f(z)) + (¢, Az — b)

xER™ zeR™ pnedly
oo (3.27)
= i Ax —b
Lrtrg;;gﬁgw,f(w» + (¢, Az —b)
CER”
Furthermore, there exist an £ € R", a i € X4, and a é € R", such that
min (i, f(z)) + ((, Az — b) = max (g, f(2)) + (¢, A2 — b)
TER™ HEX,
CER™ (3.28)

= (i1, f(2)) + (C, A& — b).
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Proof (Modification of the proof of Theorem 5.5.3 (a) in [91]).
Consider the problem

. 0 ¢j 0 .

(xo’xr;nelﬂgxw{x |f7(z) —z” <0,j €q, Az —b=0}. (3.29)
For any = € R", let ¢(z) := max;jeq f?(z). Then we see that & solves (3.26) if and only
if (¢(z), ) solves (3.29). Let zp € R™ with Azg —b = 0 and € > 0 be arbitrary, and
let 20 = (x) + €. Then we see that f/(xg) — 2% < —e < 0 for all j € q, and, since
all the functions in (3.29) are convex, it follows that all assumptions of Theorem 7 are
satisfied. Hence it follows from Theorem 7 that, if (¢/(Z),2) solves (3.29), then there
exist multipliers i € R%, ¢ € R" such that

. N N . 071 _ ; _
oin (Y(@)lde —b=0} =  inf up @ (1 ;/ﬂ) + (p, f (@) + (¢, Az — b)
CeR”
q
= (@)1 =Y i) + (@, f(&)) + (C, Az — b)
j=1

<

=sup inf 2%(1= ) )+ (u, (@) + (¢, Ax D).
per? (z0.2)ERXR™ ( ; )+ (s f (@) + )
CeR”

(3.30)

Since infyocg 2%(1 — ?:1 @) = —oo, whenever (1 — ?:1 ) # 0, it follows that
?:1 /¥ =1 must hold in (3.30) for the values to be finite. Hence fi € 3, and (3.30)
reduces to (3.27) and (3.28).

O

Theorem 8 (Theorem 2.2.24 in [91]). Consider problem TECP. Suppose that the func-
tions cf(:),k € p, fI(-),j € q, and g() are all continuously differentiable and that the
matrixz g, (x) is of mazimum row rank for all x € R™. Let~,d > 0, and let the optimality
function 0 : R™ — R be defined by

xX) = min max § max Ck X)) — 0 xXr) — X Ck X
o) =, i {imax {pax(c!(2) = 7(0) = yu(a)s + (VeH(@). 1)) .

(1) — 0(e)+ + (V7). W} + olbIE ).
with
V() 1= max{0,v(x))

for any z € R™.
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3.1 — Finite inequality and equality constrained optimization problem

Then, (a) 0(x) <0 for all x € R™; (b) 6(-) is continuous; and (c) for any x € R™ such
that ¥(x) < 0 and g(x) = 0, O(x) = 0 if and only if there exist multipliers i € 22,
v e, and C € R" such that (3.7) and (3.8) are satisfied.

Furthermore, an alternative expression for 0(x) is given by

x:—min—opl/kckx—ox— T
() {MLZ (@) - (@) wm}]
CeR”

- qu AEHORTON (3.32)

q r
+> WY@ +) (Vi ()
=1

J=1

Ll oS~ b
+2—5,U,L;VVC($)

Proof. (a) Let w(x, h) be given by

(o) = {mae { (e (o) = 1°(a) = o) + (T2, 1),

kep

wan(1(2) — 0(e)+ + (V7)WL + alhIP ).

Obviously w(z,0) < 0, it follows for any x € R™ that 6(x) < 0.

(b) w(+,-) is obviously continuous. From Proposition 2 it follows that H g(-) is continuous.
Now, to fulfil the requirements of Proposition 3, to show that (-) is continuous, it is
sufficient to show that for every bounded set X C R” there exists a constant a < oo
with

arg min w(x,h)| < a,
Jarg, min_w(a.h)]

for all z € X.
First, because X is bounded and the functions f*(-) and c¢*(-) are all continuously
differentiable, V f*(-) and Vc¥(+) are bounded as well. Looking at the problem

minw(x, Th),
TER
for a given z € X and h € Hg(z) with h # 0 and without loss of generality ||k = 1, we
see that 7 = arg miﬂrgw(:v, Th) is given by
TE

1
A . k z 2
7 = arg 1;1161[%<Vc (), Th) + 25H7'hH
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or
» 1
P = in(V f/ h) + =d||7h|?
# = argmin(V f(z), 7h) + 3l 7h,
for the contributing k£ € p or j € q. Therefore, 7 is either given by 7 = —w or by
T= —M. It follows that 7 is bounded and therefore there is a constant « with

I arg min  w(z,h)|| < a,

cHp(z)

and hence 6(-) is continuous.
(c) First w(z, h) is obviously bounded from below with respect to h and convex with
respect to h. We define the scalar functions fﬁ(:ﬂ, h),jep+q:={1,...,p,p+1,...,p+

q} by

Fita ) = & (@) = () = vb(a) s + (VO (@), ) + S0P, Vi €,
and .

FItP(x, h) = f(x) — ()1 + (VI (2),h) + §5thl2, Vi € q.
We see that now

() = min max { (e, h)|g-(x)h = 0}. (3.33)

By use of Corollary 3 and the fact that

- Lepna €
argmin(¢, h) + 58[[A]" = —=.

we see that (3.33) transforms to (3.32). By use of (3.32) we directly see that (c) holds. [

3.2. Semi-infinite inequality and finite equality constrained

optimization problem

Definition 9 (Definition (1c), page 368 in [91]). The problem
min{¢°(2)|¢ (z) <0,j € q:={1,...,q},9(x) =0},
where the functions 7 : R" = R, j € q:={0,1,...,q}, are of the form

W (x) := max ¢/ (z,y;),

Y €Y
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3.2 — Semi-infinite inequality and finite equality constrained optimization problem

with the functions ¢/ : R™ x R™ — R and the sets Y; CR™, g:R" = R", with r <mn,
is called a semi-infinite inequality and finite equality constrained optimization problem
(SIECP).

In contrast to the preceding section v (z) is now defined by

Y(x) := max ¢’ (x). (3.34)
J€Eq
Definition 10 (Definition 3.2.1 in [91]). Let X;p := {z € R*|¢I(2) <0, j € q, g(z) =
0}. We will say that & € X1g is a local minimizer for SIECP if there exist a p > 0
such that °(z) > (&) for all x € X;p N B(Z,p) with

If ¥0(x) > ¥O(2) for all x € X1 N B(#,p), v # 2, & is called a strict local minimizer.

Assumption 1 (Assumption 3.1.1 in [91]). We will assume that,

(i) for all j € q, the functons ¢/ (-,-) are continuous and their gradients V¢ (-,-) exists
and are continuous.

(i) the subsets Y; C R™ are compact, and

() the function g(-) is continuously differentiable, and its Jacobian g,(x) has mazximum

row rank for all x € R™,

3.2.1. First order optimality conditions for SIECP

Theorem 9. Suppose that & is a local minimizer for the problem SIECP, then T is a

local minimizer for the problem
min{F(z)|g(z) = 0}, (3.35)

where

Fi= max{y°(z) — (&), (@)}, (3.36)

Proof. First, since ¢ (&) < 0, by assumption, we see that ﬁ(@) = 0. Next, let p > 0 be
the radius associated with Z. Then, for all z € B(Z, p) N Xp with

Xg = {z € R"g(x) = 0}, (3.37)

if 1(x) > 0, then F(z) > 0, and if () < 0, then ¢°(z) — 1°(&) > 0, which also implies
that F(z) > 0. Hence # is a local minimizer for (3.35). O
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Theorem 10. Consider problem SIECP. Suppose that Assumption 1 is satisfied and
that, for any x € R™ such that both ¥(x) = 0 and g(x) = 0, there exists a sequence of
vectors {x;};2, converging to x, such that ¢ (x;) < 0 and g(z;) =0 for alli € N. If & is
a local minimizer for (3.35) such that (&) <0, then I is a local minimizer for SIECP.

Proof. Since Assumption 1 holds, with Y;(x) : R* — 28" and Yj(z) := Y is constant
and thus continuous and Yj is compact and thus bounded for all j € q, it follows from
Proposition 3 that 7 (z), j €  are continuous and thus () is continuous as well.
First suppose that ¥ (&) < 0. Since #(-) is continuous, and F(#) = 0, and Z is a local
minimizer of (3.35), there exists a p > 0 such that, for all z € B(&, p)NXp, F(z) > 0 and
Y(z) < 0. Tt now follows by inspection that, for all # € B(Z,p) N X g, ¥°(z) —¢°(2) > 0,
which shows that Z is a local minimizer for SIECP.

Next suppose that (&) = 0. Since & is a local minimizer of (3.35), it follows that there
exists a p > 0 such that for all z € B(2,p) N Xg, F(z) > 0. Now, if # € B(&,p) N X is
such that ¥(z) < 0, then F(z) > 0 implies that ¢°(z) — (%) > 0. If # € B(#,p) N Xg
is such that ¢(x) = 0 then by assumption there exists a sequence of vectors {z;}2,
converging to x, such that ¥ (x;) < 0 and g(z;) = 0 for all ¢ € N. Consequently there
exist i9 € N so that for all i > ig, z; € B(&,p) N Xg with ¢(x;) < 0, which implies that
F(z;) = ¢0(x;) — ¢°(2) > 0 for all i > 4. It now follows from the continuity of 1°(-)
that 1°(z) —°(2) > 0. Hence we conclude that & is a local minimizer for SIECP. [

Theorem 11 (Theorem 3.2.16 in [91]). Consider the problem SIECP defined in Def-
inition 9. Suppose that Assumption 1 is satisfied. If & € R™ is a local minimizer for
SIECP, then

(a) first,
dF (& h) > 0,Yh € Hp(#), (3.38)

where

Hp(z) :=={h € R"|g.(z)h = 0}, (3.39)

and dF(&;h) is the directional derivative (see Theorem 25) of function F(-) at & € R™
in direction h € R™ as given in Definition 24;

(b) and second, there exist a multiplier € R” such that
—92(2)7C € OF (), (3.40)

and hence there exists a

q
pexs) =3l '’ eRy, peRy, > =1
=0
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such that ! .
—g:(2)7C €)W op (@), (3.41)
7=0
and .
> i (@) =0, (3.42)
j=1

where @ :={0,1,...,q}.

Proof. (a) Since Z is a local minimizer for STECP, it must also be a local minimizer for
the problem (3.35). Hence, for the sake of contradiction, suppose that there is a vector
h € Hp(#) such that dF(&;h) < 0. Since the matrix g,(2) is of maximum row rank,
it follows from Corollary 6 that there exists a t;, > 0 and continuously differentiable
function s : [0,t,] — R™ such that s(0) = 2, $(0) = h, and g(s(t)) = 0 for all ¢ € [0, t5].
Let o : [0,t,] — R be defined by o(t) = F(s(t)). Then by the Chain Rule Theorem 27,
the directional derivative do(0;1) = dF(2;h) < 0, and hence there exists a t’ € (0, ]
such that o(t) < o(0) for all ¢t € (0,t'). Consequently, for any ¢t € (0,t'),g(s(t)) =0
and F(s(t)) < F(2) = 0, which contradicts the fact that & is a local minimizer for the
problem (3.2) and hence for the problem SIECP.

(b) Now, by Theorem 25 (c) for any h € R",

£€OF (2)
and
OF (%) = conv U conv U (V. (@,9)} |, (3.43)

j€({0}uqa (2)) yeY;(2)
with

aa(z) = {j € al¢ (z) > 0},
and

Yi(x) == {y € Vj|¢/ (z,y) = ¢/ (2)},

for j € q.

It now follows from (3.38), (3.39) and Proposition 1 that

OF (&) NHE(E) # 0.

!Note that (3.41) holds if and only if there exist vectors &; € 9’ (&), j € g, such that

Zufg—fgz:% )¢
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Since the vectors Vg!(#),1 € r, form a basis for H3(#), it follows that there exists (eR"
such that

—g.(8)TC € OF (2). (3.44)
The expressions (3.41) and (3.42) follow by inspection. O
We now formulate an extension of Theorem 11, i.e. an alternative way of stating (3.40)
with (3.43) that does not involve the active index set qa (Z) and the sets of maximizer

?J(i“), j € {0} Uqga (). This reformulation of Theorem 11 is used for the construction

of an optimality function in Theorem 13.

Theorem 12. Suppose that Assumption 1 is satisfied and that & € R™ with (z) < 0
and g(z) = 0. Then,
(a) & satisfies (3.40) if and only if there exists a multiplier ¢ € R" such that

(_g ?@)T€> € GF (1), (3.45)

where GF(x) C R™! has elements denoted by € = (€°,6)T, with € € R, £ € R", and is
defined by

GF(z) := conv U Gl (z) |, (3.46)
Jjea
with
- YO (x) = ¢°(x,yo) + vw<x>+> }
Gy (z) = , 3.47
Y (x) := conv yOLJYO { < .6 (2. o) (3.47)
v > 0 an arbitrary parameter, ¥4 (x) := max{0,¢(xz)}, and for j € q,
= i ¢($)+—¢j($ayj)
Gy (x) := , ; 3.48
Wy =eom| U { < . ) } (3.49)

(b) the set-valued map GF(-), defined by (3.46), is continuous and bounded on bounded
subsets of R™.

Proof. (a) 7 =7 Suppose that Z satisfies (3.40). Since ¥ (&) < 0 and therefore
WO(@) = (&, y0) +1(2)+ =0, yo € Yo(d),
and for every j € qa,

D(@)s — ¢ (2,y;) =0, y; € Y;(@),
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it follows that the set

Gi={z=(¢ e R =0, € OF(3)}

— A 0 ~
is a subset of GF'(&). Since by (3.40) there exists a ¢ € R" such that ( A> € G,

it follows that (3.45) must hold.
7 <7 Now suppose that (3.45) holds. Since

¢O(j) - QSO(“%’yO) +77/)(i)+ > Oa Yo € YYO,

and for every j € q,
P(@)y — ¢ (2,y;) 20, y; €Y,

because by assumption ¢ (z) < 0, it follows that the vector < A> in R**! can

0
- - _g:v(j)TC
be only a convex combination of vectors ¢ = (£9,¢) € GF(2) such that €2 = 0. Hence
we conclude from (3.45) and (3.46) that

0 —
| € conv U conv U { < ; ) } C GF(z).
<_gf(x)T<> je({0}Uaa (@) Ve (@) Vot (2,y)

It now follows by inspection that (3.40) holds.
(b) The continuity and boundedness of GF(-) follow directly from Theorem 23 and
Corollary 5. O

For later purpose we now introduce the so called extended Mangasarian-Fromowitz con-
straint qualification (EMFCQ).

Definition 11. Consider problem SIECP. We say that the extended Mangasarian-
Fromovitz constraint qualification holds at x € R™, if the vectors Vgl(x),l € r, are

linearly independent, and there exists h € R such that (strictly feasible direction),
Vgl(x)Th=0, ler, (3.49)

and
A (w;h) <0, j € qalz). (3.50)

Corollary 4. If & is a local minimizer for problem (3.35) with 1¥(z) <0 and EMFCQ
is satisfied at all points © € R™ with 1(z) = 0 and g(x) =0, then T is a local minimizer
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for problem SIECP.

Proof. 1t is sufficient to show (Theorem 10), that if z € R™ with ¢(z) = 0 and g(z) =0
there exists a sequence of vectors {z;}?°, converging to x, such that ¢ (z;) < 0 and
g(x;) =0foralli € N. Be x € R" with ¢(z) = 0 and g(x) = 0. By assumption x satisfies
EMFCQ and thus there is a direction h such that g.(z)"h = 0 and di(z;h) < 0.
It follows from Corollary 6 that there exists a t; > 0 and continuously differentiable
function s : [0,¢;] — R™ such that s(0) = z, 5(0) = h, and g(s(t)) = 0 for all t € [0,2;].
Let 0 : [0,t;] — R be defined by o(t) = (s(t)). Then by the Chain Rule Theorem 27,
the directional derivative do(0;1) = de(z;h) < 0, and hence there exists a ' € (0,t5]
such that o(t) < o(0) for all t € (0,¢'). Consequently, for any ¢ € (0,t'), g(s(t)) = 0 and
P (s(t)) < ¢(2) = 0 and thus there exists a sequence of vectors {z;}7°, converging to z,
such that ¢ (z;) < 0 and g(x;) = 0 for all : € N. O

3.2.2. Optimality function for SIECP

Theorem 13 (Theorem 3.2.18 in [91]). Consider the problem SIECP (Definition 9)
and suppose that Assumption 1 is satisfied. Let the optimality function 6 : R™ — R be
defined by

Oa) =, min max(i (.2 + 1) ~°(x) — () dloa + )~ v(@)), (35)

where ) (x, x + h) is given by

- ) ) 1
¢(z,x + h) := max max{¢’ (z,y;) + (Va¢’ (z,y;), ) + = 6[|h]*},
j€a y;EY; 2

and Y°(x,x + h) is given by
7.0 0 0 1 2
¢ (@, + h) = max{¢"(z,y) + (Vad (z,9), h) + 50| A7},
yeYp 2

Y(x)y is given by
Y(x)+ = max{0,¢(z)},

and Hg(x) is defined as in (3.39) and v > 0 and 6 > 0 act as parameters. Then,
(a) (x) <0 for all x € R,
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3.2 — Semi-infinite inequality and finite equality constrained optimization problem

(b) an alternative expression for 6(x) is given by

1
O(z) = min max {—€°+ (&, h) + =6||h|?
(@)=, min | max {6+ () + o)

' 1 3.52
= — min {50 + —||§ + gm(x)TCHQ}’ ( )
£eGF(x) 20
CERT

where & = (£9,€) € R with €0 € R, € € R", and GF(x) was defined in (3.46), (3.47)
and (3.48),

(c) the function 0(-) is continuous, and

(d) for any x such that ¥(x) < 0 and g(x) = 0, O(x) = 0 if and only if there exist
multipliers i € 22 and ¢ € R" such that (3.41) and (3.42) are satisfied. Therefore, if &
is a local minimizer of SIECP, then 6(z) = 0.

Proof (Modification of the proof of Theorem 3.1.6 in [91]).
(a) Be w(x,h) given by

w(x, h) := max{y’(z,z + h) — ¥°(x) — Y (x) 4, d(z, x + h) — P(z)4 }.
then
J€q y;€Y;

w(x,O) = max{¢0(x,y) - 1/}0('7;) - 71/}('7;)-1—7 <max max (ﬁ](xay])> - ¢($)+}

Obviously w(z,0) <0, it follows for any = € R" that 6(z) < 0.
(b) Next let,
GF(z) = | Gv (=),

Jj€q

N 0 7) — 0 T x
oo Y { (1 glemsn )}

Yo€EYD

~ )y — ¢ (x,y;)
Gy () = A .
v ijeJY]_ {( Vad/ (2, y;) )}

Then we can rewrite (3.51) as

with

and for j € q,

1
O(r) = min max {—&%+ (& h —|——5h2}, 3.53
@)=, i max {=€" (6 0+ ) (3.53)
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3 — Theory of the solution of minMax optimization problems

where as above, £ := (£2,¢). Since the maximum over a set of scalars is equal to the
maximum over the convex hull of these scalars and since GF(r) = conv GF (x), we
conclude that (3.53) is equivalent to the first line in (3.52). Since by assumption the
Jacobian ¢, (x) has maxmimum row rank for all x € R™ and thus Hg(z) is a subspace
of R™ we can apply Theorem 28 to the first line in (3.52), we conclude that the max and

min in (3.52) can be interchanged and hence that

1
O(z) = max min {—E%+ (& A +—5h2}.
(@) @F(x)h%(m){ €0+ (6.) + Lol

Now consider the “inside” function

B\ s 0 1 2
/) = amin {~€+ 6.0+ 3oInI? | (354)

where & = (€0,¢) € R**1. We see that obviously (3.54) is equivalent to

() = puin {6+ (€ k) + ZOIBIP | acan =0} (3.55)

Applying Corollary 3 we see that (3.55) is equivalent to

(6) = e pin {67+ (€.1) + 0117 + (G, 0u() .

Now consider the new “inside” function

(6.6)i= uin { -+ (610 + ZOII? + (Gt | (3.56)

heR™

where &€ = (£9,¢) € R**! and ¢ € R". Solving the unconstrained minimization problem
in (3.56) for h in terms of £ and ¢, we obtain

h = =€ — gu(2)7¢,

and hence

v(€) = max {—50 - %Hfs - gx(m)TgH?} .

¢eR
Substituting back into (3.54), we obtain (3.52).
(¢) The function
~F 1
(& €) =& + e ll€ + g (2) " ¢,
where £ = (¢Y,¢) € R and ¢ € R", is obviously continuous in & and ¢. From Theorem
12(b) we know that GF(-) is continuous and bounded on bounded sets. To fulfil now
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3.2 — Semi-infinite inequality and finite equality constrained optimization problem

the requirements of Proposition 3 to show that 6(-) is continuous it is sufficient to show

that for every bounded set X C R" there exist a constant o < oo with
arg min & (€, < a,
Jarg min &€, |

for all £ € GF(X).
First we know that ¢ is continuously differentiable and that the Jacobian g,(x) has

maximum rank for all z € R"™. Therefore, there exists a & with
IVg/(z)]| >a VxeX, jer:={l,...,r}

where X denotes the closure of X. Now be € X and £ € GF(z), then there exists a

vector Kk € R" and a vector £, € R™ with

_ - j ng(x)
AP I el

and
Vgl (z)=0, Vjer,

as well as |k7| < |||, j € R. It follows that,

R 1
¢ =argin { €0+ 516 + a0 CI2

2
, ,
_ - Vgi(x) -
= arg min K ———— + {IV¢ (x
| 2 gl )
Therefore, ( = (61, . ,67") is given by
A . Kj
L
IVg? ()|
Cause
o< e
a
it follows that there exists a o > 0 with
in (&, Ol < o,
[ argggﬁgw(é“ Ol <
for all £ € GF(X) and hence 6(-) is continuous.
(d) This follows directly by Theorem 12(a) with equation (3.52) second line. O
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3 — Theory of the solution of minMax optimization problems

3.3. Method of Outer Approximations

In this section we present a discretization scheme to solve SIECP utilizing the concept

of optimality functions, therefore consider SIECP.

Assumption 2 (Assumption 3.6.1 in [91]). We will assume that

(i) for all j € q := {0,...,q}, the functions ¢’(-,-) and their gradients V¢ (-,-) are
Lipschitz continuous on bounded sets,

(i) the subsets Y; C R™i are compact, and

() the function g(-) is continuously differentiable and its Jacobian g,(x) has maximum

row rank for all x € R™,

Now for j € q, let S; be compact subsets of Y}, and let S = Sy x S1 x --- x S;. Then
we define the functions z/)fgj :R® - R, j€q, and ¢g : R” — R by

vl (x) = Imax ¢ (,y5), (3.57)
() = max vy (2), (3.58)

and the corresponding optimization problem Pg by

min{y§(z) | ¥s(x) <0, g(x) = 0} (3.59)
Now we define a corresponding optimality function g : R™ — R by

Os(x) = her%gtm) Fs(z,x + h), (3.60)

where

Fs(z, 2 + h) := max{(z,x + h) = $§(x) = ys(2)+, sz, z + h) — $s(x)+},

and
sz, x4+ h) = maxd;g(x, x + h), (3.61)
JEa J

and

. : : 1

Uy, (z, 2+ h) = max{¢’(z,y) + (V2 (z,y), h) + SR} sea, (3.62)
and

¥s(x)+ = max{0,vg(x)},

where v > 0.

46



3.3 — Method of Outer Approximations

Remark. If S;,j € q has finite cardinality then Pg restates a corresponding IECP
and under appropriate assumptions (3.60) restates the corresponding optimality function
(3.31) with § = 1. If S; =Y}, j € q under appropriate assumptions (3.60) restates (3.51)
with § = 1.

Let Ny be a strictly positive integer, and, for N = Ny, No+ 1, Ng+2, Ng+3,..., let
Y; n be subsets, of finite cardinality, of the Y}, j € q, such that Y; y C Yj y41 for all N
and the closure of the set Limy_, Yj n is equal to Y;, j € q.

Assumption 3 (Modification of Assumption 3.4.2 in [91]). There exist a strictly positive-

valued, strictly monotone decreasing function A : N — R such that A(N) — 0, as

N — oo, and constants Ng € N, K < oo, such that, for every N > Ny, j € q, and
€Y, there exits a y € Y; n such that

ly — || < KA(N).

Lemma 1 (Lemma 3.4.3 in [91]). Suppose that Assumptions 2 and 3 are satisfied and
that, for all N € N, ¢y, (-) is defined by

- j
Vyy (@) = max gy, (),
with

J - (20
Uy, (@) : yjnel%?fNW(:v,yg)-

Let S C R" a bounded subset, and let L < 0o be a Lipschitz constant valid for the ¢/ (-,-)

and the V¢ (-,-), on S x Y;, j € q. Then there ewists a constant C' < oo such that for
allx € S, N € N, with N > Ny,

[Yyy () = P(x)] < CAN). (3.63)

Proof (The proof is taken from [91]). First, because Y; v C Y}, j € q, we always have
that ¥y, < ¥(x). Next for any « € S, there must exist a j, € q and a y, € Yj_, such
that

() = ¢ (2, yz),

since by assumption for j € q the sets Y} are compact and @’ (x,-) are continuous. By
Assumption 3, there exists a y,, € Y;, n such that ||y}, — y.|| < KA(N). Hence

byy (@) 2 ¢ (2,95) 2 ¢ (2,y2) — LKA(N) = ¢(2) — LKA(N).
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3 — Theory of the solution of minMax optimization problems

Hence (3.63) holds with C' = LK. O

Lemma 2 (Lemma 3.4.24 in [91]). Suppose that
(a) Assumption 2 is satisfied,
orjea, {Y; N}¥_n. is a set of compact subsets of Y;, satisfying Assumption 3,
b ' YinN}IR=n, ! t t subsets of Y;, satisfying A tion 3
(c) {xn}R_n, s a sequence in R, and
e compact sets Q; y C Y, j €q € > Ny, are constructed recursively as
(d) th pact sets ;. Y;,jeaq NeN, N> Ny, tructed jvely

follows: 2 Ny = {Uj,n0 }> with Gy N, € YN, (20), and

Qne1 =N U{gjN11), JE€Q,
with
UjN+1 € Yjny1(ony1), J€Q,

where %N(x) is given by
Vin(@) = {y e vinled, (@) = (@)} - (3.64)
Let Qn := Qo n X -+ X Qg N, and let Yo, (x) == maxjcq wéj’N (x) with

J r) = max jx,- | € Q.
V(@) = max ¢'(z,y;), J€d

If & is an accumulation point of {xN}%:NO, so that, for some infinite subset K C N,
Xy =5 &, as N — oo, then
(a)
bay(en) =" (),
as N — oo, and
(b)

W0, v (@n) = 90 (2),

as N — oo.

Proof (The proof is taken from [91]). Case (b) can be seen as special version of (a) with
q = {1}, therefore it is sufficient to show (a).

Now, for any N € K, let k(N) := max{N’ € K|N’ < N}. Then, by construction, for
any N € K and j € q, Jj (v € §j,n and hence, because Q; v C Y}, for any N € K,

T,Z){/j (xn) > T,Z)gzj’N(XN) > W(XN,ﬂj,k(N)), (3.65)

where w%() is given by (3.57) with S; = Y;. Now, because zy —% &, as N — oo,
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3.3 — Method of Outer Approximations

and because the functions ¢{/J (+) are continuous (Proposition 3), 1/)% (xn) — 1/)% (2), as
N — oo. Next,

[0, o @) =0 (@) < 104 (@) =03 ()93 (2an) =94, (2)](3.66)

Sk (V)

Now, in (3.66), |¢{/J (Tr(vy) — ¢{/J (#)] =% 0, as N — oo, because ¢{/J() is continuous.

Next, because of Lemma 1 and because wg,j (+) is continuous,

W{G,k(m (Tr(n)) — T/J{/j (zpn))| =0, as N — oo.

Finally, because ¢’(-,y) is uniformly continuous for y in a compact set and
lzn — zen | = 0,88 N — oo,
it follows that

‘(ﬁj(xNaZ)k(N)) - ¢j($k(N),§k(N))\ —%0, as N — .

Hence because

J
Q’Z)Yj,k(N)

(Tp(vy) = ¢j($k(N),ﬂj,k(N))
and because
J
Yy

() (Tr(n)) - Yy (),

it follows that
¢j($N7%,k(N)) Kyl (2), forall jeaq.

It now follows from (3.65) that
Yoy (xy) =5 oy (2), as N — oo,

with oy (2) = 1(&). O

We now state the Outer Approximations discretization scheme to solve SIECP.

Algorithm 3 (Algorithm 3.6.4 in [91]).

Data: No € N, zy, € R", for each j € @, a family of descrete subsets {Y; N}R_n,»
satisfying Assumption 3 and {en}F_n,, with ex | 0.

Step 0. Set N = Ny, and Qj y—1 =10, for all j € q.
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3 — Theory of the solution of minMax optimization problems

Step 1. For j € q, compute points

Jin € Yin(n), (3.67)

and set
QN = v 1U{gjn} (3.68)

Step 2. Set Qn = Qon X --- x Qy n. Use an optimization algorithm on Problem Pgq,,
(where Pq,, corresponds to problem (3.59) with S = Qy ) to compute an xyy1 such that

Ooy(TNi1) > —en (3.69)

and
Yay(@n1) <en,  lglzni)] <en. (3.70)

Step 3. Replace N by N + 1, and goto Step 1.

Theorem 14 (Theorem 3.6.5 in [91]). Suppose that Assumption 2 and Assumption 3 are
satisfied. If & is an accumulation point of a sequence {x;}°, constructed by Algorithm
3 in solving problem SIECP, then 0(z) =0, (&) <0 and g(&) = 0 (where 0(-) is given
as in (3.51) with 6 =1).

Proof. Suppose that, for some infinite subset K C N, zy —% &, as N — co. Then by
Lemma 2, ¥, (zn) = ¥(2) and w%ON(xN) —K 0(2), as N — oo.
Next, let TIZ;QN :R™ x R™ — R be defined by

J€q ye; N

gl 4 1) = max {63 (o) + (T o)) + 5102 fL 3

and 1/;?2071\7 : R™” x R™ — R be defined by

o (@, + ) = Jhax {¢°(m, y) + (Ved’(z,y), h) + %Hh\\?} : (3.72)
corresponding to (3.61) and respectively to (3.62) with j = 0, and S = Qu, S; =
Qn, j € q Then, because ;v C Y}, j € q, we see that, for all N € N and any
h € HE(QUN),

Yoy (@n, 2+ h) <y (zn,z + h), (3.73)
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3.3 — Method of Outer Approximations

where 1y corresponds to (3.61) with S =Y := Y} x --- x Y, and
Do (@ns @+ ) <Y (en, 2+ h), (3.74)

where 129/0 corresponds to (3.62) with j = 0 and Sy = Y. Hence for fq,, corresponding
to (3.60) with S = Qx and 6y corresponding to (3.60) with S =Y, we see that

bo(an) = min  max {&%O,Nm, TN +h) — 9, (@n) — Yy (EN)1,

Yoy (TN, TN + h) — ¢QN(9€N)+}

<Oy (zn) + 9% (n) — Pay,  (2n) + max{y, 1} - [Py () — Yoy (@n)+]-
(3.75)

It now follows from the continuity of 6(-), Lemma 2, and the test (3.69) that,
0=limbg, (Xn) <Oy (z)=0(z) <0, (3.76)

so that we must have 6(z) = 0, and due to the tests (3.70) we must have (&) < 0 and
g(z) = 0, which completes the proof. O
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CHAPTER 4

Automatic Differentiation

In this chapter we give a brief introduction to Automatic Differentiation (AD) utilizing
truncated Taylor series propagation in forward and reverse mode.

In [53], Griewank states :

“Full higher derivative tensors in several variables can be evaluated directly by multi-
variate versions of the chain rule. This approach has been implemented in [82] and
[21], and by several other authors. They have given particular thought to the problem
of addressing the roughly p®/d! distinct elements of a symmetric tensor of order p < n
and degree d efficiently’. Since this problem cannot be solved entirely satisfactorily, we
advocate propagating a family of roughly p®/d! univariate Taylor series instead.”

Since the implemented numerical methods shall be generally applicable to allow further
use, we adopt his advice and rely on truncated Taylor series propagation for AD, as well.
We first introduce the basic concepts, i.e. the forward (Section 4.1) and the reverse mode
(Section 4.2). These methods are implemented in the sophisticated AD package CppAD
[19, 18], which is used for the numerical calculation of derivatives in this work.
Hereafter, we treat the special case of AD of solutions of parametrized nonlinear equa-

tions, i.e. implicitly defined functions in Section 4.3.

'Here, n denotes the dimension of the domain space and d denotes the order of the derivatives.
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4 — Automatic Differentiation

4.1. Forward mode of Automatic Differentiation

In this section we stay close to the presentation in [53]. Be
F:R"—R™ (4.1)

a d-times continuously differentiable function with 0 < d < co. We are interested in the
k-th derivative, k < d of y = F(z) at a point x € R™ and with y € R™. We call y the
dependent and z the independent variable. We will assume that the function F(-) can
be evaluated utilizing a sequence of elemental functions ¢*, i € {1,...,l}, where ¢’ is
either ¢' : R2 - R or ¢' : R — R, by the following scheme:

Be v € R, i € {1 —n,...,0,1,...,l} intermediate variables. The values of the in-

termediate variables v'=" i € {1,...,n} are given by
vt =2t ie{l,...,n},
thus v*=" i € {1,...,n} stores the values of the independent variable x. Now be

i€ {l,...,l} then v’ is either given by
vl =¢'(v))

or
vi = ¢i(vj’ Uk),

where j, k < i, such that for
YTt =ttt e {1-m,...,0},

one has y = F(x) for all z € R". Since v*, i € {1,...,1} only depend on former
intermediate variables v/ and v*, j,k < i, all v can be successively evaluated using only

elemental functions ¢'.

Assumption 4 (Elemental Differentiability, Assumption ED in [53]). All elemental

functions ¢ are d-times continuously differentiable on their open domains D;, i.e. ¢* €
Cc4(Dy).
Now consider a given univariate polynomial in ¢

z(t) = xo + @1t + xot? + - 4+ 24t € R™. (4.2)
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4.1 — Forward mode of Automatic Differentiation

We are interested in the resulting expansion
y(t) = yo + it + yat” + - +yat? = F(a(t) + O@™H) e R™, (4.3)

since at z* € R for a “suitable” polynomial z(t) with o = z*, yj contains the “desired”

derivative information of F'(-) at z*, which will be worked out further below.

Definition 12 (Taylor coefficient functions, Definition TC in [53]). Under Assumption
4, let
yp = Fp(zo, @1, ..., 0) with Fy: REFD 5 g

denote for k < d the coefficient function defined by the relations (4.2) and (4.3). When
more than k+1 vector arguments are supplied the extra ones are ignored and when fewer

are supplied the missing ones default to zero.

Definition 13 (Approximation of intermediates, Definition Al in [53]). For a given
d-times continuously differentiable input path x(t) : (—€,€) — R™ with ¢ > 0, denote
the resulting values of an intermediate variable v by v(x(t))(—€,e) — R and define its

Taylor polynomial by
0(t) = vo 4+ v1t + vat® + -+ vgt? = v(a(t)) + o(t?).

Since by assumption F(-) can be evaluated utilizing elemental functions ¢, one can
apply truncated polynomial arithmetics to the elemental evaluation scheme presented
above to calculate the expansion of y(t), if ¢’ is given by elemental arithmetic operations.
Now be v, v and w intermediate variables, the recurrences for arithmetic operations in
respect of the approximation of intermediates are given in Table 4.1. A similar table
can be found in [53].

All univariate elemental functions ¢(u) of interest can be expressed as solutions of linear
Ordinary Differential Equations (ODEs):

b(u)d (u) = a(u)p(u) = c(u),

where the coefficient functions a(u), b(u) and c(u) are given for a specific univariate
elemental function ¢(u) and the Taylor coefficients ag, by and ¢ of a(u), b(u) and c(u),

respectively can be calculated from the Taylor coefficients wu of u.

Proposition 4 (Taylor polynomials of ODE solutions, Proposition 10.1 in [53]). Pro-
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4 — Automatic Differentiation

Recurrence for k=1,....,d

VE = Uk + CWy,
k

Vp = D UjWh—j
J=0

1 k—1
Vp = — |up — Y, Vjwg_;
=0

wo j=

k
Vg = ) UjUk—j
i=0

Table 4.1.: Taylor Coefficient Propagation via Arithmetic Operations

vided by = b(up) # 0 one has

k k—1
- 1 - -
= > (ekmj+en)iy = D bp—ty |, for ke{l,....d},
where .
ekEZajvk_j, for ke{0,...,d—1},
§=0
and
@jE]’l}]7 jE{l,...,d},
uj = juj, jeA{l,...,d}.

A proof of this proposition is given in [53].

Table 4.2 gives a list of the coefficient functions a(u), b(u) and c(u) for the standard

univariate elemental functions and as well the resulting recurrences, which can be cal-

culated using Proposition 4. A similar table can be found in [53].

This recurrence formulas can be applied to the elemental evaluation scheme in the same

manner as the recurrence formulas for arithmetic operations.

We can summarize the forward mode approach of AD in the following algorithmic

scheme.
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4.1 — Forward mode of Automatic Differentiation

v = a| b ¢ Recurrence for k=1,...,d
1 k—1
ln(u) 0 u 1 61{ = — ﬂk — Z uk,jﬁj
Uuo j=1
k
exp(u) [ 1| 1 0 Up = | D Uk—jTUj
j=1
1 k k—1
u” r| u 0 Op = — |7 > Vp—jlly — > Up—;0;

Table 4.2.: Taylor Coefficient Propagation through Univariate Elementals

Algorithm 4.

Data: A d-times continuously differentiable function F : R™ — R™, which can be evalu-
ated utilizing elemental functions ¢;, i € {1,...,1} fulfilling Assumption 4, a univariate
polynomial x(t) = xo + x1t + xot® + -+ + 24t? € R™.

Step 0. Set N =1, and the polynomials
v (t) = 2'(t), i€ {l,...,n}.

Step 1. Set the polynomials v™ (t) according to the recurrence given by the elemental
function ¢V .

Step 2. If N <l set N =N + 1 and goto Step 1., else goto Step 3.

Step 3. Set the polynomials

Y = o), ie {1—m,...,0}
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4 — Automatic Differentiation

and stop.

The following proposition gives a result, which enables the construction of any “de-
sired” derivative tensor V¥ F(x) of order k from the propagation of univariate Taylor

polynomials of degree k < d through the elemental evaluation scheme above.

Proposition 5 (Taylor to tensor conversion, Proposition 10.2 in [53]). Let F' : R — R™
be at least d-times continuously differentiable at some point x € R™ and denote by F,(z, s)

the r-th Taylor coefficient of the curve F(x 4 ts) at t = 0 for some direction s € R™.

p

Then one has for any seed matriz S = [s;];_;

ie NE with [i| < d the identity

€ R™P with s; € R" and any multi-index

OMF(z 4 2's) + 2259+ - + 2Psp)
(021)1 (822) ... (9z2P)

= > yiFly (@, Si),

2=0  |jl=d

where the constant coefficients 5 are given by the finite sums

. = _\i—K]| i dk/ K| H li]
we S () (1) ()

i, j, k € N& denote multi-indices, = € RP and for any m € RP, 1 € N
my m! m? mP
1)\ 1! 2] \r )’

and for o € R, [ € N,

(a) a(a—l)(a—QZ?...(a—l—l—l) i 150
l !

1 if 1=0.

A proof of this proposition is given in [55].

4.2. Reverse mode of Automatic Differentiation

In this section we stay close to the presentation in [38]. For the matter of notational
simplicity we treat the function of interest F': R™ — R to be smooth. It should be noted

that now m =1 in view of (4.1).

Theorem 15. Let u be a univariate Taylor series in t

u(t) = ug + urt + ugt® + ust® +--- €R
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4.2 — Reverse mode of Automatic Differentiation

and let
v(t) = vg + vit + vot? + vst® + - = f(u(t)) €R

for some smooth function f:R — R. Then for all k >0, p > 0 we have

kaﬂ, o 31)k 8?}k

= — =0.
Ouy, Oug’ Ojtp

A proof of this theorem is given in [38].

Now let y € R be the dependent variable and x € R™ the independent one with y = F(z),
as in Section 4.1.

We again assume that the function F'(-) of interest can be evaluated utilizing elemental
functions ¢, i € {1,...,1}, where ¢' is either ¢’ : R> = R or ¢' : R — R.

Let u, v and w be intermediate variables with v is dependent on u, i.e. v = f(u) where
f R — R is a smooth function.

We treat again the case that x(t) is a univariate Taylor series in t with u(t), v(t), w(t) are
the corresponding approximations of intermediates and y(t) is the resulting dependent
one.

Be s(t) any (truncated) Taylor series in ¢, i.e.
s(t) = so + st + sot? + ...,

we define

[s(t)]k := Sk-

In the following we are interested in the calculation of the Taylor coefficients of Fy(z(t))

for given Taylor series x(t) = o + z1t + z2t> + ... .

Since %‘ngé) =1, for F,(x(t)) it holds that

F,(x(t)) = Fy(x(t)) = =ttt (4.4)

Remark. Having the Taylor coefficients of F,(x(t)) for given Taylor series z(t) one can

apply Proposition 5 to Fy(-) and therefore one gains one derivative order.

Under Assumption 4 and in view of Definition 12 and Definition 13, we define a Taylor

coefficient function of intermediates.

Definition 14 (Taylor coefficient functions of intermediates). Under Assumption 4 and
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for given intermediate Taylor polynomial v(t), let
yr = Fy (vo,v1,...,v5) with F : RETL R,

denote for k the coefficient function defined by the relations (4.2) and (4.3) and Defini-
tion 15.

Now we can define the Taylor series v(t) by

dy(t) . _— % Ogtp

u(t) == .. = = for k,p>0.
o(t) vy Fe T By dup orhP=
t
Then for the Taylor series u(t) = (96@/_() we get
Uug

_ Gyp 81% (3yp_k avk _ _
U=y Do, Dug > oy Jug > Bpklfulw(®)]k = [0(t) * fu(u(t)]p,  (4.5)
k<p k<p k<p
for p > 0 and where v(t) * f,(u(t)) denotes the polynomial product of v(t) and f,(u(t)),
namely
k
() * fulu)]e = 0 fu(u(t)le—j, for k>0,
=0
and f,(u(t)) is considered as Taylor series.
Applying this relation to the elemental evaluation scheme we can associate to any uni-

variate elemental function ¢’ the reverse accumulation step

alt)+ = o(t) * ¢}, (u(t)),

with ¢! (u(t)) considered as Taylor series.
For the bivariate case with congruent thoughts one can associate to any bivariate ele-
mental function ¢’ the reverse accumulation steps

a(t)+ = (1) * ¢r, (ult), w(t))

and
B(t) * ¢l (u(t), w(t)).

The reverse accumulation steps for the elementary arithmetic operations are given in
Table 4.3.

w(t)+

In the following we give a algorithmic scheme for the calculation of the Taylor coef-

60



4.2 — Reverse mode of Automatic Differentiation

v = Reverse accumulation step
U+ cw Up+= U,
WE+= cvy,
_______________ T
u-w Up+= j;)ﬁ][w(t)]k_]

j=0
B 1
u/w Up+= U —
wo
Ovy—
_ k _ k—j
Wg+= Z]:O J Ow
with
Oy, 1 k—1 1 k=l Qv
8?1]0 _'LU(Q) [U’k‘ - ‘7;0 VjWg—j wo = 8?1]0 k—j
_____ 2___________k___________________________
u Upt= 2 j[u(t)]r—;
§=0

Table 4.3.: Reverse Accumulation Steps for the Elementary Arithmetic Operations

ficients of F(z(t)).

Algorithm 5.

Data: A (d + 1)-times continuously differentiable function F : R™ — R, which can
be evaluated wutilizing elemental functions ¢;, i € {1,...,1} fulfilling Assumption 4, a
univariate polynomial x(t) = zo + 1t + 22t> + -+ + 24t € R™ and a corresponding
dependent polynomial y(t) = yo + yit + y2t> + -+ + ygt? € R fulfilling relation (4.3).
(Under assumption that the intermediate Taylor polynomials vi(t), i € {1—n,... I} are
on hand.)

Step 0. Set N =1—1, and the polynomials
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and
ol(t)=1, ie oTH=1,0t=0,3i>1.

Step 1. Apply the reverse accumulation step to the v'(t), where i is associated to the
argument(s) of the elemental function ¢ .

Step 2. If N > 1 set N = N — 1 and goto Step 1., else goto Step 3.

Step 3. Set the polynomial Z(t) to

Fi(t) =), ie{l,....n},

and stop.

By now we assumed that F' : R" — R, i.e. m = 1 in view of (4.1) for the reverse case.
To apply the reverse mode to F': R" — R with m > 1 we introduce the reverse seed
vector w € R™ and define F : R® — R by

F(z) =w'F'(z) + -+ w™F™(z), z€R" (4.6)

The reverse mode is now applied on F(z).

4.3. Automatic Differentiation of implicitly defined functions

In this section, suppose that F': R™ x R" — R™ is a d-times continuously differentiable
function, which can be evaluated utilizing elemental functions ¢;, i € {1,...,l} as above
and therefore we can apply AD as described in Section 4.1 and 4.2 on it.

Now again, let y € R™ be the dependent variable and = € R” the independent one. The

relation between y and x may be implicitly given by the nonlinear equation,
F(y,z) =0 with F:R™ xR" - R™. (4.7)

Further, assume that for given z* € R" there exist a y* € R™ such that (4.7) is ful-
filled and in addition that Fj (y*,2*) is nonsingular. According to the Implicit Function
Theorem (Theorem 26), there exist ps, p, > 0 and a d-times continuously differentiable
function ® : B(z*,p,) — B(y*, py) such that ®(z*) = y* and F(®(z),z) = 0 for all
x € B(z*, pg). In the following, we are interested in the calculation of (higher) deriva-
tives of ®(-) at z*.

Below, we present two approaches to calculate the desired derivatives.

e In the first one, AD is not applied on ®(-) at «* directly but on Newton’s method,
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4.3 — Automatic Differentiation of implicitly defined functions

an iterative process, which can be used to numerically calculate for a given z* € R™
the corresponding y* € R™ such that (4.7) is fulfilled up to a given stopping
accuracy, instead. By doing so, Gilbert notes in [51] that “by good behavior, we
mean that the derivatives will be calculated correctly, asymptotically”. Therefore
we refer to it as iterative mode. The theoretical validation of this approach is
described in Section 4.3.1.

e In the second one, the direct mode presented in Section 4.3.2, we directly calculate
the Taylor coefficients of ®(-) at «* according to Section 4.1 and Section 4.2, and

by use of the Implicit Function Theorem.

4.3.1. lterative mode

In this subsection, for a clearer presentation we restrict ourselves to first order sensitivi-
ties. For the case of higher derivatives we refer to [54]. We stay close to the presentation
in [51].

In [51], Gilbert calls “an iterative process a part of a computer program whose in-
structions are executed several times until a stopping criterion is reached”. Here, the

iterative process ¢ : R"™ x R™ — R™ of interest, has the following properties:

e On an open set W, x W, C R™ xR", ¢(-, ) is continuously differentiable and there
exists a L > 0 such that for (y/,2'), (v",2") € W, x W,, the directional derivatives
do(y',2';-) and de(y”, 2";-) (Definition 24) satisfy

[do(y', 23 h) — do(y”, =" h)|

<L, 2) — ", 2")]. 48
max i < LI, - ) (@)

e For given x € W,, the next iterate yr1 is given by

Yk+1 = ¢(ykax)7 k Z 07 (49)
while z is constant.

e The initial iterate yg depends on x such that
Yre+1 = (yk(z),2), k=0. (4.10)

e It holds that
lim g () - 1. (2), (4.11)
k—o0
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thus
yu() = Oy (), z) (4.12)

is a fixed point of ¢(-, x).
e For all k£ > 0 it holds that yx(z) € W, and y*(z) € W,.

Proposition 6 (Proposition 1 in [51]). Suppose that ¢(-,-) is an iterative process as
above. Suppose also that the initial iterate yo is a differentiable function of x on W,.
If the spectral radius p of d(y”, z";-), where the direction h is restricted to h € Wy, x {0},
denoted by doy(y”,2"; ), satisfies

p(d(by(y”,x"; )) <1 <1,

where p of dpy(y",x";-) is given by

1
d k l/’ ”;h %
p(doy(y",2";+)) :== lim < max ldey (y", )||> ’

k—oo \ hew, x{0} il

and dqﬁZ(y”,x”; h) denotes the k-th function iteration of dgy(y”,z";-) on h,

then
(1) the convergence of the sequence {yx}r>0 is asymptotically linear; that is, there exist
an index ko such that ||yk+1 — ysl| < 7llyx — ysl|, for all indices k > ko and

(ii) the sequence of derivatives {dyg—ix)} oo Converges to dygim).

A proof of this proposition is given in [51].

In the following, we will apply the preceding Proposition 6 to Newton’s method for
the calculation of a corresponding y* € R™ for given F': R™ x R™ — R™ as above and
given x* € R™ such that (4.7) is fulfilled, i.e.

F(y*,z*)=0. (4.13)
Applying Newton’s method to (4.13), we get for successive iterates y, € R™
k1 =Yk — Fy(yp, @) Fyg, a*) for k>0,

Therefore, the iterative process ¢ : R™ x R™ — R™ of interest is given by

Oy, x) =y — Fy(y,z)" F(y, ).
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4.3 — Automatic Differentiation of implicitly defined functions

The Jacobian of gz;y(-, x*) at y* € R™ for given x* € R"™ in respect of y is given by
ggy(y*’x*) -1+ Fy(y*,x*)leyy(y*’x*)Fy(y*’x*)le(y*,x*) _ Fy(y*’x*)ley(y*’x*)

=0.

It follows that the directional derivative dg,(y* =*;-)) at (y*,z*) for any direction
(hy, hy) € R™ x {0} is given by

dq;y(y*ﬂ*; h) = &y(y*ﬂ*)hy = 0.
For the spectral radius p of dtgy(y*, x*;+), it immediately follows that

p(ddy(y*,2%;-)) = 0.

(z)

Consequently, the sequence {dyg—y)} will converge to dy&‘— assuming that the itera-
E>0

xT

tive process ¢ : R™ x R™ — R™ fulfills the conditions (4.8)(4.12) and the initial iterate

Yo is a differentiable function of z in some environment around z*.

In summery and view of [54] under appropriate conditions on the iterative process, we
can apply AD as presented in Section 4.1 and 4.2 directly to the iterative process for
the solution of (4.7) for given z* € R™ and can expect that the desired derivatives are

asymptotically correct.

4.3.2. Direct mode

In the direct mode approach, the task is to calculate for a given F : R™ x R™ — R as

above at z* € R" for a given univariate polynomial
z(t) = xo + 1t + ot? + -+ 24t € R", (4.14)

in ¢, with

z(0) =2*, e xg=2a",

such that there exist a corresponding y* € R” with
Fy*,2") =0
and Fy(y*,z*) is nonsingular, the resulting expansion

y(t) = yo + yit + yot® + -+ + yat? = B(x(t)) + O™) e R™. (4.15)
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Obviously g is given by yg = y*.

Since the requirements on the Implicit Function Theorem (Theroem 26) are fulfilled,
there exist p,,py, > 0 such that ® : B(z*, p,) — B(y*, p,) exists in some environment
around z* and ®(-) is d-times continuously differentiable.

Therefore, the k-th total derivative with k < d of F(y(t),x(t)) in respect of t, for all ¢
such that x(t) € B(z*, py), is well defined and it holds that

dFF(®(2(t)), 2(t))
dtk

= 0. (4.16)
t=0

We first present the calculation of y;. Hereafter, we give a scheme to successively cal-

culate higher order Taylor coefficients y; with 2 <1 < d.

We start with (4.16) and k& = 1. Therefore, we have that

AF(®(x(1)), 2(1)) ) o dalt
—F ) Foly, —0. (417
According to (4.15), we have
w6 _ | s
At g dt |y '
From (4.17) and (4.18), we get
* K\ — * % dz(?
y1 = —Fy(y*,2") T E(y', ) di) :
t=0
Now, consider two “input” polynomials ) (¢) and #(!)(¢) given by
() = yo € R (119)
and
FV(t) = zg + 21t € R™. (4.20)

For the resulting expansion of F(jM(¢), (M) (¢)) given by
FO@) = BV + FVt = P (), 30 (1)) + O(#?) € R™,
one directly sees that

dz(t)
dt

_FO,
t=0

Fo(y*,z")
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4.3 — Automatic Differentiation of implicitly defined functions

since dﬁg) 0= x1. Therefore, y; can be easily calculated by
t=
1501
1 = —Fy(y* o) TRV,
Now assume that we have calculated yq, y1,...,yx_1 and we are interested in calculating

yr for 1 < k <d.
For this case the “input” polynomials §*)(t) and Z*)(¢) shall now be given by

JB () =yo + it + -+ ypath T R (4.21)

and
F®) () = mo 4+ x1t + - - + 2pt* € R™ (4.22)

For the resulting expansion of F(5%)(t), (%) (t)) given by
FO@) = BY + Pt + B = P00, 50 @) + 0+ e R™,

it directly follows with (4.16) and Taylor’s Theorem that

= d*@(x(t)) d*F(®(x(t)), =(t))
B-FR LR (g e = d =
k + y(y ) L ) dtk —0 dtk —0 0,
where k! denotes the k-th factorial.
Since by (4.15) % 0= k! -y, it follows that g, can be calculated by
t=

w\—1 = (k
e = —F,(y*, 2*) R

This leads to following iterative algorithm for the successive calculation of y, 1 < k < d.

Algorithm 6.

Data: A d-times continuously differentiable function F : R™ x R™ — R™, which can be
evaluated utilizing elemental functions ¢; fulfilling Assumption 4, i € {1,...,1} as above,
z* € R", y* € R™ such that F(y*,z*) = 0 and F,(y*,x*) is nonsingular, the inverse Ja-
cobian matriz F,(y*,2*)~t, a univariate polynomial z(t) = zo+ x1t +xot? + -+ -+ 241¢ €
R™ with x(0) = zg = x*, k € {1,...,d} .

Step 0. Set N =1, and yo = y*.
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Step 1. Set “input” polynomials to
N—1
g M) = yit' eR™
=0

and

N
M) =) a2t e R
=0

Step 2. Calculate corresponding expansion FN(t) of F(g™N (1), 2 (t)) given by

FM¢)y = BN 4+ oo FMWN = M @), 2N (1) + 0N ) e R™.

Step 3. Calculate yn by
YN = _Fy(y*7x*)_1ﬁ](\fN)-

Step 4. If N <k set N =N + 1, and goto Step 1, else stop.

Beside the forward mode of AD as presented above and summarized in Algorithm 6, one
may be interested in directly applying the reverse mode of AD to the implicit function

given by relation (4.7), which is presented in the following.

Reverse mode

For the matter of notational simplicity, we treat again the case that F': R™ x R” — R™
is smooth.

For the remaining conditions beeing as above, at the point of interest, i.e. z* € R, the
requirements on the Implicit Function Theorem (Theorem 26) are fulfilled.

Therefore, there exists in some environment B(z*, p;), pz > 0, around z* a ® : R" — R™
with F(y,z) = 0, where y = ®(z) € R™ for all x € B(z*, p,) C R™.

We also assume that we have an additional function G : R™ — R, z = G(y) with z € R
and y € R™ such that the resulting function of interest is given by Go® : B(z*, p,) — R

in some environment around the point of interest * and we have already calculated the
_ 02()
~ 9yo
function is part of some evaluation scheme.

input seed y(t) where z(t) is considered as Taylor series, i.e. the implicit defined
One sees from relations (4.4) and (4.5) that the task in applying the reverse mode to the
implicit function given by relation (4.7), for the general case that the implicit defined
function is part of some evaluation scheme as clarified above, is to calculate z(t) = 882_35(2;)

for given Taylor series x(t),y(t) such that o = z*, yo = y* and relation (4.7) is fulfilled
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4.3 — Automatic Differentiation of implicitly defined functions

for t € R such that z(t) € B(z*, p,), i.e.

z, = [aggiz)h (7% Bu(a(t))], = [y . ‘g?h, for p>0. (4.23)

It should be noted that since y(t) € R™ for ¢t € R is not a scalar, the convention in this

thesis is that g(t) is regarded as row vector with each entry is a Taylor series, i.e.

T
J(t) = 0z(t) _ (a_u) 9:(t) a_<t>>
Y ) R A )
Accordingly, ®,(z(t)) = 854352) is regarded as matrix with each entry is a Taylor series,
i.e.
Wl oy . 9w
Oy Oz 0v
9y*(t)  dy*(t) 9y=(t)
oy(t) _ <0y’“(t)> _ | el Temp T Tom
dxo Ay k=1,...m, I=1,...n : : E :
™) oy .. 9y™(t)
oz} Ox? Ox gy

Here, the polynomial product of y(t) * aay—é? is defined by

_ 0y(t)] ~_ [oy(®)
glt) s ——=| = Zyj — , for p>0, (4.24)
[ 8560 P =0 8:60 p—j
where 7, denotes the row vector
T r — (+1 52 —m
Ip = (yp>k:1...m N (yp Yp '“yp)

and [ay(t)} is accordingly defined for p > 0.
P

Oxg
Since this expression is not evaluable directly, we first calculate for
h(t) := F(z(t),y(t)) € R™

and given input seed Taylor series h(t) € R™ the Taylor coefficients of (t) and §(t)
defined by

Tp = [ﬁ(t) * 88};(2)} for p>0 (4.25)
and it
Up = {ﬁ(t) * 8y(o)] for p >0, (4.26)
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where

Oh(t)
8.%'0

Oh(t)
Yo

= Fu(y(t),2(t)) and = Fy(y(t). 2(0)).

Due to Taylor’s Theorem, we first observe that the i-th component of h(t), namely hi(t),
i€ {l,...,m},is equal to

h(t) = F' + (Fyz1 + Fyy)t
1 i T 1 T 1 2 (4.27)
§(F xg—i—FyQ—i—xlF 21+ Y1 Fyyn + 22y Fryy)t™ + ...

where we have omitted the arguments of

F' = Fi(y*,z*), F!=F(y*, z%), Fi = Fi(y* ), F! =F. (y* z%),
F;y :F’ ,(y"2") and Féy =F Y52,
for the case of notational simplicity as in the remainder of the section.
FZ

. ng and Fgﬁy denote the second derivative matrix of the i-th component of F' in

respect of x and y, respectively, i.e.

82 Fi 82Fi o 82 Fi
8x218y1 8$218y2 8x128y’m
O°F"* O~ F" O°F"*
B OF" _ | 9220y1 9220y T 9z20ym
N0 ) e, 11, : P
ol o2t ol
0xrndy1  O0xndy2 O0xn0Ym
and F},, F,, are accordingly defined.
From (4.27) and because of 88337(2) = %y_;ot) = 1 the i-th component of %h—gi? and %h—y(é) are
given by
Oh(t) A , A
dog. = et @ vyl )t
‘ 4.28
8hz(t) i T i i ( )
ayo :Fy+(‘r1F +y1F ) +. L)

forie {1,...,m}.

Next, we calculate the Taylor coefficients of ay(t).

9yo 33/1

We only calculate the coefficients up to order one, i.e Foe and This is because

higher terms are not used in this work and also the calculation of them gets more and
more complex.

We start with the calculation of ayo
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From (4.16) it follows that
Fy(t), 2(t)) ;=0 = 0.

Again reasoning the Implicit Function Theorem (Theorem 26), we have that

OF (y(t), z(1))

=0.
31‘0 =0

Therefore

P
Fx—i—Fya—iz —0.

Since from (4.4) and (4.28) it holds that F, = g—;‘g, it follows that

% — F—l%

=— ) 4.29
31‘0 4 31‘0 ( )
Next, we calculate g—gé.
From relation (4.16) we have that
dE(y(t), z(1)) dx(t) dy(t)
= F,(y(t),z(t))|,_ F,(y(t),=(t))|,_ = 0.
e ORI S AORIO L I
Again reasoning the Implicit Function Theorem (Theorem 26) it follows that
0 (d, ' ' A N
— [ =F'(y(t),2(t = (2] Fj, +yi F, TF, +yl Fl)7—+ F,=— =0.
|:8.%'0 (dt (y( )7'%'( ))>:| o (1’1 J:J:+y1 yx)—i_(xl xy+y1 yy)axo + yayo
(4.30)
Then from (4.4), (4.28) and (4.30) we get
o —_fp1 Ohy | Ohy 9yo . (4.31)
8.%'0 y 31‘0 3y0 8.%'0

Now, with this preliminary work, we focus on the calculation of (4.23), where we restrict

the concern to p € {0,1}.

With p = 0 from (4.24) and (4.29) one sees that (4.23) gets

4o 10ho

e ———— 4.32
To=Yog = —WF 5 (4.32)
For p =1 from (4.24), (4.29) and (4.31) one sees that (4.23) gets
. _0y1 . _ Oyo _ 1 (Oh1  Ohy Oyo _ . 10hg
= Jo— 2 — o F —+— | - —. 4.33
o % axo * 1 8560 % 4 8560 (3y0 8560 Py 8560 ( )
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We introduce the auxiliary Taylor series ji(t) which we define by
~ _ -1\ T T
,ug =— (pry N = —F, Tyg. (4.34)

Obviously (4.32) and (4.33) is equal to

Zo = fio G (4.35)
- ~ d
Ti= oGy G+ Aok + i Gt (4.36)

This leads to following algorithm for the calculation of g and Zi:

Algorithm 7.

Data: p € {1,2}, a d-times continuously differentiable function F : R™ x R" —
R™, which can be evaluated utilizing elemental functions ¢; fulfilling Assumption 4,
i€ {1,...,1} as above and d > p, x* € R", y* € R™ such that F(y*,2*) = 0 and

F,(y*,x*) is nonsingular, the inverse Jacobian matriz F,(y*,z*)~"

, a uniariate polyno-
mial z(t) = 2o+ -+ xp_1tP"1 € R™ with x(0) = xg = z*, the corresponding polynomial
y(t) =yo+ -+ yp_1tP"t € R™ with y(0) = yo = y* (e.g., calculated by Algorithm 6),

the Taylor coefficients of the input seed y(t) up to order p — 1.

Step 0. Calculate fig, k € {0,..,p — 1} according to (4.34).
Step 1. Calculate &(t) and §j(t) for given input seed Taylor series h(x) = f(t) up to
order p — 1 according to (4.25) and (4.26).

Step 2. Set Tog = T (compare (4.35) and (4.25)). If p =1 stop, else goto Step 3.
Step 3. Calculate &y for given input seed Taylor coefficient hf = —FJT (i + )"
according to (4.25) since

g1+ =01 — (—inF, 'Fy)
=y — inky
o
=Y — le‘)—yo
Ghl + gy 2o Ohg _ gy 2o Ohg
Yo 9o

and therefore
~ ~ _ _ oh ~ oh 8y0
A 1200 1
Iy = =1 + 1) =0 B0
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(compare (4.26), (4.28), (4.29), (4.34), (4.36) and Step 1.).

Step 4. Calculate 1 = T1 + &(, (compare (4.25) and (4.36)) and stop.

In summery, the direct mode approach offers an alternative tracktable method for the
calculation of the Taylor coefficients of y(t) for given Taylor series z(t) subject to (4.7)
and as well for the calculation of the reverse mode Taylor coefficients Z(t) at least up
to order one as presented above. In contrast to the iterative mode approach for given
x* and exact y* such that (4.7) is fulfilled, the Taylor Coefficients of y(t) and z(t) are
truncation error free. Opposite to the iterative mode, for the reverse mode the full
Jacobian F), of F'(-,2*) at y* has to be calculated. On the other hand, applying AD to
an iterative process directly, the performance depends on the number of iterations of it,

whereas the direct mode approach is independent of them.
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CHAPTER b

Calculating numerical solutions of Ordinary Differential Equations

and Sensitivity Generation for Ordinary Differential Equations

5.1. Calculating numerical solutions of Ordinary Differential
Equations

In this section we treat the numerical solution of an nitial value problem (IVP) given
by the ordinary differential equation (ODE)

§(t) = Fy(t),t,po), te€ [t 1], (5.1)

with initial condition
y(t™) = y1, (5.2)

where F : R™ xRxRP — R™ is a continuously differentiable function on R x [t tend] x
{po}. The function y : [t ¢*"d] — R™ denotes the solution of the IVP in (5.1) and
(5.2) on the time horizon [t t"d] € R for given initial state y(#"*) = 5 € R™ and
given parameter py € RP, which is considered fixed and therefore this argument in y(¢)
is omitted. The first derivative with respect to the time for the solution y(t) is denoted
by y(t), i.e.

() = 2 .
y(t) at |,
For conditions which ensure the existence and uniqueness of a solution y(¢) of an IVP

as given in (5.1) and (5.2) we refer to, e.g. [78].
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Here, we present the theoretical aspects for the numerical implementation and as well the
numerical implementation itself of a Backward Differentiation Formula (BDF) method,
more precisely a variable step variable order BDF method based on Nordsiek array in-
terpolation to solve IVPs numerically, which has been implemented as a part of the
algorithmic framework developed for this thesis.

The core integrator is similar to the EPISODE BDF method by Byrne and Hindmarsh
[32], but with the step size selection strategy of Calvo and Réndez [36] and the capability
to generate higher-order sensitivities with respect to the initial state vector y; and pos-
sibly a parameter vector py based on the sophisticated framework of Internal Numerical
Differentiation [1, 2] as presented in Section 5.2.1 and 5.2.2.

For a rigorous presentation of the convergence theory of BDF methods we refer to the
textbooks [9, 42, 58, 78].

All BDF methods are based on implicit Backward Differentiation Formulas, which were
first introduced by Curtiss and Hirschfelder [41] and are specially suited for stiff ODEs.
In [59], Hairer and Wanner define: “stiff equations are equations where certain implicit
methods, in particular BDF, perform better, usually tremendously better, than explicit
ones.”

Since the algorithmic framework is intended to be used for (bio)chemical kinetic systems,
it is expected that the systems of interest may be stiff and therefore a stiff method is
implemented rather than an explicit one like, e.g. explicit Runge-Kutta methods (see
for example the textbooks [42, 58, 78]). For a detailed discussion of stiffness we refer to
the textbooks [9, 42, 58, 78|.

BDF methods belong to the family of linear multistep methods. The general form of

a k—th order linear multistep method at step n can be expressed as

k k
Z On;Yn—i = h Z ﬂiFn—h (53)
=0 i=0

where

Fo i = F(ynfi, tnfiaPO)
and y,_; denotes the approximate solution at ¢ = t,,_; with
bk <tp—gt1 < -+ <lp

and «;, B; are the method’s coefficients for i € {0,...,k}. The step size is denoted by h.
Ascher and Petzold remark [9]: “The method is called linear because, unlike general

Runge-Kutta, the expression in (5.3) is linear in F.”
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5.1.1. Classical linear multistep form of the BDF method

The conceptual idea of the k—th order BDF integration method is, to calculate at step
n for given step size h, and already computed approximations y,_;, i € {1,...,k}, at
time points ¢,,—; € R, the successive approximation y,, of the exact solution y(t,) of the
IVP in (5.1,5.2) at time point t,, by the following strategy.

The strategy is based on the construction of an interpolation polynomial 7, 1 (t) of degree
k or less in t € R, such that

Tok(tn—i) = Yn—i, 1€{0,1,...,k} (5.4)

and
7:rn,lc(tn) = F(yn,tn,po) (55)

are fulfilled. These conditions implicitly define y,,.
As Byrne and Hindmarsh state in [32]: “This set of conditions can be rephrased in the

classical linear multistep form

k

hnyn = — Zaniynfia Yn = F(’yn,tn,po), (5'6)
=0

such that the solution of (5.6) for yy is necessary and sufficient for the existence of
ok (t) with (5.4) and (5.5).”
Here h,, denotes the step size of step n. The sizes of each step do not have to be the

same and satisfy
0 <min{h;} and max{h;} <H

such that for

J
t; = ¢init + Z h;,
i=1

it = 1) <ty < ... tgpa =t defines a strict partition of [t ¢7] where H denotes

the maximum step size.

5.1.2. Predictor-corrector scheme in Nordsieck representation

In 1962, Nordsieck invented an integration method [84], which calculates at step n the
next approximation y, to the true solution y(¢) of the IVP in (5.1) and (5.2), by use
of a stored approximation to a scaled Taylor series of order k around t¢,,_; of the true

solution y(t). Here, this approximation is called Nordsieck array of order k and is given
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by
ot = (yner By B200 2 HEy R,

where in general 2yt

i ‘y(t

9211 - i . )
but
yfil = d Wndtli’k(t) )
t=tp_1

fori € {0,...,k}. Precisely, z,_1 stores the scaled Taylor coefficients of the Taylor series
of m,_1 1 (t) around ¢,_.

Osborne [85] and Skeel [108] showed “that every Nordsiek method is equivalent to a
multistep formula and that the order of this method is at least k" [58].

Now, we present a practical predictor-corrector scheme utilizing Nordsieck arrays to
calculate the next approximation y, according to the BDF solution strategy presented
in Section 5.1.1 as developed in [32].

In view of the solution strategy in Section 5.1.1, a practical k-th order BDF integration
method calculates at step n the desired interpolation polynomial 7, ;(t), defined by (5.4)
and (5.5), by help of the former interpolation polynomial m,_; ;(t), calculated at step
n — 1, which is well defined by the conditions

Wn—l,k(tnfi) = YUn—i, 1 E {1, . ,kﬁ} (57)

and

Tp—1,k(tn-1) = F(Yn—1,tn—1,D0)-

Here, the complete polynomial m,_; ;(t) is coded in the Nordsieck array z,_;.
The first step in constructing the desired polynomial 7Tn7]§(7f)1 is to calculate the predictor

array zy(o), which is defined by
Zn(O) = Zn_lA[/{?] (5.8)

and A[k| is the (k+ 1) x (k+ 1) Pascal triangle matrix, namely

0, i<j
AV[E] = { R
I

! Again, the complete polynomial 7, x(t) can be coded in the Nordsieck array z,. Thus, the task is to
construct z,, instead.
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Therefore, A[6] is for example given by

100 0 0 00
110 0 000
121 0 0 00
ABl=[13 3 1 0 0 0
146 4 1 00
1510 10 5 10
1 6 15 20 15 6 1

Obviously z,( stores the scaled Taylor coefficients of the Taylor series of m, 1 x(t)

around ?,. Hence, the Nordsieck array z,(g) is called the predictor array.

On the other hand, the Nordsieck array of interest z, is given by

with 4 0
. dm,, 1 (t
() . &kl

t=tn
In [32], Byrne and Hindmarsh derived a fundamental relation between 2,y and 2,
which we present now.

First, we define the polynomial A, () of degree k or less by
Ay (t) =1 k() — mp_1,k(2).
From (5.4) and (5.7) one sees, that
Ap(tn—;) =0, forall ie{l,... .k} (5.10)

and
An(tn) = 7Tn,k:(tn) - anl,k(tn)-

If one denotes the entries of the Nordsieck array z,) by

_ 1) (2) (k)
Zn(0) = <yn(0) hnyn(o) h%yn(o)/Q hﬁyn(o)/k!>
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and by the fact that the entries of z,) are the scaled Taylor coeflicients of the Taylor

series of m,_1 x(t) around t,, one can conclude that

An(tn) = Yn — Yn(0) = €n, (5.11)

where e, is called the corrector vector.
From (5.10) and (5.11) and using the polynomial interpolation in Lagrange form, it
immediately follows that A, (¢) is uniquely defined by

k
t—tn—i
An(tn) = || —en. 5.12
n(tn) };Il b — €n ( )
We introduce the auxiliary quantities
t—t tn — tn—i
Ty, 1= " and &, = ——— with i€ {l,...,k} (5.13)
han ’ hnp,

and the scalar auxiliary polynomial

An(z) =] (1 +

i=1

> . (5.14)

x
gn,i
Using these quantities, (5.12) transforms to

A(t) = Ap(ty + hpx) = Ap(x)e,.

We denote the i-th coefficient of the scalar polynomial A, (x) by i, i.e.

An(z) = lha'. (5.15)

From the fact that the entries in 2, and z,() are the scaled Taylor coefficients of the

Taylor series of m, ;(t) and 7,_1 x(t), respectively, around t,, and with

h_ly'L diﬂ-n,k(t) _ % diﬂ-n—l,k(t) o % dlAn(t)
i! L P dti i, ! | |, (5.16)
1 d"Ay(z,(t)) ;
= - — == lnen,
7! dt b=t
for i € {0,...,k}, and z,, is regarded as function of ¢, it follows that
Zn = Zn(0) T enln, (5.17)
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where [,, denotes the 1 x (k 4 1) row vector

=)

Thus, by knowledge of the corrector vector e, and the coefficient row vector [,,, the
predictor array z,() can be easily corrected to yield the desired Nordsieck vector zy,.

The coefficient row vector I,, is uniquely defined by the relations (5.14) and (5.15). We
first note that obviously [ = 1. We calculate the remaining coefficients by the recursive

scheme presented in Algorithm 8, which can be easily verified by induction.

Algorithm 8.

Data: Order of BDF method k, Auziliar quantities &, 4 for ¢ € {1,...,k}.

Step 0. Set 10 =1. Seti=0.
Step 1. Seti =1+ 1. Ifi > k stop.
Step 2. Set j=1i—1. Set

7
L=1l%
q=1
Step 3. If j <1 goto Step 1. Else set
=10+,

set j =j — 1 and goto Step 3.

Remark. It can directly be deduced from Algorithm 8 that I} is given by

P
h=> (5.18)
i—1 gn,i
and 1% is given by
LI
Ik =
z‘l—[l gn,z’

The calculation of the corrector vector e, is presented in Section 5.1.5.
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5.1.3. Estimation of the local error

In [32], Byrne and Hindmarsh state at the beginning of the section “Error Estimation”:

“The algorithm described so far is of little or no use without an accompanying algorithm
for the selection of order k and step size h throughout the integration. This selection

algorithm is based on the local discretization error”.

Therefore, in this section, we will derive formulas for the estimation of the local dis-
cretization error, based on the corrector vector e,. In the following, we will denote the

local discretization error local truncation error.

Definition 15. The local truncation error LTE, (k) of the k—th order BDF method
at step n s defined by
LTE, (k) = y(tn) — Un, (5.19)

where y(t,) is the exact solution of IVP in (5.1) and (5.2) at time point t,, and gy is
the numerical one, i.e. obtained by (5.6) but with y,—;, i € {1,...,k} given by the exact

solution at time points t,—;, i € {1,...,k}, i.e.

Yn—i :y(tn—l)7 1€ {17"'7k}7

for this case.

Definition 16. The local error LE, (k) of the k—th order BDF method at step n is
defined by
k
1 .
LEn(k) = y(tn) +— hny(tn) + Z amy(tnfi) ’ (5'20)
i=1

no

where y(t,—;), i € {0,...,k} is the exact solution of IVP in (5.1) and (5.2) at time
points tn—; and Y(tn) = F(y(tn), tn, ).

The following lemma gives a relation between the local truncation error LT E, (k) and
the local error LE,(k) of the k—th order BDF method at step n. The lemma gives
essentially the same result as Lemma 2.2 in [58] but formulated not only for uniform

step sizes.

Lemma 3. Consider the IVP in (5.1) and (5.1) with F(-,t,,p) continuously differen-
tiable and let y(t) be its exact solution. Then it holds for some s € [0,1] that for the
k—th order BDF method at step n

h

LTE,(K) = (n 2 () - y~n>,tn,po>) LEWK).
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Proof. According to (5.6) g, is implicitly given by
k

~ 1 ~
Yn = —— hnF(ynatmpO) + Zaniyn—i . (5.21)

“no i=1
Using (5.19) and (5.20) we see that (5.21) is equivalent to

LE, (k) = LTEy(k) + ™ (F(y(tn) tnrp) — i tnr)].

Qiny

From the Mean-Value Theorem it follows that

hy, - N
LEn(k) = LTEn(k) + —Fy(yn + S(y(tn) - yn)a tn,p)LTEn(k)
no
hn, N N
= <]1 + —Fy(yn + s(y(tn) - yn)a tnaP)) LTEn(k)7
no
for some s € [0, 1]. O

Therefore, the local truncation error LT E, (k) and the local error LE, (k) for the k—th
order BDF method at step n are essentially the same, i.e. for small enough step size h,,
LTE,(k) =~ LE, (k).

Lemma 4. For the local error LE, (k) of the k—th order BDF method at step n it holds

that N
LE (k‘) _ Hizl gn,i k+1 d(kJrl)y(tN)
" (k+Dlay,, ™ dele+D)

where &4, 1 € {0,...,k} is defined as in (5.13).

Proof. Let 7, ;(t) be an interpolation polynomial of degree k defined by the conditions
Tnge(tn—i) = y(tn—;) forall ie{0,1,... k}.

From (5.6) we see that
q
_hnﬁ'n,k(tn) - Z aniy(tn—i)-
i=0

Therefore for the LE, (k) it holds that

LE, (k) = T [9(tn) = Tk (tn)] -

Oy

Let 7y, x+1(t) be another interpolation polynomial of degree k + 1 defined by the condi-
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tions
7~Tn,k+1(tn—i) = y(tn_i), forall 7€ {0, 1,... ,/{:}. (5.22)

and
7LTTL,/’C-I—l(tn) = y(tn) (5-23)
With A(t) := 7y, k41(t) — T x(t) it obviously follows that

LE,(k) = ﬂA(tn). (5.24)

Qi

Since by construction 7, j4+1(tn—i) = Tp k(tn—i) for all i € {0,1,...,k}, it holds, that
A(tp—;) =0 forall ie{0,1,... Kk}

Thus, it follows from the polynomial interpolation in Lagrange form that

A(t) =c] ]t —tns), (5.25)

for some constant vector c.
The constant vector c¢ is the leading coefficient of A(t) and thus of 7, 11, as well.

Therefore it follows that )~
- — 1 d( + )ﬂ'n,kJrl(tn) (5 26)
R TG '

An upper bound for the error term ||y(t) — 7, x+1(¢)| of the Hermite polynomial inter-
polation for (5.22) and (5.23) is given by

k
ly(t) = Fagera (0] < (¢ —t)* [T (¢ = tu-s), (5.27)

i=1
where ¢’ is some constant. Therefore, it immediately follows that

1 dE Dz () 1 d®+Dy(t,)
CSHID @y Gl q T OU): (5.28)

From (5.25), we also know that

k k

Altn) = e Jltn = tn-i) = chiy ] ] &n (5.29)
i=1

1=1 =
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and therefore, from (5.24), (5.28) and (5.29), we see, that

[Lz1 iy 45y (t)

+ O(H*?). (5.30)

Now, from Lemma 3 and Lemma 4, it obviously follows, that, under above conditions,

y(tn) — ijn = LTE, (k) = LE, (k) + O(H**?)

I i pen 08 V) e (5.31)
(k+ Doy, " dt(k+1) :

In the following, we will develop an estimation of the asymptotic part of the local error

LE, (k), based on the corrector vector e,,.

For this task, we define a second polynomial 7,,_1 1 (t) of degree k or less by
Tn—1k(tn—i) = y(tn—;) forall ie{l,...,k} and 7%'”,17]?(15”_1) = y(tn-1).
Therefore, it yields (by definition of 7;,—1 x(tn—i)), that
Yn(0) = Tn—1k(tn)-
Again, we define a second polynomial 7,1 41(t) of degree k + 1 or less, given by
Fntkr1(tn_i) = y(ta—;) forall i€{0,1,....k} and 7, 1xs1(tn_1)=y(tn1).

Now we define the polynomial A(t) by

A(t) = fp—1k+1() — Tn-1.k(2).
Then, by definition of 71, x4+1(t) and 7,1 g+1(t), it immediately follows that
y(tn) - yn(O) = 7c"nfl,chrl(tn) - ﬁ'nfl,k‘(tn) = A(tn)

and .
Altn_)=0 forall ie{l,...,k} and A(t,_1)=0.
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Thus, it follows from the Hermite polynomial interpolation that

k
A(t) = &t — ta1)? Tt = tas):

1=2

for a constant vector ¢. With similar thoughts as above (compare (5.26), (5.27) and
(5.28)), it follows that

1 d(kJr ) 1k+1(t ) B 1 d(k+1)y(tn)
(k+1)! dt<’f+1> T (k+ 1) At

c =

+ O(H).

Thus, we can conclude that

thrl d(kJrl)
k + 1 dz( k+1)

Y(tn) = Yn(o) = Altn) = ehf™! Hé“m = Hﬁm +O(H2). (5.32)

Now, we subtract (5.31) from (5.32) and we get

~ 1 hat! d(kﬂ)y( k+2y

From (5.30) and (5.33) we get the desired local error estimator

1 1

LER) = G T 1an)

en + O(HF?), (5.34)
which is correct within O(H**2), if the past values are exactly known and the corrector
iteration is solved exactly. Generally, the past values are not known exactly.

Byrne and Hindmarsh state in [32]: “However, the errors in the past values can be taken
into account [49] if we assume that the global errors in y(t,) — yn at order k satisfy the

expansion
Yn — Y(tn) = di(ta) " + djpy i, BT+ O(HM?), (5.35)

with functions dy, and dyy1 which satisfy differential equations of the form
dk(t) = Fydk(t) + ¢k(t)
This assumption is valid for constant h [111] and, at least under some circumstances, for

nonconstant h [50]. Here ¢ (t) is the “principal error function ®, for which ! hE Ly (t,)

b

is the principal term of the local error LE, (k).

Therefore, to take the errors in the past values into account, instead of (5.34) Byrne and
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Hindmarsh [32] use

1 1

LEK) = = 17a5e* O(H"?)
-1 (5.36)
:ai 1+H< 1—t >] en + O(H"2)

with

k
~ 1~ tn—i
= — 5.37
[l (5552, =
as estimate of the local error LE,(k), which is correct within O(H**2), if the global
errors in y(t,) — yn satisfy (5.35). We use the same estimator (5.36) of the local error

LE,(k), too.

For later purpose, we additionally introduce estimates of the local error LE, (k' — 1)
at order k' — 1 and of the local error LE, (k' + 1) at order k' + 1, for the case that the

current order of the method is &’.

First, we give an estimate of the local error LE,(k' — 1). Since the current order of

k' Ik
the method is & the last entry of the Nordiesk array z,, gives an estimate of ],:,, d dthgn)’

i.e. )
nE dy(t,)  BE )
Eodtr T kN

By construction of z,, this estimate is correct within O(H¥*1), if the nodes in (5.4)
are correct within O(H¥ 1), as stated in [32]. Therefore, from (5.30) an estimate of
LE, (k' —1) is given by

’_ (K
Hlelgn,i hﬁ yﬁl )
k' —1 |
oFD K

LE,(K —1) = + O(H T, (5.38)

(K'—1)

where agy, denotes the coefficient ay,, of the classical linear multistep form in (5.6)

of order ¥’ — 1 (i.e. k=K — 1 in (5.6)).

Next, we give an estimate of the local error LE, (k' + 1). We start with

oo e 4y ()

S O(H"*2), (5.39)
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where

Cp = (1—L>M

any ) (K +1)17
which is essentially the same as (5.33), but again corrected by taking the past values
into account, as above.
We again follow the ideas in [32] and consider a combination of e,, and e,_1, such that

the combination is asymptotically O(H k/”). This combination has to be proportional

0, h \TT
" énfl hnfl ’

such that the combination is asymptotically O(H**2). Now, if one neglects the O(Hk/+2)
terms in (5.39) and y(t) € C¥+2, one gets the relation

to e, — Qpepn_1, with

pR 2 d(k,+2)y(tn)
n de(k'+2)

Il
>

de(k'+1) dt(k'+1) (5.40)

;Ll (en — Qnen—1) + O(Hk,+3)-

I
o>

Now, from (5.30) and (5.40) we get, as estimate of the local error LE,(k' + 1), the

following expression

n 41 1 K43
LE,(K +1) = — — (en — Qu.en1) + O(H" ), (5.41)
(K +2)alf D (1= 1/dn,)
where aﬁf‘g/“) denotes the coefficient ay,, of the classical linear multistep form in (5.6)

of order ¥’ +1 (i.e. k=K + 1 in (5.6)).

Remark. Since we have neglected the terms O(H¥*2) in (5.39), the estimate in (5.41)
might be inaccurate, as also stated in [32]. But this estimate is only used for the estima-
tion of a new step size h,y1 for the next integration step, if the order at the (n + 1)-th
step changes from k' — k' + 1.

The order and step size selection strategy is presented in Section 5.1.6. In the following,
we give some notes on scaling and, as well, on the influence of the numerical accuracy

on the numerical behavior of the implemented BDF method.
5.1.4. Scaling and numerical accuracy principles of the implemented BDF

method

For the implemented BDF method, one integration step at order k is considered suc-

cessful, if the norm of the estimated error LE, (k) is below some user given threshold e,
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i.e.
ILE,(K)|lw,, < e (5.42)

Since the components of the solution might have different orders of magnitude, it is
common [32, 86, 29, 94, 16, 62], to use a weighted norm || - ||y, in (5.42).

Here, we use the weighted norm

I1LEx (F)llw,, =

where LE! (k) denotes the i-th component of the estimated error LE, (k) and W, for
i€ {1,...,m}, are scaling factors.
The user can choose between two different scaling factors. The first one, also used, e.g.

in [29, 62], is given by

. . tol’
Wi = [y + = (5.43)

and the second one is given by
W, = max{|y}|, W,,_y, atol'}, (5.44)

where atol € RZ, with

2= {(@1,. . wm)T R 2 > 0¥ € {1,...,m}},

is given by the user and i € {1,...,m}. The second one is called “new Deuflhard-

scaling” [16]. We use || - for the calculation of the results in Section 8.

I,
In [101], Shampine investigated the influence of limiting precision in differential equation

solvers. He points out, that if

€ < Urlynllw,,

then the user given threshold for the acceptance of the local error LE,(k) is less than
a unit roundoff of ||y, ||w, , where w, is the unit roundoff of the machine. Therefore, the
user has clearly asked for too much accuracy. Here, the strategy to tackle this situation,

is to relax the user given threshold by
€relax = max{e, QUrHynH} (545)

and to demand
HLEn(k)HWn < €relax (546)
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in place of (5.42), for the acceptance of the step.

5.1.5. Calculation of the corrector vector ¢,

For the calculation of the correct vector e, we start with the first column of relation
(5.17), just as Byrne and Hindmarsh in [32], i.e.

1 1
hnyr(zl) = hnyé(z)) + enli = hnyé(é) + (yn — yn(o))li. (5.47)

Since by definition of z,, yg) = ¢, and therefore, (5.47) is equivalent to

. 1
with
Un = F(yn,tn,po),
according to (5.6).
Since, by construction, (5.48) is equivalent to the classical linear multistep form in (5.6),
we can identify I} with

1 _
l, = —Qn,-

Therefore, we can deduce with (5.18) that

1
kf
O‘ﬁzo D=-— ni
i=1 >
and
k+1 1
k+1) _
R W
i=1 >

This is helpful, for the calculation of (5.38) and (5.41).
For the calculation of the vector y,,, we define the nonlinear mapping G™ : R™ — R" by

n hn
G () = (1= Yo)) = 7 (F(ustnp0) =3 ) (5.49)

Obviously, the vector of interest y,, is a root of G™(u), i.e. G"(y,) = 0.
For the calculation of this root of G™(u), we use a simplified Newton method, i.e. the
iteration scheme, we use, for the j + 1-th approximation u,_ j41, of this root of G™(u), is
given by

Un jrl = Unj + DUy j, (5.50)
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where Au, ; is given by

Aty j = =P ()G (tn ;) (5.51)

and P;(u) denotes an approximation to the inverse of the Jacobian G™(u). Here, the
approximation ﬁn_ () is kept constant during one pass of the simplified Newton method,
ie. ]3,; Yuj) = ﬁ; 1 and possibly on successive ones.

We use 7,1 x(tn), i-e. Yn(o), as start value uy, o for this simplified Newton method.

Instead of calculating Au, ; by (5.51), we solve the linear equation
PoAuy ;= —G"(un ), (5.52)

using LU decomposition of the matrix P,. For this task, we use the software package
ATLAS [130, 131], which provides a tuned interface to LAPACK [6, 5] and BLAS [72, 48].
Especially, ATLAS provides the possibility to store the LU decomposition of the matrix
ﬁn and to reuse it for the solution of successive linear equations, if no more than the

right hand side of a successive linear equation is changing.

The modified Newton method obeys the following local contraction theorem as given in

[27] by Bock.

Theorem 16 (Local contraction, Theorem 3.1.44 in [27] (modified)). Let G : D — R™
be a continuously differentiable function, where D is an open subset of R"™. Let p-1
denote an approximation to the inverse of the Jacobian G, (ugy) at the start value ug € D.
In addition, for all T € [0,1] and for all u,u + Au € D, with Au := —13*1G(u), there

exist bounds w < oo and Kk < 1, such that
Hﬁ_l (Gu(u + TAU) — Gy(u)) Aul| < wr||Aul? (5.53)
and
1P R(u)|| < & Aul, (5.54)

with
R(u) := G(u) + Gy (u)Au,

where R(u) is called the residuum.

Then, if the start value ug satisfies

wl|Aw
_wlaul

do : 5

k<1 (5.55)
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and

[Aug|
"1—4p
it follows that the iterates uj 1 = uj+Au; are well defined and stay in Dy and the series
{uj}?io converges to a fized point, denoted by u* € Dy, with Au* = —P~1G(u*) = 0.

Furthermore, it holds, that an a priori estimate is given by

Dy = B(ug ) C D, (5.56)

¥ ; AUO
Jus — ] < o2l (5.57)

and the convergence s linear with

oAy |
2wl < (25 k) haus = 5180

Proof. By assumption ug,u; € Dg. Now assume that w11 € Dy, then it holds that
1Auj 1| = 1P (Gujr1) = Glug) = Guluy)Auz) + P~ R(wj)|

~ 1 ~
= HPil /0 (Gu(Uj + TAuj) — Gu(uj)) Aude + PilR(uj)H (5.58)

w|| Al

1
< [ rutdulPar -+ slau) = (54 k) 1ol = 51801,
It should be noted that ;41 < d;, which can be seen from (5.55) and (5.58).

It follows that

j+1 i+l | Ao
a2 = uoll < D l1Au;|l < [[Augl| Y6 < T— 5
i=0 i=0

and therefore, w42 € Dy.
It also holds that

| Au||
] 0
lujp = uill <D N Aul < %m
=0

and thus {u; };’;0 is a Cauchy sequence and converges in Dy, where u* denotes the limit
point.

It remains to show that u* is a fixed point.

First, by assumption (5.54) and

[ Augl| =0, (5.59)

lim
Jj—00
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it follows that
lim ||[P~'R(u;)|| = 0.

j—00
Second, the residuum R(u) is a composition of continuous functions and thus continuous

itself. Therefore, by definition of R(u) and (5.59), it follows that R(u*) = G(u*).
Finally, ﬁ_lR(uj) is continuous, too. Thus,

lim [|P~" R(uy)|| = |[P~'G(u")]| =0
Jj—o00
and therefore, u* is fixed point, which completes the proof. O

In [14, 80], it is noted that:

e The Lipschitz constant w measures the nonlinearity of G(u), since for given P~

(5.53) can be replaced by the Lipschitz condition
1Gu(u”) = Gu(u)]| < Allu” —o']],
where /,u” € D. Then 7 gives an overestimate of w, with w < ||[P~|y.
e The condition (5.54) can be replaced by
11 — P7YGy(w)|operator < & < 1, forall we D,

where || - ||operator 1S the operator norm, induced by the norm || - ||. Thus, & gives

an measure for the quality of the approximate inverse p1.

As well known, the problem to determine a root of a nonlinear function G(u), as above,
is affine invariant. This means, for the nonlinear equation of interest G™(u), that, for
given non singular m x m matrices Di' and Dg, the problem of finding a root of G"(u)

is equivalent to problem
G"'(4) := D}G™(Da) =0, with u= Dpa, (5.60)
since
G"(u) =0 & DPG™(u) =0 G™(a) =0, with u= DJa.

Additionally, the simplified Newton method in (5.50) and (5.50) is affine invariant, as
well. Therefore, we are free to solve @”(z}) = 0, for given non singular matrices D}’ and

Dg, instead of (5.50) and then recover u from w = Dpja. For the simplified Newton
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method this means, that now, instead of (5.52), we have to solve the linear equation
PuAdy, = —G"(iin ), (5.61)

where
P, := DI'P,D},

and
G"(4) := D}G™ (DR ).

As stated in [27], the assumptions in Theorem 16 and the statement itself are invariant
against scaling with a non singular matrix Df'. Particularly, the constants w and x are
invariant against a scaling with D7, too. The effect of a scaling with a non singular
matrix Dy is clarified further below.

In [80], Minh gives a brief summary on the error analysis in the context of solving linear
equations and in the context of Newton-like methods. Based on this error analysis, he
investigates a suitable choosing of the matrices Di' and Dy for application in a BDF
method.

Concretely, he considers the linear equation Pu = b with square matrix P, right-hand
side b and solution vector wu.

Then, for a perturbed linear equation, where the matrix P is perturbed by AP and the
right-hand side b is perturbed by Ab, the solution u gets perturbed by Aw, such that

(P + AP)(u+ Au) = b+ Ab,

holds.
For the case <K(P)m%> < 1, he gives an upper bound on the relative error
[[Awll /[l by

| Aul| < K(P) (HAbH HAPHOPerator) (5.62)
||uH o 1— (K(P)W’W) HbH HPHoperator ’
operator

where k(P) is the condition number of P, given by

HPHoperator
k(P) = ————.
( ) HP_luoperator

Although the bound in (5.62) is very pessimistic, one clearly sees that a suitable scaling
minimizes the condition number x(P). Minh notes that an optimal scaling implicitly
depends on the solution u of the linear equation itself, as also noted in [61]. This is

obvioulsy computational inpracticable for a BDF method.
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Therefore, on heuristic base, we use a similar strategy as presented by Minh in [80]. This
is, we use diagonal matrices Di* and Dy to scale rows and columns of the matrix ]5n, if 13n
has to be refactored by LU decomposition at integration step n, to safe computational
time.

First, it should be noted, that, due to condition u = Dy, the relative error

|Aaa] _ || (DR) ! Al
lally (og) "l

is measured in a different norm. For the implemented method the norm ||-|| corresponds

to

It is desirable that the norm || Dg-1u|| of u is “compatible” with the norm presented in
Section 5.1.4. On the other hand, no additional error should be introduced by the row
and column scaling of B,.

Therefore, like Minh [80], we use integer powers of machine base as elements for the
scaling matrices Di' and Df.

Minh states [80]: “To avoid scaling roundoff error, integer powers of machine base are
chosen for elements of Di and DR. In fact, if a scaling number has such a form,
then the mantissa of its floating-point representation is exactly 1, i.e., there arises no
roundoff error, when converting the original scaling number into its floating-point form.
Moreover, the multiplication is faster because, to multiply a scaling number with a matriz
entry, one has only to add two integers, namely the exponents of the scaling number and
of the entry matriz.”

Functions, recommended by the IEEE-754 standard for floating-point arithmetic [39],
are scalb for multiplying 2" and logb for computing the logarithm of base 2, which we
use and which are used by Minh [80], as well.

Similar to [80], we have chosen D} to be

2% 0 ... 0
0 20 . y .
Dg = ,  where o) = [logQ(WTZL)] , (5.63)
: - - 0
0 ... 0 2%

for i € {1,...,m} and W}l is given as in (5.43) or (5.44) but y/, is replaced by y, ),
since y!, is not available yet and (5.63) is still “compatible” with the norm presented in

Section 5.1.4. Here, [z] denotes the closest integer to = € R.
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Like [80], we have chosen D} to be

0% 0 .. 0
n, . m +
n 0 20wow s : n,i D n\i,j

Df = . ,  where ajg = — [log, Z |(P,Dg)"™| ,

: - - 0 j=1

0 ... 0 2w

(5.64)

for i € {1,...,m} and where [z]" denotes the integer part of z € R, if z < 0, and
otherwise the integer part of # + 1. Therefore, [ - |* defines a “round up” operator.

It should be noted, that, after scaling 15n with Df and Dg, 13n is row equilibrated.
Since in [121] it is shown, that, for given square matrix P and for the condition number
x5 (P) defined as
P
&) (p) = Pl
R )
glb,, (P)

with

1Azl
glb,,(P) := min ,
e 220 [lzlq
the condition number of Df'P, namely K8 )(DICLP), is minimal, if all rows of the matrix
D} P have the same 1-norm, this seems an effective strategy. Minh [80] notes that he

could reduce, by this approach, condition numbers in range 104 — 10'® to in range
106 — 108,

As stopping criterion for the simplified Newton method we either demand that the
iterates have converged or, that [|Ad;||, with j < NNewton, does not interfere with the
local error test in (5.42).

We regard the simplified Newton method to be converged, if, within Nyewton iterates, a

reduction of ||ty Nyowion — Unll by a given factor Ynewton is achieved, i.e.

||ﬁ’n7NNewton - ,['\L:;H S WNeWtonH’&’nyO - ’&/;kLH

and for each iteration it holds that

71 =~ .
6n,j S (’YNewton) NNewton = 60 fOI' ] € {1, e ,NNeWtOD - 1}?

where 6, ; is approximated by
5o Adly, j
n,J — A’&/nh]—l

and 4} denotes an exact solution of the nonlinear equation in (5.60).

On the other hand, we regard, that a ||Awy, ;||, with j < NNewton, does not interfere with
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the local error test, if

-1

1 1
€, (5.65)

A, || < S
H un,j” > €Newton g (1 — 1/dn0)

where enewton 1S & user given threshold with enewton < 1. Here, we use eNewton = 0.01
for the calculation of the numerical results in Section 8.

If a || Aty ;||, with j < NNewton, does not interfere with the local error test, we stop the
simplified Newton method (compare (5.34), (5.42) and consider the scaling matrix Dp
in (5.63)).

Obviously, (5.65) can only be achived if

1
1 -1 NNewton =1

¢ I R N
Newton ang (171/5{”0)

onj < | Aty 0| = An,I for j€{l,..., NNewton — 1}.
n,

Therefore, if
5j > maX{SC, Sn,l},

or no convergence of the simplified Newton method can be achieved within Nxewton, We
consider the simplified Newton method to be failed.
Further, if

[Adn 5| < trlln il

this is, ||Aty, ;|| is less than a unit roundoff of ||a, j41||, where, again, u, is the unit
roundoff of the machine, the user has clearly asked for too much accuracy [101].

Therefore, we also stop the simplified Newton method in the j-th iteration , if
A | < 20 gl (5.66)

There are mainly two reasons that the simplified Newton method fails.

First, the approximation Z3n to the Jacobian éﬁ(’&np) might be too insufficient in view
of assumption (5.54) and second, the start value 4y, o might be to bad.

As noted above, 13n is kept for successive intgeration steps as long as convergence by the
simplified Newton method can be achieved. Therefore, if the simplified Newton method
fails, we first update Z3n

The exact Jacobian of G"(y,()) is given by

hn,
Pa(¥n(0) = 1 = 75 Fy(Uno)» tns P0)- (5.67)
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Since the computation of the Jacobian Fy(yn(o) ,tn, Po) is more likely to be computational
expensive than the LU decomposition of P,, we store the Jacobian F} =F, (yn(o), tn,P0)
for successive integration steps, where Fj' denotes the stored Jacobian. Then, if an
update of P, has to be performed, we first calculate (5.67) with an former stored Jacobian
Fp = Fy"_1 instead of F,(y,,(0), tn, o) but current coefficients h,, and 1L. Now, we rescale
P, with updated scaling matrices D' and Dy and finally restart the simplified Newton
method.

If, again, the simplified Newton method does not converge, we recalculate 15n with an
updated Jacobian F,(yy(0), tn, Po), too.

If still convergence can not be achieved, the step size of the BDF method, at the current
integration step, is reduced by a factor of 1/2. The procedure of step size change is,
discussed in Section 5.1.6.

In summary, we have the following algorithm for the calculation of the corrector vector

én-

Algorithm 9.

Data: Stored LU decomposition of ﬁn,l, stored Jacobian Fy"_l, stored scaling matrices
Dﬁ_l and Dﬁ_l, step size hy, coefficient L, parameter vector pg, current integration
time t,, user given error threshold €, user given threshold e€Newton, user given factor
YNewton, coefficient a,, = —1L, coefficient éu,,, start value Yn(0) = Tn—1k(tn), number of

allowed Newton iterations NNewton -

Step 0. If no stored data is available (if the integration starts) goto Step 2. FElse
goto Step 1.

Step 1. Set ]3” = An_h set Fl = F;*17 set D% = Dg—l; set D% = Dg—l and
got Step 4.
Step 2. Set Fy} := Fy(yn,,)»tn,D0)-
Step 3. Set
~ hn,

Calculate and store scaling matrices D' and D} according to (5.63) and (5.64). Set
P, = D}P,D5.

Calculate and store LU decomposition of 13n

98



5.1 — Calculating numerical solutions of Ordinary Differential Equations

Step 4. Set j =0, set
o = (DR) ™" Yn(0)-
Step 5. Cualculate Ady, j according to (5.61) using the stored LU decomposition of ﬁn,

set

Upj1 = Up,j + Ay

and set j = j + 1.

Step 6. If || Aty j—1] < wrlltin, ;| or
1 1 -1

ang (1= 1/én,)

||Aan,jfl || < €Newton

consider the simplified Newton method to be successful with e, = DR, ; and stop.

Step 7. If j > 1 and if
5n,j—1 > maX{Sc,SnJ},

then,
e if Step 3 has not been performed, goto Step 3,
e clse, if Step 2 has not been performed, goto Step 2,

o if Step 2 has been performed, set e, = DRty ;, consider the Newton method to be

failed and stop.

Step 8. If j < NNewton goto Step 5, else consider the simplified Newton method to be

successful with e, = D{ty, j and stop.

In the next section we present strategies for the selection of step size and order of the
implemented BDF method.

5.1.6. Strategies for the selection of step size and order of the BDF method

If the error test in (5.45) or the convergence of the simplified Newton method in Section
5.1.5 fails, the step size h,,, of the current integration step n, has to be reduced.

While the step size h, gets reduced by a factor of 0.5, if the simplified Newton method
in Section 5.1.5 fails, a new step size hl, is estimated for the case that the error test in

(5.45) is not fulfilled, for the current integration step n at order k. The new step size
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has to be estimated with the the goal that the new step size h], successfully passes the
local error test in (5.45).

On the other hand, if a step is accepted a new step size h,41 gets estimated for the
successive integration step n+ 1. Again, this is based on the goal that the new step size
hn41 successfully passes the local error test in (5.45).

The estimators for new step sizes h,, or hy,41, respectively, are based on the asymptotic
behavior of the local error formula (5.30). In many codes like EPISODE [32], DASSL [86]
or CVODE [62] the estimate is based on the assumption that the former steps have been

taken at same step size h, which leads to the step size factor estimate

on (k?) fp— €relax %H (5 68)
classical T ||LEn(k) ||Wn ’ |

for the current integration order k£ of the BDF method at the n-th integration step. This
estimate is used both for the reduction of the step size in case of a failure of the error
test in (5.45) and for the estimation of a new step size h,1 for the successive intgeration
step n + 1.

In [102], Shampine and Bogacki investigated the behavior of the local error LE, (k) on
uniform and variable grids.

They showed that the behavior of the local error LE, (k) on uniform grids differs from
the behavior on variable ones and therefore (5.68), based on the assumption that the
former steps have been taken at same step size h, might not be appropriate for all cases.

In [36], Calvo and Réndez suggested new heuristic factors, which are based on the

n
rejected

behavior of the local error LE, (k) on variable grids, namely 6 (k), given by

1 1
(pn) 2T 7T if 0.05 < p, < 1
al?ejected(k) = " 1 1 " (569)
Un (,U'n)k7L1 + (1 - Vn) (Mn)Q if pn, < 0.05,
for the calculation of a new step size
hln = arejected(k)hn- (570)

The factor p, is defined by

Csafety €relax

[n = T
| LEn (K)|lw.,
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where cgafety is some safety factor, which is set to cgafety = 0.9 for the calculation of the

numerical results in Section 8 and

NI

k
H gn,i
. i=2 £l
Vp 1= min — (p) 22,1
1717, H (gnn - 1)
i=2
Second, Onewstep (k) is given by
1
Mews)
zk—1 /i = e L
anewStep(k) = = (Nn)(k+l) )
for the estimation of a new step size
hn+1 = anewStep(k)hna (5'71)

after a step acceptance at integration step n.
The factor Opewstep(k) is not used directly for the estimation of a new step size hy41 in
(5.71), but the factor

énewStep(k) = min{enewStep(k)a rrlré%\)z(Step(k)}a (572)

where Qrﬁﬁé‘swp(kz) gives an upper bound on the factor @pewstep (k) for the k-th order BDF
method.

This bounds are neccessary such that the k-th order BDF method retains zero stable, an
important prerequisite for the convergence of the BDF method (see e.g. Theorem 5.8 in
[58]). Several authors [109, 56, 34, 33, 35] have constructed such bounds in the context
of BDF methods and in the context of linear multistep methods, as well.

In [33], Calvo et al. determined upper bounds such that any combination of BDF fo-
rumlas with k£ < k73X retains zero stable. They have excluded the case k < k53X = 6,

since as they state:
“(...) it has been shown by Philippe [87] that even on a uniform grid zero stability
cannot hold if any combination of BDF formulas with m < 6 is allowed, but for arbi-

trary combinations of BDF formulas with m <5 the stability is maintained.”

Their results are given in Table 5.1. It should be noted that there might exist looser
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korder = 3 | korder =4 | ke =9
e ep(2) = | 2.391 2.137 2.117
tep(3) = | 1476 1.321 1.255
newstep (4) = — 1.101 1.088
newStep (9) = - — 0.964

Table 5.1.: Upper bounds on 6™2%, (k), for k € {1,...,5} given by Calvo et al. in [33]

newStep

kmax

bounds, such that any combination of BDF forumlas with & < k75

retains zero stable,
too, and therefore these bounds are too pessimistic.
In [35], Calvo et al. introduce the concept of Agp-stability. There, for the scalar test

equation y = Ay, (5.6) is equivalently rewritten in the matrix form
Uy, = QnUnfla

where U, = (Yn,Un—1,-- - Yn—k+1). € R and €, is the so called propagation matriz

n
iy - if i=1
O — Qng—2n ’

n . .
0ij+1 if <2,

given by

where z, = hy,\ and ¢;; is the Kronecker delta. Then, since the coefficients «,, are
rational functions of the step size ratios h;/h;—1 for i € {n —k +2,...,n}, Calvo et al.
determine bounds on the step size ratios h;/h;_1, such that the spectral radius of the
propagation matrix is < 1, here with z, = 0, associated to zero stability.

They state [35]: “Although the stability derived from the spectral radius condition does
not guarantee boundedness of products of propagation matrices, it turns out to be a re-
alistic criterion to compare the stability of different methods”.

The resulting bounds 022, (k) on the factors Opewstep(k) for £ € {1,...,5}, such that

newStep

the propagation matrix has a spectral radius smaller than one, are given in Tabel 5.2.

rrlr::;'(Step(2) =2.414 rrg%\icstep(?)) =1.618
e ep (1) = 1.280 | Omax,  (5) = 1.127

Table 5.2.: Upper bounds on 6™2%, (k), for k € {1,...,5} given by Calvo et al. in [35]

newStep

102



5.1 — Calculating numerical solutions of Ordinary Differential Equations

Again the order k£ = 6 is excluded in [35].

For the implemented BDF method we use the heuristic factors (5.69) and (5.72) together
with the upper bounds given in Tabel 5.2 instead of (5.68). Since we additionally allow
for the 6—th order BDF method, we set the additional upper bound ™%, (6) = 1.064

newStep
in the implemented BDF method, which works well in practice for the examples in

Chapter 8.

According to [101], if h], < uyt,—1, where again u, is the unit roundoff of the machine,
then

th—1 =1ty

in terms of numerical accuracy. Particularly, this means that the integration gets stalled.
Therefore, if

b < dupty_1, (5.73)

where R}, is calculated with (5.70) we set
hl, = dut, 1 (5.74)

and accept the step, if (5.46) might not be fulfilled. Of course, this mechanism is also
implemented for the step size reduction due to a failure of the simplified Newton method.

With the same thoughts as above, the estimate of the next step size h,4+1 is modfied by
hn—l—l = max{énewStep(k)hn7 4urtn}-

Next, we discuss the adaption of the Nordiesk array z,(h,,) if the step size h,, changes
by a factor of 0, i.e
hn — hp0. (5.75)

Obviously the desired Nordsiek array z,(hy,0) is given by

2n(hnf) == <yn e[hnyg”] 0?2 [hgyg”m] Lo [h;gy,ﬁ’“)/k!]),

compare (5.9). Therefore, z,(h,0) can be calculated by

—

Zn (hn0) = 2, (hy)0,

where & denotes the vector

5:(1 oo ak)T.

103



5 — Calculating numerical solutions of ODEs and Sensitivity Generation for ODEs

If, for k£ + 1 successive integration steps at order k£ of the BDF method, the algorithm
passes without any step failures due to a failure in (5.46) or due to a failor of the
simplified Newton method, we allow an order change from k¥ — k —1or k — k+ 1 of
the BDF method.

For that, using the local error formulas in (5.38) and (5.41) we first estimate the step

sizes

hn+1(k) = max{énewStep(k)hna 4urtn}a
By (k — 1) := max{Bnewstep (k — 1)hn, 4urt, }

and
By (k + 1) := max{newstep (k + 1), durt, }

and choose the consecutive order k' for the next integration step n + 1 of the BDF

method, such that the next step size hy,11 is maximal, i.e.
hn+1 = max{hn+1(/<:), hn+1 (k — 1), hn+1 (k + 1)},

with corresponding order k'. If h,1 = 4u,t,, the order is retained.

If the order of of the BDF method changes from k — k' at finished integration step n,
the current Nordiesk array has to be modfied, i.e. z,(k) — z, (k).

For the case k' = k — 1, the Nordiesk array z,(k) represents the polynomial 7, ;(¢) and
zp (k') represents the polynomial 7, ;_1(t), respectively. Again, as presented in [32], we
define a difference polynomial, here A¥(t) := Tnk(t) — mnk—1(t) and therefore A1)

satisfies
Af(tp_)=0 forall ie{0,1,...,k—2} and Ak(t,)=0.

Additionally, the leading coefficient of Aﬁ(t) has to be the same as the leading coefficient
of mp, (%), i.e. yﬁlk)/k:! and therefore

k-1 NG
A1) = (¢ — t)? [H(t - tn»] e (5.76)
1=1
Again, we perform a change of variables by (5.13) in (5.76) and thus
(k) k—2

AL (t) = Al (ty + hpzy) = dn(azn)hﬁ%, with  dy(z) := 2 [ [ (@ + &),
' i=1
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Again, consider the coefficients d’, of d,,(z), i.e.

With similar thoughts as in (5.16), one can easily see, that d%hﬁy,ﬁk)/kzl has to be sub-
tracted from column i of the Nordiesk array z,(k) for i € {2,...k — 1} to yield z,(k'),
whereby column £ is deleted in z, (k).

The coefficients d, for i € {2,...k — 1} are calculated by Algorithm 10, which can be

easily verified by induction.

Algorithm 10.

Data: Order of BDF method k, Auziliar quantities &, 4 for ¢ € {1,... k}.

Step 0. Set d% =0. Set d: =0 Seti=1.
Step 1. Seti=1i+ 1. Ifi > k stop.
Step 2. Set j=1i—1. Set

Step 3. If j < 2 goto Step 1. Else set
&), = &)+ d o,

set j =4 — 1 and goto Step 3.

On the other hand, if &’ =k +1, 2,(k’) corresponds to a polynomial 7, j41(t) of degree
k 4+ 1 or less, such that

T, () =yn_s forall ie€{0,1,....k} and Fppe1(tn) = n. (5.77)

Obviously, in view of the construction strategy in (5.4) and (5.5), m,, () already satisfies
the interpolation conditions in (5.77) and hence 7, j,(t) = 7y, x41(t). Therefore, as Byrne
and Hindmarsh state [32]: “Thus columns 0 to k of z,(k) need no adjustment, and
column k + 1 of z,(K') is 07.

If both the order and the step size have to be changed, then first the order ist changed

and the step size is changed afterwards.
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5.1.7. Initilization of Nordsieck arrays and estimation of start step size h;

The implemented BDF method is initialized as one step method, i.e. the order of the
initial stepn=11is k = 1.

The start Nordiesk array zq is initialized as

20 = (yl hinitF(yI,tinit,p0)> 9 (578)

where hiyit is estimated with the goal, that y; satisfies the local error test in (5.46).
For that, with similar thoughts as presented in [29], based on the asymptotic behavior
of the local error given by (5.30) we demand, that

h2. .
H—;ﬂtg(tlmt) ‘ = €Rsg, (5.79)
Wh,
with ) 0
d=y(t
it =
y( ) dt2 t:t/ bl

and Rgg is some user given constant 0 < Rsg < 1. We have chosen Rsg = 1, which
worked well for the examples in Section 8. The constant € is the user given threshold
introduced in Section 5.1.4.

If yr is the zero vector, then the estimate of the initial step size h; fails. In this case we
set h1 = hmax, Where hpax IS some user given maximal step size. For the examples in

Section 8 we always set Apax t0 be hyax = 1000, which worked well for these cases.

5.1.8. Calculation of the solution vector at ¢

If, for the first time, the n-th integration step, is accepted with t, > tend(l — 2u,),
where, again, u, is the unit roundoff of the machine at order k£ of the BDF method, the
integration procedure is stopped and the desired solution vector yena at time point tend
is calculated by
k 7
en _t . - .
Yona = 3 (%) [h;yﬁp /2!] , (5.80)
i=0 "

using the entries of the current Nordsieck array z,.

5.1.9. Algorithmic scheme of the implemented BDF method

In this section, we present the overall algorithmic scheme of the implemented BDF

method in Algorithm 11.
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Algorithm 11.

Data: Right hand side function F : R™ x R x RP — R™, initial time t™°, end time t*™,
start vector y; € R™, parameter vector pg € RP, maximum number of integration steps
Niax, mazimum number of allowed simplified Newton steps, user given error threshold
€, user given Newton accuracy €Newton, USer given Newton factor YNewton, USEr given

weight vector atol € R, mazimum step size hpax.

Step 0. Setn = 1, set ngo = 1. Set initial Nordsiek array zy according to (5.78).
Set hy according to (5.79). Set to = t"™' and set t; = ™ + hy. Set order k = 1.

Step 1. Calculate predictor Nordsiek array zy,(o) according to (5.8).
Step 2. Calculate the coefficients &, ; fori € {1,...,k}. Calculate the coefficient vector
I, according to Algorithm 8. Set a,, = —1}. Calculate &, according to (5.37).

Step 3. Calculate ey, with Algorithm 9. If Algorithm 9 reports a failure and hy, > dut, 1
goto Step 4, else goto Step 5.

Step 4. Set ngo = 0. If 0.5h, > 4u,t,_1, set h, = 0.5h,, set t, = th_1 + hy,
rescale z,—1 according to (5.75) with 0 = 0.5, else set @ = du,t,—1/hy,, set hy, = dupt, 1,
set ty, = tp—1 + hyn, rescale z,—1 according to (5.75) with 6. Goto Step 1 and force in

Step 3 a recalculation of ﬁn and scaling matrices Di' and Dy using an updated Jacobian
Fn
o

Step 5. Calculate vector W, according to (5.43) or (5.44) (defined by user), calcu-
late local error vector LE, (k) according to (5.36) calculate €yelax according to (5.45).

Step 6. If
HLEn(k)HWn < €relax

or hy < 4du,t, 1, then goto Step 8, else goto Step 7.

Step 7. Set ngo = 0. Calculate

0 = max{0: (k),ductn_1/hp},

rejected

where Oficcieq(k) is calculated according to (5.69). Set hy = Ohy, set t, = tn_1 + hy,

rescale z,—1 according to (5.75) with 6 and goto Step 1.
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Step 8. Set ngo = ngo + 1. Calculate the Nordsiek array z, according to (5.17).

If
ty > 171 — 2u,)

goto Step 9, else goto Step 10.

Step 9. Calculate yena according to (5.80) and stop.
Step 10. Ifngo <k+1, setn=n+1, set

hn = min{max{énewStep(k)hnfl s 4urtn71}a hmax}a

set 0 = hy/hp—1, tn = tp—1+ hy, rescale z,—1 according to (5.75) with 6 and goto Step
1, else goto Step 11.

Step 11. Calculate
hn+1(k) = max{énewStep(k)hna 4urtn}a

By (k — 1) := max{Bnewstep (k — 1)hn, 4urt, }

and
Pt (k4 1) == max{Bnewsiep (k + 1), durty, }.

Calculate

k' = ar ma; h, (K.
gk”e{kq,)ii,kﬂ} n(k7)

If hps1(K') = hpi1(k), set hpy1 = hpy1(k), set n = n+1, set 0 = hy/hp—1, tn =
tn—1 + hn, rescale z,—1 according to (5.75) with 6 and goto Step 1, else goto Step 12.

Step 12. Set ngo = 0. If hyy1(K') = hypy1(k — 1) calculate coefficient vector d,
using Algorithm 10, substract d@hﬁy,(zk)/k:! from column i of the Nordiesk array z, for
i €{2,...k—1}, delete column k of z,, setk =k—1, set hpy1 = hpy1(k), setn =n+1,
set 0 = hy/hp_1, tn = tn—1 + hy, rescale z,—1 according to (5.75) with 6 and goto Step

1, else goto Step 13.

Step 13. Augment z, by column k + 1 and set column k + 1 to the zero vector, set
k=k+1, set hyt1 = hpi1(k), setn=n+1, set 0 = hy,/hp_1, t, = tp—1 + hy, rescale
Zn—1 according to (5.75) with 6 and goto Step 1.
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The algorithm is implemented in C++.

For the evaluation of the Jacobian and as well for the sensitivity generation, presented
in Section 5.2, we use the AD package CppAD (see Chapter 4).

Further, each summation contained in Algorithm 8 and Algorithm 10 is performed using

compensated summation [61].

5.2. Sensitivity Generation for Ordinary Differential Equations

Beside calculating an approximate solution yena of IVP in (5.1) and (5.2) at time point
td we are interested in calculating approximations to (higher) derivatives of y(t°*)
with respect to the initial condition y; € R™ and possibly with respect to a parameter
vector pg € RP, assuming F(y(t),t,po), as given in (5.1), has as many partial derivatives
as needed.

In the following, these derivatives of 3(t*) are called sensitivities , since these are the

solution of the corresponding forward sensitivity differential equation, e.g. given by

5,:(t) = Fy(y(t).t.po)sy (1), (5.81)

with initial condition

Syi (tinit) — giv

for the first order sensitivities with respect to the i-th component of the initial condition
vector yr € R, where €; represents the canonical unit vector with a 1 in the i-th
coordinate and 0’s elsewhere, for i € {1,...,m}.

The corresponding first order sensitivities with respect to the j-th component of the

parameter vector pg € RP are given by

OF (y(t),t, po)

opJ with s, (") = 0, (5.82)

500 (1) = Fy(y(1), , po)spa (1) +
for j € {1,...,p}.

For more theoretical details we refer to the textbooks, e.g. [58, 78].

In principal, for calculating the desired sensitivities, one can augment the initial IVP as
given in (5.1) and (5.2) by the desired set of sensitivity differential equations and then
solve the resulting system as a whole, using the integration method presented in Section
5.1.

This approach leads to a high dimensional nonlinear mapping G™(u) in (5.49) for the
calculation of the corrector vector e, at step n of the integration process. Thus, de-
pending on the set of desired sensitivities, the computation of a root of G"(u) can get

computational very expensive.
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Therefore, for the calculation of the desired sensitivities, we follow the principal of In-
ternal Numerical Differentiation, developed by Bock [25, 26] and applied to a BDF in-
tegration method, based on a modified divided differences interpolation scheme [23, 24],
by Albersmeyer and Bock [2, 1].

In [1], Albersmeyer states: “The idea of Internal Numerical Differentiation (IND)
[25, 26] is to freeze the adaptive components of the integrator and to differentiate not
the whole adaptive integrator code, but the adaptively generated discretization scheme
(firing the used step sizes, orders, iteration matrices and number of Newton-like itera-
tions). This scheme can be interpreted as a sequence of differentiable mappings, each
leading from the solution at one timepoint of the discretization grid via intermediate
values to the next. Hence it can be differentiated, for example, using finite differences,
the complex step method or the techniques of automatic differentiation. This leads to
numerical schemes for the computation of the sensitivities that are strongly intertwined

with the computation of the nominal solution”.

Since the numerical schemes for the computation of the sensitivities are strongly in-
tertwined with the computation of the nominal solution, information, generated by the
calculation of the nominal solution, can be efficiently reused for the calculation of the
sensitivities, as stated in [1] and therefore this approach offers a computational efficient
alternative.

Here, IND is applied to the intgration method presented in Section 5.1, which is based
on Nordsieck array polynomial interpolation, using the AD techniques as presented in
Chapter 4, which are based on Taylor Series propagation.

Again, as in in Chapter 4, this results in two basic operation modes for the sensitivity
generation. The first one, presented in Section 5.2.1, is based on the forward mode of
AD (Section 4.1), whereas the second one, presented in Section 5.2.2; is based on the
reverse mode of AD (Section 4.2).

Preliminary to the discussion of both operation modes, we first state the preconditions
on applying the principal of IND using the AD techniques of Chapter 4, which arise
from the implemented BDF method.

Since all adaptive components of the integration method are “frozen” in applying the
IND principle for the calculation of the desired sensitivities, we only have to consider,
after a successful calculation of a desired approximation yena to y(t4) at ¢, the
underlying elementary operation sequence. In other words, the performed arithmetic
operations whithin the integration process. Whereas, the discretization scheme is con-
sidered fixed as well as the order of the BDF method at each step n and the integration
steps n’ after which an order change is performed.

Because during the integration process nonlinear equations have to be solved, this non-
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linear equations have to be tackled by AD, too. As elaborate in Section 4.3, there are
in principal two ways in doing so.

For the first one (Section 4.3.1), the simplified Newton method (Algorithm 9) gets tack-
led by AD, directly. Again, thereby all adaptive elements of Algorithm 9 gets frozen,
i.e. the number of performed simplified Newton steps, the scaling matrices Dp', Df; and
the scaled approximation to the Jacobian 13n at each integration step n, to stick to the
IND principle.

For the second one (Section 4.3.2) the nonlinear equation is treated as an elementary
AD operation itself.

In general, during the calculation of the desired approximate solution, y;ena, the underly-
ing elementary operation sequence for integration has to be stored. Here, the operation
sequence gets stored via a list in which a sequence of identifiers gets saved. One identifier
corresponds to a distinct elementary integration operation.

In the following, we give an overview of these elementary integration operations together

with the corresponding identifiers:
e Initialization of the Nordsieck array zo by
20 = <y1 hinit F (yI,tmit,po)) :
where hin; 1S considered to be a constant. Identifier: “iaQ”.
e Calculation of the predictor array z,() at integration step n by
zn(0) = Zn—1A[k],

for constant matrix A[k] and where the current order k is considered to be a

constant, as well. Identifier: “paQ”.

e Calculation of the corrector vector e, at integration step n by following elementary
operations:
— Calculation of 4, o by
N -1
tn,0 = (DR) ™ Yn(0)-

— Calculation of A, ; by solving the linear equation

DOAS n na hy, n 1
PnAun,j = _DL (DRun,j - yn(O)) - l_l (F(DRunJatnapO) - yi(%))] .

— Calculation of i, j11 = tp; + Aty ;.

111



5 — Calculating numerical solutions of ODEs and Sensitivity Generation for ODEs

— Calculation of e, by

n ~
€p — DRunJ

Again, the number of performed simplified Newton iterations Ny, the scaling
matrices D', D, the scaled approximation to the Jacobian ﬁn, the integration
time ¢, at integration step n, the step size h,, and the coefficient I} are considered

to be constants. Identifier: “cvO”.

e Correction of the predictor array z,) —* zn by
Zn = Zn(0) + enln,

where the row vector [,, is considered to be constant. Identifier: “caO”.

e Rescaling of the Nordiesk array z, to adjust to the new step size h,, 1 at integration

step n+ 1, i.e. z,(hy) = 2p(hnt1) by
Zn(thrl) - Zn(hn)gna
where gn denotes the constant vector
T
— k
_ hn, hn
Hn—<1 B (L) > :

and the current order k is considered to be a constant. Identifier: “raQ”.

e Change of order k — k + 1 by augmenting the current Nordsiek array z, by an

additional column, which is initialized by the zero vector. Identifier: “ouQ”.

e Change of order kK — k — 1 by

zn(k—1) = z,(k) — zi,

where the Nordsieck array 2 is given by
(k) (k)
s=(0 0 ankul . dEipksl o
and the coefficients d?,, for i € {2,...,k — 1}, are considered constant.
After that, the last column of the Nordiesk array z,(k — 1) is deleted. Identifier:

LtOdO” .
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e Calculation of the desired approximate solution ena to y(t4) at t*d by

Ygena = f: (W) (i /1]

1=0

where the current order k is considered to be a constant. Identifier: “caQ”.

Now, if the calculation of sensitivities is required, the implemented integration method
stores the concrete sequence of elementary integration operations, which are performed
for the calculation of an approximated solution yena, so that the AD techniques of Chap-
ter 4 can be applied.

We assume that a specific operation sequence always starts with the elementary inte-
gration operation “iaO” and stops with the operation “caQ”.

First, we present the application of the forward mode of AD to the sequence of elemen-
tary integration operations in Section 5.2.1 and hereafter we present the application of

the reverse mode of AD in Section 5.2.1.

5.2.1. Forward mode of sensitivity generation

In view of the principles of IND and for a given sequence of elementary integration
operations, we can understand yena to be a function of the initial condition vector
y1 € R™ and of the parameter vector py € RP, which can be evaluated utilizing elemental
functions as in Chapter 4. In accordance to the forward mode of AD as presented in
Section 4.1, we are interested to calculate the Taylor coefficients of yena(t), namely
[Ygena(t)];, @ € {0,1,...,d} up to the desired order d of sensitivities for given input
polynomials
yi(t) = yr+yrat + -+ yrat?

and
po(t) = po +poit +---+ po7dtd.

Here, the meaning of ¢ is given as in Chapter 4 and does not correspond to the integra-
tion time as in (5.1) and (5.2).

With this conceptional preparations, we can apply the recurrences given in Table 4.1
and Table 4.2 to the elemental evaluation scheme, which is embedded in the stored in-
tegration operation sequence.

Obviously, instead of applying the recurrences to the elemental functions within the
operation sequence, we can calculate to each elementary integration operation a corre-
sponding recurrence formula and in turn can apply this one to the elementary integration

operation itself.
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For example the recurrence for the calculation of the Taylor polynomial z, ) (t) of the

predictor array z,() (Identifier: “paQ”) is given by

[Zn(O) (t)] [ [Zn—l(t)]k’ A[k]v

where £k’ € {1,...,d} corresponds to the k’-th order Taylor coefficient and k corresponds
to the order of the BDF method.
In summary, we get the following algorithm for the calculation of the desired Taylor

coefficients of yyena (t).

Algorithm 12.

Data: F : R™ x R x RP — R™ which is d-times continuous differentiable on R™ x
[tinit tend] s RP, list of elementary integration operations, Taylor input polynomial yi(t)

of order d, Taylor input polynomial py(t) of order d.

Step 0. Set N = 2. Calculate the Taylor coefficients of zo(t) up to order d, according to
the recurrence corresponding to the elementary operation “ia0”, i.e. the initialization of
the Nordsieck array zg.

Step 1. If the N + 1-th entry of the list of elementary operations is “caO”, i.e. the final
calculation of the desired approximate solution y,ena, then calculate the Taylor coefficients
of Ygena (t) up to order d, according to the corresponding recurrence of the elementary op-
eration “caO” and stop.

Else set N = N + 1 and goto Step 2.

Step 2. Calculate the intermediate Taylor coefficients up to order d, given by the recur-
rence corresponding to the elementary integration operation of the N-th entry of the list

of elementary operations. Goto Step 1.

In [1], Albersmeyer state: “The first oder iterative forward IND scheme is equal to the
"staggered corrector method“ that was proposed later by Feehery et al. [{4], provided
that the staggered corrector method uses the same number of Newton iterations for the
solution of the corrector equation in the variational DAE? as used for the nominal solu-
tion. Otherwise the IND principle would be violated.”

Because the only conceptional difference between the integration scheme of Albersmeyer
and the one, which is used here, lies in the usage of a Nordsiek array based polynomial

interpolation scheme instead of a modified divided differences polynomial interpolation

Differential algebraic equation, see e.g. [9, 42, 59, 78]
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scheme, here, his statement is true, as well, if the simplified Newton method is tackled
by AD directly, i.e. the iterative mode, presented in Section 4.3.1, is used.
Albersmeyer also describes a procedure to simultaneously calculate the nominal solution
and the sensitivities in forward mode, such that the step length of the discretization
scheme of the BDF method is controlled by the nominal trajectory and by the sensitiv-
ities, as well.

Here, it should only be mentioned that this possibility is also incorporated into the

developed BDF method for first order sensitivities. For more details we refer to [1].

5.2.2. Reverse mode of sensitivity generation

With the same preliminary thoughts as in Section 5.2.1, it is straight forward to apply
the reverse accumlation rules as given in Section 4.2 to the stored sequence of elementary
integration operations.

The approximate solution vector y,ena is in general no scalar. Therefore, to apply the

accumulation rules we first introduce the reverse seed vector w € R™ with
~ 11 m, m
ytend = w ytend + ttt + w ytend7

equivalently to (4.6). Formally, one can apply now the reverse accumlation rules to the
evaluation scheme of ¥ena, regarding the principles of IND.

In the same manner as in Section 5.2.1, it is possible to derive accumulation rules for
each elementary integration operation. Again, as example we give the accumulation rule

for the elementary integration operation with identifier “paO”, which is given by

[anl(t)]k’ + = [Zn((]) (t)] K A[k]T,

where k&’ € {1,...,d} corresponds to the k’-th order Taylor coefficient, k corresponds to
the order of the BDF method and the accumulation has to be understood component
wise.

In summary, we get the following algorithm for the calculation of the desired reverse

Taylor coefficients of g7 (t) and po(t).

Algorithm 13.

Data: Reverse seed vector w € R™, F : R™ x R x R? — R™ which is (d + 1)-times
continuous differentiable on R™ x [t tend] 5 RP list of elementary integration opera-
tions, Taylor input polynomial yi(t) of order d, Taylor input polynomial py(t) of order
d, corresponding Taylor polynomial yema(t) of order d (e.g. calculated with Algorithm
12). (Under assumption that the underlying intermediate Taylor polynomials within the
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elementary integration operations are on hand.)

Step 0. Set N to the number of entries in the list of elementary integration operations.

Set all reverse intermediate Taylor polynomials to zero. Set

[Grena ()] g = &'y [Glena®)], =0, i€ {1,....m},je{L,....d}.

Step 1. If N > 0, apply the reverse accumulation step associated to the N-th entry of
the list of elementary operations up to order d of Taylor coefficients and set N = N — 1.
Else, stop with final reverse Taylor coefficients of yr(t) and po(t).

It should be noted, that if Algorithm 13 is applied with the principal, that the elemen-
tary operation “cvO” (the calculation of the corrector vector e, by solving a nonlinear
equation) is handled as an elementary AD operation itself, d is restricted to be d < 1 as
in Section 4.3.2. Therefore, in this mode it is only possible to calculate sensitivities up

to order 2, which is sufficient for the purposes in this thesis.

5.2.3. Calculation of sensitivities with respect to the end time ¢

Here, we present the calculation of (higher) derivatives of y(t**d) with respect to the
tend.

end time
e First, we present a reformulation of IVP in (5.1) and (5.2) with the goal that the
end time ¢4 enters the reformulated IVP as parameter. This approach is also

used in MUSCOD [74].

e Second, we give a direct way to calculate (higher or mixed) derivatives of y(t°"%)

with respect to the end time ¢,

Obviously, IVP in (5.1) and (5.2) fulfills following integral equation,

tend
) =y + [Pt (5:83
tlnl
By substitution of the time variable ¢ with
t — tinit

T= tend _ tinit’
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(5.83) is equivalent to

1
50 = 50)+ [ P70 po) e = 87
where
7—_(7_) — 7_(tend _ tinit) + 7finit

and
y(r) = y(7(1)).

Thus, instead of solving IVP in (5.1) and (5.2), it is equivalent to solve IVP

dy(r .
Z(T ) P((r), (), po) (0 — %), 7 (0,1 (5.84)
with initial condition
y(0) = yr. (5.85)

The advantage of the reformulated IVP in (5.84) and (5.85) over IVP in (5.1) and (5.2)
is, that now t°™ enters the right hand side in (5.84) as parameter and therefore the
calculation of (higher) derivatives of y (%) with respect to t*™ can be treated with the
methods presented in Section 5.2.1 and Section 5.2.2 using IVP in (5.84) and (5.85).

For the direct way, we restrict ourself to derivatives at a max of second order, since
no higher derivatives are needed for the purposes of this thesis.

Obviously, the first derivative of y(t°*) with respect to t*"? is given by the right hand
side F(y(td),t"d po) at time point ™, directly.

Therefore, the second derivative of y(t°"?) with respect to t*? is obviously given by

d2y en dF e e1n
@(t d)zg(y(f 4y, po)
OF

— E(y(tend), tend,po) + Fy(y(tend), tend,po)F(y(tend), tend,po),

which can be easily calculated by the AD techniques presented in Chapter 4.

Mixed derivatives of second order, namely

d2y en en en en .
dyidt(t d) :Fy(y(t d)’t d,pO)Syi(t d), 1€ {1,...,m}
and
d*y d d d d oF d d .
—— (%) = F,(y(t*"9), t™" S(endy o (g (gend) gen 1,...
dpjdt( ) y(y( )’ 7p0)8p1( ) + ap] (y( )’ ap0), S { , ,p},
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are directly given by the right hand side of the corresponding sensitivity differential
equation in (5.81) and (5.82), respectively.
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CHAPTER 6

Nonlinear Programming

This chapter treats the solution of following nonlinear programming (NLP) problem

given by
min f%(x) (6.1)
subject to
gr < 9(x) < gu (6.2)
and
xr <z <uzy, (6.3)

where f0 : R — R and § : R® — R” with r < n are sufficiently smooth functions,
zr,zy € R™ and gr,9v € R” with g1 < gy component wise. (The notation in this

chapter is not related to previous sections!)

In this thesis such problems are solved with the sophisticated NLP package IPOPT
[124, 127].

IPOPT is a so called “Primal-Dual Interior Point filter line search algorithm for large-
scale nonlinear programming” [127], whose theoretical background is sketched in the

next section.
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6.1. Interior Point method

Using slack variables [83] problem (6.1) s.t. (6.2) and (6.3) can be transformed to a NLP

problem of following form

min_ o) (6.4)
' eR"
subject to
g@) =0 (6.5)
and
>0, iel, (6.6)

where f0: R” — R and ¢’ : R” — R with ' < n’ are sufficiently smooth functions
and Z denotes the set of indices for which the components % of 2/ are bounded below.
In the following, we refer to NLPs of that form.

Interior Point (IP) methods are also called barrier methods, since a sequence of related

barrier sub problems, here given by

min fLO(x') = ) — uZln(m'i) (6.7)

!
z'eR™ i€T

subject to
g x') =0, (6.8)

with barrier parameter 4 — 0 and g > 0 are solved.

As Wiéchter states in [124], barrier methods base on earlier work by Fiacco and Mc-
Cormick [45].

The barrier term b(u) := ) ;7 In(2") forces each solution &, of sub problem (6.7) s.t.
(6.8) (for corresponding barrier parameter u) to lie in the strictly feasible region, i.e.
J%Z > 0 for all ¢ € Z and thus the name IP method.

For p — 0 the contribution of b(x) tends to zero, i.e. b(u) — 0. Therefore, under appro-
priate assumptions, lim, o 3% converges to a point 2/, at which the fist order optimality
conditions (Corollary 2) in respect to the original problem (problem (6.4) s.t. (6.5) and
(6.6) ) are fulfilled. For a very good review article on IP methods we refer to [47].
From Corollary 2 (with p = {1} and q = (), it follows that the so called KKT conditions
for subproblem (6.7) s.t. (6.8) are given by

Vi) + (g (a') =

6.9
g(z') = (09

0
0

)
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where ¢ € R™ are the so called Lagrangian multipliers associated to the equality con-
straints in (6.8). It should be noted that (6.9) is solely a nonlinear equation, which can
be tackled by Newton’s method.

However, as Wichter states in [124]: “...the system (6.9) is not defined at a solution
@' of NLP (6.4) s.t. (6.5) and (6.6) with an active bound &"* = 0, and the radius of
convergence of Newton’s method applied to (6.9) converges to zero as u — 0 [123].”

[13

To remedy this obstacle, instead of solving (6.9) (via Newton’s method), which leads to
so called primal-methods, (6.9) is modified by introducing an auxiliary vector z € R"
defined by

I

A=t forall ieT, (6.10)
X

and 2 := 0, if i ¢ T.
Here, the KKT conditions (6.9) transform to

V@) + (Mg (a’) =2 =0
g =0 (6.11)
22— =0, forall icZ.
Equations (6.11) are called the primal-dual equations and hence a method, relying on
the solution of (6.11) (via Newton’s method), is called a primal-dual method.

One further has to demand
2">0, 2>0, forall icZ, (6.12)

such that a solution of (6.11) corresponds to a critical point of problem (6.7) s.t. (6.8).
Available IP algorithms, which rely on the solution of the primal-dual equations, are e.g.
LOQO [122], KNITRO [31] and IPOPT. Here, we use IPOPT, since IPOPT is an open source
package (and therefore free of charge).

For the algorithm implemented in IPOPT global convergence is ensured by a filter ap-
proach first introduce by Fletcher and Leyffer in [46]. A detailed description of the
primal-dual TP algorithm IPOPT can be found in [124, 127]. The global convergence
behavior is investigated in [126, 124] and the local one in [125, 124]. IPOPT uses an
external linear solver. One can choose between several linear solvers including MA27,
MA57 [64], MUMPS [3, 4] or PARDISO [97, 98, 99, 96].

Following functions have to be supplied to IPOPT:

e the cost function f0:R"” — R,

e the constraints g : R” — R",
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6 — Nonlinear Programming

e the gradient of the cost function, i.e. Vf0(x),
e the gradient of the constraints, i.e. Vg(x),

e and the hessian of the Lagrangian function fO(x)x + A g(z) given by
oV f(x) + > MVigi(a), (6.13)
i=1

where o is an additional factor, which is introduced by IPOPT.

IPOPT can be interfaced via the programming language C++.
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CHAPTER [

Numerical Calculation of Robust Optimal Experimental Designs

In this chapter we treat the numerical calculation of the optimal design for model dis-
crimination worked out in Chapter 2. According to (2.3) and (2.10) we first state the

optimization problem of interest,

max min Z(2:1,04;¢,0;)
£e= 01€0q

subject to

YLmin < YI < YI,max;
0<¢g < Ci max; 1€ {1, ey — 1},
o<t <r<.. <t
n :Tend
7

where Z(2: 1,04;¢&, 6,) is given by

Z(2:1,01;,0,) = Z’H (tYH(e;) - T (€, 01), (7.1)

with

2
E o) Zm: vz yQth 92)) (ylfz - y’ﬂ) o1 (Ué(yzi,tiﬁg))
1) ; —2log | —F—"—7= —m,
=1 (Ul (yLithv 91))2 U]f(y17i7tl701)
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7 — Numerical Calculation of Robust Optimal Experimental Designs

for i € {1,...,n} and £ := (y1,¢, ¢) as in Chapter 2. This is obviously equivalent to

max min Z(2:1,01;¢,6;) (7.2)
§'€E 01€0,

subject to
YI,min <y Syl,maxa

0< ¢ < Cimax (S {15 sy — 1},

0< At <t ie{l,..,n}, (7.3)

max>
n
) end
S At =T,
i=1

with £ := (y1, At, ¢) and where Z(2:1,04;&,61) is given by

1< o~
Z(2: 1,01;¢,61) := 2 > HAH(e) - Ti(€, 61), (7.4)
i=1
with '
=3 At for ie{l,..n} (7.5)
j=1

and ¢!, for i € {1,...,n} are “carefully” chosen (e.g. t',. > AT for i€ {1,..,n}). In
the following for simplicity we substitute £ — £ and 2’ — E.

The objective function Z(2 : 1,01;€,61) depending on the Heaviside-functions H(At?),
i €{1,...,n}, for a given AT (see Chapter 2) and H(c;), i € {1,...,n—1}, is discontinuous
with respect to At', i € {1,....,n} and ¢;, i € {1,...,n — 1}, respectively. Therefore it is
not possible to apply the Outer Approzimations scheme of Chapter 3 to (7.2) subject
o (7.3), directly. However, instead of solving problem (7.2) subject to (7.3), we solve
a related problem with smoothed objective function f(a,c)(Q 1 1,04;&,01), with respect
to At' i € {1,..,n} and ¢;, i € {1,....,n — 1} and depending on smoothing parameters
a>0,C>0.

In Section 7.1 the theoretical aspects of this smoothing approach are discussed. In
Section 7.2 we present the application of the Outer Approzimations scheme of Chapter
3 to a smoothed approximation P, ¢) of problem (7.2) subject to (7.3) as well as the
numerical implementation of it. The resulting subproblem Pgq,, of Algorithm 3 is treated
in Section 7.3. Finally, in Section 7.4 we discuss a homotopy approach to numerically

stabilize the Quter Approximations scheme.
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7.1 — Smoothing of the objective function Z(2: 1,01;&,61)

7.1. Smoothing of the objective function Z(2:1,0y;¢&, 61)

In the following, for reasons of notational simplicity we treat ¢;, i = {1,....,n — 1} as
scalar values.

The first step to deal with optimization problem (7.2) subject to (7.3) is to replace the
discontinuous Heaviside-functions H(At?), i € {1,...,n}, and H(¢;), i € {1,....,n —1} in
(7.2) by approximating functions

H(o; At)) :Rog xR =R, ie{l,..,n},

and respectively

H'(Cic;)) :Rogx R =R, ie€{l,...,n—1},

which are twice continuously differentiable with respect to At’, i € {1,...,n} and ¢;,
ie{l,...,n—1}.

In contrast to H(At"), the continuous approximations H’(c; At?) depend on the smooth-
ing parameter o > 0 for all i € {1,...,n}. We also assume that H'(«; At?) are continuous
with respect to « for all i € {1,...,n}. Analogously, ﬁ'(C’; ¢;) depend on the smoothing
parameter C' > 0 for ¢ € {1,...,n — 1}. Again, we assume that H (C;¢i) are continuous
with respect to C for all i € {1,...,n—1}. Further, H'(a; At?) have to fulfill the following

condition (as in [132]):

0 for At' < AT — a,
H (s At;) =< 0<H (a;At;) <1 for AT —a < At < AT + a, (7.6)
1 for At' > AT + «,

for i € {1,...,n}. A graphical scheme of the continuous approximations H'(«a;At?),
i €{1,...,n} is shown in Figure 7.1.

Moreover, for ﬁ'(C ;¢i) we require that:

1 for ¢ <(C—ac)
H'(Ciei) =X 0<H () <1 for (C—ac)<e<(C+ac) , (7.7)
0 for ¢ > (C+ ac)

for i € {1,....,n — 1} and a¢ := pC with constant 0 < p < 1. A graphical scheme of the

continuous approximations 7-£'(C; ¢i), i € {l,....,n — 1} is shown in Figure 7.2.
Remark. Condition (7.7) assures that H'(C;0) =1 for all i € {1,....n —1}.

Under the assumption that Z;(¢,6;) is continuous on Z x O for all i € {1,...,n}, the
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H'(a; Atl)

1/2

AT — o AT AT + o

Figure 7.1.: A graphical scheme of the continuous approximations H’(c; At?) for i €

{1,..,n}.
A

7‘2’(0; Cz)

L 1/2]

; ' : >
0 C—ac C C+ac

Figure 7.2.: A graphical scheme of the continuous approximations é(C; ¢i) for i €
{1,..,n —1}.

resulting approximation ia,C(2 :1,04;&,601) of Z(2: 1,04;&,61), given by
- 1< ~ _
I(a,C) (2 1 Ola 57 91) = 5 Z H/(Atl)H/(Cl) : Il(ga 91)7
i=1

is continuous on = x ©; and with respect to & > 0 and C > 0.

For the sake of notational simplicity we define

T = min 7(2:1 : .
(E) Grlréléll ( ) Ola §7 01)7 (7 8)
and

Liayc)(§) = erlréicf)ll Zia,0) (21,0158, 61). (7.9)

Remark. Under appropriate assumptions (in view of Proposition 3), for any o > 0 and

C >0, f(a,C) (&) is continuous on E.
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7.1 — Smoothing of the objective function Z(2: 1,01;&,61)

We will draw the conclusion that this smoothing approach is a valid one by the fact that
under some mild assumptions for a sequence of smoothing parameters {(ax,Cy)}32,
with (o, Cr) — (0,0), as k& — oo, a convergent subsequence of the sequence {&},

given by &, := arg r?a_xi(ak,(;k)@) subject to (7.3) (assuming existence), converges to
SS)

the maximum value of Z(£) subject to (7.3), i.e. for any K C N with & —& ¢ and
f(ak,Ck)(fk) —K T it follows that T = Iglag(I(f) subject to (7.3).
SIS

This statement will be proven in the remainder of this section. The proof is guided by

the results in [132], where a similar (but finite and unconstrained) setting is investigated.

We first introduce some definitions and assumptions.

Definition 17 (Set of strictly At-feasible indices). For every & € E we denote by
I24E) = {ili € {1,...,n}, At' > AT}

the set of strictly At-feasible indices.

Definition 18 (Set of strictly c-feasible indices). For every & € = we denote by
I°(¢) == {ili e {1,....,n — 1}, ¢; <0} U{n}

the set of strictly c-feasible indices.

Further, we say that the At-discontinuity is active at £ € =, if At; = AT for at least
one i € {1,...,n}.

Definition 19 (Set of At-discontinuity indices). For every £ € = we denote by

EAYE) = {ili € {1,...,n}, At' = AT}

the set of At-discontinuity indices at £ € =.

Equivalently, we say that the c-discontinuity is active at £ € =, if ¢; = 0 for at least one
ie{l,...,n—1}.

Definition 20 (Set of c-discontinuity indices). For every & € = we denote by

EC(€) = {ili € {1,...n — 1}, ¢ = 0} U {n}

the set of c-discontinuity indices at £ € =.

Definition 21 (Set of contributing terms of the sum). For every £ € Z we denote by

Y(€) = (I(€) U EX(E)) N(I°(§) U E(€))
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the set of indices contributing to the terms of the sum in (7.4).
Obviously, Z(2: 1,04; &, 61) is given by
1 _
I(2:1,056.00) =5 Y Til¢.00), (7.10)

i€ (€)

for all £ € = and 6, € O1.

Assumption 5 (Strictly-feasibly reachable assumption). For every ' = (y{, At',c') € 2
satisfying (7.8) there exists a sequence {{,}72, C 2 such that & — &', as k — oo with
& = (y}, Atg, ), EAY (&) = 0, such that

13(g) = 1) U B (),
and &, satisfies (7.3).
Remark. Assumption 5 is satisfied if T >0, n > 1,
T £ EAT  for all ke N,

and ti,  fori€ {1,...,n} in (7.3) are “carefully” chosen.

max

Assumption 6 (Nonnegativity assumption). Since the KL-Distance is always nonneg-
ative we further assume that

71(5791) Z 07
forallie{l,...,n}, £ €E and 0y € O5.

Assumption 7 (Continuity assumption). We assume that Z;(¢,61) is continuous on

Ex 0Oy forallie {1,...,n} and ©1 is compact .

Definition 22. Let X be a set. A collection of subsets
Al,AQ, ...,Ar cX

satisfying

A =3,
1

r
1=

and

AiﬂAj:@ Vi # 7,

1s called a partition of 3.
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7.1 — Smoothing of the objective function Z(2: 1,01;&,61)

Now consider a partition of Z where A;, i € {1,...,r1} are defined by
Ai={ccEtt < AT VI e L t' > AT VI € URY,

so that for each i € {1,...,71 }, L2 and UA! form a different partition of the set {1,...,n}.
Since all different partitions of the set {1,...,n} shall be covered, r1 equals the cardi-
nality of the set of all subsets of {1,...,n}.

By (7.10), Assumption 7 and Proposition 3, Z(£) as given in (7.8) is continuous on A;
with respect to At for all i € {1,...,7r1}.

Assumption 5 assures that for £ € A; with ¢ € {1,...,71} and & is satisfying (7.3) there
exists a sequence {{,}32, C /Q\i, such that for all k& € Ny & satisfies (7.3) and & — &,
as k — co. (A; denotes the interior of A; for i € {1,...,711}.)

Since H/(a; At') = 1 for all @ > 0 and i € E2Y(E) (by construction of H'(a; At?)),
both the existence of an “interior sequence” and the continuity of Z(£) in A; for all

i ={1,...,n} are important requirements for the above mentioned statement to hold.

In the following, we first give an illustrative counter example for the case that such
an “interior sequence” does not exists. Hereafter, we proceed with the proof of the

above mentioned statement on the validity of the smoothing approach.

7.1.1. A counter example to the strictly-feasibly reachable assumption

Consider the optimization problem

min F(x,y),
(z,y)ER? (=.9)
subject to
r+y=0,

where F(z,y) : R x R — R is given by

100(22 + y?), if x>0 and y >0,

100((z — 3+ (y+3)?)+10, if >0 and y <0,
100((x +2)2+ (y—1)H) +10, if <0 and y >0,
60, if <0 and y<0.

F(x’y) =

Clearly, the function F'(z,y) subject to x + y = 0 has a global minimum at (z,9) :=
(0,0). With this example we treat an analogy of At-discontinuities, where an “interior
sequence” as discussed above for the partition x,y > 0 does not exists. A plot of the

function value of F(-,-) is shown in Figure 7.3.
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0.8
0.8

150 ...
: 0.4

2 1004,..emi " 0.2 §

o R O
Z 8

| i} i

04 e e (S e e et
|

-0.6

-0.8

-1 R S
-1 -0.8-06-04-02 0 02040608 1
X

Figure 7.3.: In the left figure a surface plot of the function F(-,-) as in Section 7.1.1 is
shown. The black line and also the black dashed line indicate the constraint
z +y = 0. On the right one a contourplot of the same function is shown.
Again the black line indicates the constraint = + y = 0.

A smoothed approximation ﬁa(az,y) of F(z,y) (according to the smoothing approach

presented above) is given by

Fo(z,y) =H (c; 2)H' (az y) (100 (2 +y?)) +

H (o z) (1—H (es9)) (100 T — %)2 + (y + %>2> - 10) +

(1—H (o 2)) H (o) (100 ((m + %)2 + (y - %)2> + 10) +

(1—H(a;2)) (1 —H () 60.

Here, we define H'(a;t) to be

0, for t< —a,
3
Hiast) =< —3- (L) +3-L4+3, for —a<t<a, (7.11)
1, for o <t,

which satisfies the required condition (7.6). The approximation (7.11) of the Heaviside-
function is proposed in [118] as stated in [132].
A plot of the function ﬁa(x, y) subject to x + y = 0 is shown in Figure 7.4.
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7.1 — Smoothing of the objective function Z(2: 1,01;&,61)

For each o > 0 the value at (Z,7) is ﬁa(fc,gj) = 45. A sequence of local minima
generated by a local search method for decreasing smoothing parameter a might con-
verge to the local minimum at (%, ) (in some cases), i.e. (Zo,Ya) — (Z,79) as a — 0 but
with ili% ﬁa(ma,ya) = 45 instead of F'(#,9) = 0. The approximation scheme fails to
converge in the above mentioned sense. Therefore, the example confirms the necessity

of an “interior sequence” as discussed above.

180~"":_
160 4
140—"'*‘
120—"":_
80—""E'
60-‘"“:
40—"'*‘
204

Figure 7.4.: A plot of the smoothed function ﬁa(-, -) as in Section 7.1.1 for several values
of & and x + y = 0 is shown. The black dashed line indicates the constraint
z+y=0.

7.1.2. Theoretical validation of the smoothing approach

Lemma 5. Let £ € Z. Then, there exist positive numbers 6, & and C such that

T(a,0)(2:1,013¢,01) = ZH a; AtYH(Crei) - Til€, 61)

= Z H' (a; AYH' (Cs¢) - (€, 01),

zeT({)

forall ¢ € B(£,5),0<a<aand0<C<C.

Proof. Since for Y(£) = {1,...,n} the statement is obvious, we only consider Y(£) #
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{1,...,n}. Let i ¢ Y(€). Then, either
At' < AT & 0< AT — A? (7.12)
or
G > 0. (7.13)

Let 7¢(7) be defined for the case that £ € Z with Y(&) # {1,...,n} and i ¢ T(£) b
V¢ (i) := min ({max{0, AT — At'}, max{0,¢;}} \ {0}).

Obviously, v¢(7) is well defined and ¢ (i) > 0. Further, for that case let y(§) be defined
by
v(&) := min
(€)= min (i),
and again y(¢) > 0. Be v := # By continuity of AT — At and ¢ there exists a d; > 0
such that for every ¢ € B(€,81) and i ¢ Y(£) either
AT —At' >~y & At' < AT —~,
or
c; > .

Therefore, by construction of H/(o; At?) and H'(C¢;), for 0 < a < 7, 0 < C < 3 and
¢ € B(£,61) we have that either

H (a; At') =0
or

H'(C;¢;) =0,

for all i ¢ T(£). Thus, for § = 61, @ = and C = } it follows that

Tac)(2:1,01:€,61) = Z H (a; AEYH(Cs¢5) - i€, 01),
ZET €
for all ¢ € B(£,6),0<a<aand0<C < C. O

Lemma 6. Let £ € E with EAY(E) = (. Then, there exist positive numbers & and C
such that
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forall0<a<aand0<C <C.

Proof. Since EAY(E) = 0, for all i € {1,...,n} either
AT' > AT,
or
A < AT.

Therefore, for 0 < o < q with

oy = z‘eglj.r.l,n}“AT — AT},

it follows by construction of H’(a; Af?) that either

or

For i € E¢(§), it holds that

Hie) =H'(Cia) =1,

for all C' > 0. For i ¢ E°(£), one sees with similar thoughts as above that there exists a
(1 > 0 such that either

H(c) =H'(Cse) =0

or

H(AG) =H(Ce) =1,

for all C' < C;. It follows with & = a; and C = C; that

- _ 1 _ _
To)(2:1,056,00) =5 > Ti(6,01) =Z(2: 1,01:€,61),
€Y (8)

forall0 < a< @&, 0 < C < C and 0; € ©;. Therefore

Lia,0) (&) = Z(£),

foral0<a<aand 0< C < C. O

Lemma 7. Let {(a, Cr)}52 C Rog X Rsg and {&,}52, C E with (ou, Ck) — (0,0) and
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& — € as k — oco. Then, we have that

i Zq, ) (&) < Z(E). (7.14)

Proof. By Lemma 5 for sufficient large k, it holds that

Tiacy(2: 1,016, 01) = ZH an; AYH' (Crs ¢) - Ti(&, 01)

:— Z H’ Ozk,At (Ckacl) Tl(gkael) (7.15)
ZET

—_

§§ Z Zi (&, 01),

1€Y1 ()
for all #; € ©1. The last inequality in (7.15) follows from Assumption 6. Therefore, for
sufficiently large k

Liop.C0) (ER) —Grlnlél Tiac)(2: 1,013 65, 61)

< min % > Ti(&01) | = Ze(&).

01€01 ,
1€Y(§)

Because of the continuity of ig() (Proposition 3 and Assumption 7) and the fact that
fg—(g_) = Z(€) it follows that (7.14) holds.
U

Theorem 17. Let {(oy, Ck)}p, with (o, Cr) — (0,0) as k — oo. Suppose that for
every k there exists a point & € Z such that

Loy (Er) = Igggf(ak,ck)(ﬁ) (7.16)

subject to (7.8) holds and that there exists a convergent subsequence, i.e. there is a subset
K C N such that

& =% & and T, (&) -5 T (7.17)
Further, assume that
£ =arg r?axl(f) (7.18)
€=

subject to (7.3) exists. Then,
T-1(), (7.19)
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Proof. By Lemma 7

where

7:=17(¢).
We proof by contradiction. Therefore assume that

I-T=p>0 (7.20)
holds.

In case EAH(E) = 0), it follows by Lemma 6 that

Lo 00)(€) =1(€) =1,

for sufficient large k.

Otherwise, by assumption (7.17) for sufficient large k it holds that

L. () < T+ (1/2).

Since by (7.20) obviously Z + (11/2) < Z, it follows for sufficient large k that

Lo Er) < Liay.c0) ()

This is a contradiction to (7.16). Therefore, it holds that p = 0.
In case EAL(E)

satisfying (7.3) with y;s = gr and ¢; = ¢, which converges to é such that Im(fs) =
I84(€) U BA(€) and B3 (¢,) = 0, for all 5 € Nao.

It follows that

# 0, it follows from Assumption 5 that there is a sequence {&:}22,

1 _ 1 _ _
Z(&) = min 5 > Ti(&.0) = min 5 > Ti(&,01) = Ze(&),
i€Y(&s) i€Y(€)

where fg() is defined as in Lemma 7. By continuity of fg() and the fact that fg(é) =

Z(§), it follows that

lim Zo(¢,) = Z(é).

5—00 g
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Consequently, for sufficient large s
T —p/4 < I(E). (7.21)

Let 5 be the value for which (7.21) holds. Tt holds that E2t(¢5) = () and therefore by

Lemma 6 one has that
T — /4 <I(&s) = Liay,00)(&5),

for sufficient large k. Otherwise, by assumption (7.17) it follows for sufficient large k
that

Lo (&) < T+ (1/4).
Since by (7.20), it obviously holds that
T+ (u/2) <.

It follows for sufficient large k that

Lo (€k) < Liay.00) (E5).

This is a contradiction to (7.16). Therefore, it holds that p = 0.

Overall, assumption (7.20) results in a contradiction and therefore (7.19) subject to
(7.3) has to hold. O

Remark. The Heaviside-functions H(At?) in (7.4) can also be approzimated by smooth-
ing functions H'(C; At?) satisfying condition (7.7) instead of (7.6) for all i € {1,...,n}.
In this case Assumption 5 is not necessary and Theorem 17 still is valid. Otherwise,
if ﬁ(cl) in (7.4) is approzimated by smoothing functions satisfying condition (7.6) for
i € {1,....,n — 1}, Theorem 17 does not hold anymore. The fact of the matter is that

Assumption 5 due to the constraints in (7.3) can not be fulfilled anymore.

In the remainder of this chapter, we substitute
T(a,0)(2: 1,01:6,01) = Z(2: 1,01, 01),
for reasons of notational simplicity.

The smoothed optimization problem

max min Z(2: 1,01;€,6;) (7.22)
£€E 01€6;
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subject to

YLmin < YI <YI,max;
0<¢ < Ci max, 1€ {1, N 1},
0< At <t ie{l,..,n}, (7.23)

ZAti :Tend’
i=1
with £ := (y1, At, ¢) and where f(2 :1,04;&,01) is given by
~ 1< ~ _
I(2:1,01:¢,61) = 5 > H (@ At)H! (Cs i) - Til€, 01),
i=1

with smoothing parameters o« > 0 and C' > 0, is equivalent to optimization problem:

max T
(1,6)ERXE

subject to

YI,min <y < YI,max,
0<¢ < Ci,max (&S {L sy — 1}a
0< At <t ie{l,..,n},

max?

n
Z Ati _ Tend
i=1

min f(2 :1,045¢,61) — 7 >0,
01€0,

which we denote by P, ¢) in the following.

Remark. As mentioned above, under appropriate assumptions i(mc)({) (Definition 7.9)
is continuous on =. Therefore, under mild assumptions reasoning the Theorem of Weier-
straf$ [57] problem (7.22) subject to (7.23) has a solution. Since this problem is equivalent
to P(q,0), under same assumptions P, cy has a solution. With similar thoughts and
under mild assumptions, one can see that problem (7.2) subject to (7.3) has a solution,

as well.

7.2. Applying the Outer Approximations scheme to P, )

In the following, we apply the Outer Approximations scheme of Section 3.3 to optimza-

tion problem P, ¢). We assume that Assumption 2 and Assumption 3 with respect to
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optimization problem P, ¢y are satisfied. Further, we assume that P, ¢ has a solution.
In view of the notational framework introduced in Chapter 3, i.e. according to Definition

9 and with x := (7,&) € R x E, optimization problem P (q,c) can be formulated as':

T;Z)O(x) = gbO(CC,yO) =T, (724)

where the inequality constraints ¢/ (x) for j € q = {1,...,2m+2m(n —1)+2n+1} are
defined by

wj(x):(ﬁ](%yj):yimm—y{, ]6{1,777&} =:q1,

. . o . (7.25)
V()= ¢ (2,9) =9 " — Yl JEIM L. 2m) = qg,
for the constraints on the initial species concentration;
second by
W (x) = ¢ (2,y;) = —c}; (7.26)
for je {2m+1,....2m +m(n — 1)} =: q3, where
2m+ (i —)m+j2 =
and

forje{2m+m(n—1)+1,...,2m+ 2m(n — 1)} =: q4, where
2m+m(n — 1)+ (j1 — L)m + j2 = Jj,

with j; € {1,...,n — 1} and jo € {1,...,m} for the constraints on the perturbation

vectors ¢; fori € {1,...,n— 1}
third by

W (x) = ¢ (w,y;) = APl (7.28)
for

je{2m+2mn—-1)+1,....2m+2m(n - 1)+ n} =: gs,

and
¢]($) _ Qﬁj(x,yj) _ Atjf2mf2m(n71)fn _ 75]'72m72m(nfl)fn (729)

max

for
je{2m+2mn—1)+n+1,...,2m+2m(n —1) + 2n} =: qg,

"Here, the meaning of y;, 7 € {0,...,2m + 2m(n — 1) + 2n + 1}, as in Chapter 3 does interfere with
the notation of Chapter 2, but from the context it is obvious what is meant.
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7.2 — Applying the Outer Approximations scheme to P, o

for the constraints on At? for i = {1,...,n};
and fourth by
I(x) = max ¢/ (,y;
V() = ma /(.

:emag <T—Z~f(2:1,(’)1;§,61)>, where j=2m+2m(n—1)+2n+1,
1€01

(7.30)

with n denoting the number of possible measurement time points and m denotes the
number of different species types as in Chapter 2. The inequality constraints in (7.24)—
(7.29) do not depend on robustification vectors y; for j € {1,...,2m+2m(n — 1)+ 2n}.
Therefore, we arbitrarily set y; € [0, 1] for j € {1,...,2m+2m(n—1)+2n} in obedience
to Assumption 2. Additionally, the equality constraint with » = 1 is given by

g(z) =) At =T (7.31)
=1

Remark. In terms of Corollary 4, it is important that problem P, ¢y satisfies EMFCQ
(Definition 11) at all points with ¥(x) =0 (Y(x) is defined as in (3.34)) and g(x) =0,
since then EMFCQ ensures that a point (1,€) € R x Z with ¢¥(z) < 0 and g(z) = 0,
satisfying the necessary optimality condition in Theorem 11 and Theorem 12, is indeed

a critical point of problem P, ¢y

Theorem 18. Consider problem (7.24)—(7.31). Assume Assumption 2 and Assumption
3 are satisfied. Be 2’ = (7/,£') € R x E with ¢¥(z') = 0 and g(z') = 0, where (x) is
defined as in (3.34). Assume that cimax >0 forje{l,....om},ie{l,...,n—1},
tf;lax >0 ford € {1,....,n} and Yrmin # YI.max cOmponent-wise.

Further, consider the design vector At' in & = (y, At', ). Assume that there is at least
onei € {1,...,n} such that 0 < At® (i.e. 35 € qs|tb’(x) < 0) and there is at least one
i €{1,...,n} such that At' <t (i.e. 3j € qg|t’/ () < 0), then EMFCQ is satisfied

at «'.

Proof. Clearly, for proving the above statement we have to find a h € R x = such that
(3.49) and (3.50) are fulfilled.

Here, we use the convention that h = (iLT, iLyI, hat, flc) with h, € R, ByI € R™, ha; € R®
and h, € R™"=1 where the design variable 027 corresponds to the ((i — 1)m + j)-th
entry in he.

Additionally, entry BJM of ha; corresponds to inequality constraints Yi(x) with i =
(2m 4 2m(n — 1) + 7) (i.e. i € q5) and ¥ (z) with 7/ = (2m + 2m(n — 1) + n + j) (i.e.
i' € qp).
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7 — Numerical Calculation of Robust Optimal Experimental Designs

For 2” € R x = we define a partition (Definition 22) of q5 by q& (z”) Uqk(2”) = q5 such
that 17 (z") = 0 for all j € g& (") and 7 (2") < 0 for all j € q}(2"). Equivalently, we
define a partition of qg by qj (z”) U q5(=") = qs-
Now, for 2/ it holds that either g (2') = 0 or & (2') # 0.
e If it holds that gf # 0, set B’At = 1 with i = j — 2m — 2m(n — 1) for all j € &
Clearly, for j € q?, dop (x5 il) < 0. By assumption, it holds that q. # (. Now, for
j € dlset hly, = —v with i = j—2m—2m(n—1) and v > 0 such that Vg(z)"h = 0
(g(z) only depends on At). By assumption tyay > 0, it follows that dip/ (x;h) < 0
for j € qg with 7 (x) = 0.

e If it holds that qf = () and g = (), set has such that g(z) = 0.

e If it holds that qf = () and qf # 0, set has such that did (z;h) < 0 for all j € qi
and g(x) = 0.

- _ o 4
Set hy, and h. such that di?(z;h) < 0 for all j € |J qi. By Assumption 2,
k=1

= —VeZ(2:1,04; T},
w grlne&é(l< VeZ(2:1,04;€,01) hg)

exists.

Set h; = —2|w| — 1. By Theorem 25, it follows for j = 2m + 2m(n — 1) 4+ 2n + 1 that

Ay (z;h) = —2|w| — 1 + max (—vgf(z : 1,01;5,91)%5) < —lw|—1<0.
01€0,

Overall, it follows that there exists a h € R x 2 such that Vg(z')Th = 0 and dep (2'; h) <
0 for all j € ga(2'). Therefore, EMFCQ is satisfied. O

Remark. For problem (7.24)-(7.31) at all x € R x Z with g(xz) =0 and

n
. .
0< T <> o,

i=1
it never happens that 1’ (x) = 0 for all j € qs or for all j € qg, respectively.

At each iteration N of the Outer Approximations scheme (Algorithm 3) two inner steps
are performed. First, the calculation of new worst case “robustification vectors” g; n €
f/j7 ~(zn) for j € @, which depend on the current approximate solution zy at iteration
N. The set Y; y(zn) is defined in (3.64). These “robustification vectors” are used to

augment the finite set of robustification vectors

QGn=Q~Nv1U{yjN}, JEQ,
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7.2 — Applying the Outer Approximations scheme to P, o

for which an IECP approximation to the original SIECP problem is solved in the
second step to generate a new approximate solution zxyi. These two inner steps are
repeated until the finite set is extended such that a sufficient approximation of the entire
robustification space Y = Yy x Y7... x Y} is achieved.

In our implementation we redefine the restrictions §; v € %7]\/(331\[), j € q for the
calculation of augmenting “robustification vectors” at iteration N in Algorithm 3 (Step

1.) by demanding

Usn € Yj(an) = {yjnlyjn = arg max ¢ (zn,y5)}, G €@ (7.32)

Yi&X;

If one can find a global solution of max & (zn, yj), j € 4, this of course does not influence
Yj €Y
the convergence properties of the Outer Approxzimations scheme (compare Theorem 14).

The reason, that the compact sets Y; are approximated by subsets of finite cardinality,
namely by Y; x for j € q at each iteration N of the Quter Approximations scheme, is
that the calculation of elements of the sets }7]', ~(zN), 7 € Q, is a finite operation and
therefore theoretically realizable. But this procedure can lead to high computational
costs, specially if Y}, j € q are high dimensional. Since in general it seems impossible
to find a global solution of (7.32), our approach has to be rated as heuristic.

For problem (7.24)-(7.31) only inequality constraint (7.30) comprises a non trivial ro-
bustification space Y; with j = 2m + 2m(n — 1) + 2n + 1, the parameter space ©; of the
composite alternative hypothesis.

For the calculation of (7.32) in Step 1. of Algorithm 3, at iterate N and in view of
problem (7.24)-(7.31) it follows that

013 = djx € Vi(an) = {01101 = arg min Z(2:1,01:6w,00)},  (7.33)
1 1

with j = 2m+2m(n—1)+2n+1. Here, we use a simple random search approach coupled
to a local optimization method, i.e. we have randomly generated P different start values
in ©1 from which we have started a local optimization method. The best value out of
the P trials is chosen to augment the set Q; y_1 with j = 2m +2m(n — 1) + 2n + 1.
Of course there are more sophisticated approaches to approximately search for a global
minimum. For a review see e.g. [8], but at this point an efficient calculation of Step 1.
of Algorithm 3 is not our primary goal.

For the local parameter optimization (Step 1. in Algorithm 3) we use the same opti-
mization method as for Step 2. in Algorithm 3.

The procedure to calculate a robust optimal design is to solve iteratively both inner

steps of the Outer Approximations scheme until €y reaches the level of desired accuracy
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7 — Numerical Calculation of Robust Optimal Experimental Designs

€. This means that
en <€, VYN >N,

for the optimality function of the current IECP approximation it holds that

QQN(xN) Z —E€,

for the constraint functions it holds that

wQN(xN) <e and Hg(xN)H <€

and the iterate z of Algorithm 3 has “numerically” converged for N > N’.

In our implementation we use a fixed ey = € for a desired final accuracy € at every
iterate of Step 2. in Algorithm 3. In that way, Step 1. of Algorithm 3 gives a worst
case estimate of the KL divergence erlréiéll i(2 :1,01;€n, 61) for the current design £y at

iteration N, up to the desired accuracy e. This single step might already be sufficient
for practical application with real experiments.

As stopping criterion we use:

Algorithmic Stop Criterion. Stop after Step 1. of Algorithm 3, if

5> in Z(2:1,01:&n,01) — min Z(2:1,01: &N, 0
>, dnin (2:1,0158N,61) — min I(2: 1, 016w, 61),

with j = 2m~+2m(n—1)+2n+1 and where § is a small positive constant. Then consider

0 = arg min f(2 :1,01;¢N,601)
01€01

and £n as (approximate) solutions of the Mazmin problem at iteration N of the Outer
Approximations scheme,

else goto Step 2. and calculate a new design Tny1.

This stop criterion is also used in [103, 92]. We call the distance Arg given by,

ARG = min f(2 : 1, 01;&\7,91) - eﬂélél f(2 : 1, 01;&\7,91), (734)
1€01

01€Q5 N1

robustification gap, with j = 2m + 2m(n — 1) + 2n + 1 at iteration N.

7.3. Numerical solution of subproblem Pg,,

Subproblem Pgq  for problem (7.24)-(7.31) differs from (7.24)-(7.31) only in the inequal-
ity constraint (7.30), namely 1/ (x) with j = 2m + 2m(n — 1) +2n + 1.
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7.3 — Numerical solution of subproblem Pg

Instead of

Y (x) = Jmax <7’ —Z(2: 1,(91;5,91)> for j=2m+2m(n—1)+2n+1,
1€01

as in the STECP case of problem (7.24)-(7.31), for the IECP approximation Pg,, 17 ()

with j = 2m + 2m(n — 1) + 2n + 1 is replaced by

Y (r) = max <7’ —Z(2: 1,01;5,91)> ., J=2m+2m(n—1)+2n+1,
01€01 N

where ©1  := Q; v = {9}71, - HALN} with j =2m + 2m(n — 1) + 2n + 1 at iteration N

with N = N — Ny and Ny as given in Algorithm 3.

Therefore, the IECP approximation Pq, for problem (7.24)-(7.31) can be equivalently

formulated as

max T
(1,6)ERXE

subject to

YLmin < YI < YI,max;
0< At < ¢ ie{l,..,n},

max?

0<¢ <Cimax, ©€{l,..,n—1},

ZAti — Tend,
=1
7(2:1,01:6,0,) —7>0 le{l,..,N},

which is in this form solvable by a nonlinear programming algorithm for equality and

inequality constrained optimization problems.

We have implemented the resulting optimization problem in a multiple shooting setup
(see for example [113, 28, 27]). The idea of the multiple shooting method is to subdivide
the whole integration interval [0, 7] into several subintervals by introducing auxiliary
multiple shooting node variables s;;; for i € {1,...,n}, j € {1,2} and [ € {1,... N},
on each of which an independent initial value problem is solved. In our implementation,
each end point of a subinterval corresponds to one measurement time point. Matching
conditions, which enter the optimization problem as additional equality constraints, as-
sure continuity of the state trajectory from one subinterval to the next.

To incorporate the perturbations ¢, matching conditions

Sjil— yj(tiil,ti, Sji—1,0 éjl) = 0, 1€ {1, . ,n}, j c {1, 2}, l e {1, . ,N},
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7 — Numerical Calculation of Robust Optimal Experimental Designs

where s;0; = yr and é2,l =0, for j € {1,2} and [ € {1,..., N} are modified to

Sl — yj(ti_l,ti,8j7i,17l, Aj,l) = ¢y, 1€ {1, Lo, = 1}, ] S {1,2}, l e {1, A ,N},
Sinl — yj(t"_l,t",sj,n,u,éj,l) = O, j c {1,2}, l e {1, . ,N}

(7.35)

A graphical scheme of the multiple shooting setup is shown in Figure 7.5.

modified
. .- Tend
matching condition

T

FCi ot

>

concentration

>
«— At — time

Figure 7.5.: Scheme of the multiple shooting setup for computing the experimental de-
sign. One dot denotes the concentration at one measurement time point.
The black solid line denotes model 1 and the gray dashed one model 2.

Instead of evaluating i(2 :1,04;€, él,l) by use of the values y; (¢!, ", s, 1, éjJ) with
i€ {l,...,n}, j€{1,2} and I € {1,...,N}, which are given by the solution of the
initial value problem (2.4), 7 (2:1,04;¢, él,l) is evaluated by use of the auxiliary mul-
tiple shooting node variables s; j; for i € {1,...,n}, j € {1,2} and [ € {1,...,N}, by
replacing the values y;(t'1, ¢, sj7l-,17l,éj,l) in i(2 1 1,04;€, él,l) with s; j;, respectively.

The dependency of f(2 : 1,(91;6,@175) on s;j; for i € {1,...,n}, j € {1,2} and [ €
{1,..., N} is indicated by i(2 1, (’)1;3.,171,3.7271,@171) for je{1,2} and l € {1,...,N}.

The overall optimization problem can be stated as

max T (736)
(T,£)ERXE
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7.3 — Numerical solution of subproblem Pg

subject to
5jil — y](tl Ly L Sji1ls é] )—c,, ie{l,..,n—1}, je{1,2}, L€ {1,...,]\7},
Sinl — yj(tn_l,t 7sj,n71l7é ) ] S {1,2}, l e {1,. .. ,N},
sjoi=u, j€{1,2},1€{l,...,N},

dy; ; . N
Ui~ (050, G e {12} 1€ {L.... N},

dt J
YLmin <Y1 < YImax;
0< At <t§nax, ie{l,...,n},

Ogcigci,ma)n z‘e{l,...,n—l},

S4,4,l,min < Sj.,l < S4,i,l,max> XS {17 oo 7n}7 ] € {172}7 le {17 s 7N}7
iAti _ Tend
i=1

f(2 :1,04; 8.7171,5.,271,91,1) —7>0 ledl,... ,N},

(7.37)
where y; (£, %, 551, éj,l) is the solution of the differential equation
dy; h 5
d—tj = fjl“ S(yj7t59j,l)a
with initial state s;j;_1; and integration interval [t~ ] and 92,1 = 0y for all i €

{1,...,n},5€{1,2},1e{1,...,N}.

Remark. Under same assumptions as in Theorem 18 problem (7.36) subject to (7.37)
satisfies MFCQ (Definition 8) for all (1,&) € R x E with £ satisfying (7.37), as can be

seen with the same thoughts as in proof of Theorem 18.

We have implemented this problem within the Interior Point optimization package
IPOPT using the C++ interface of IPOPT. A brief introduction to the theory of IPOPT
is given in Chapter 6. All derivatives up to second order, which are used for the calcula-
tions of the Hessian (6.13), needed for a robust performance of IPOPT are calculated by
automatic differentiation using CppAD [19, 18]. CppAD implements Automatic Differen-
tiation by use of Taylor series propagation as presented in Chapter 4. For the solution
of the ODEs as well as for the calculation of sensitivities we use the BDF integration

method developed in Chapter 5, which is also implemented in C++.

Remark. Since the solutions y;(t"~1, !, s, 1, jl) of the ODFEs ﬂ = f}"hs(yj,t,éé»)
forie{1,....n}, j € {1,2} and 1 € {1,...,N} only enter the matchmg conditions
(7.85) in problem (7.36) s.t. (7.37), the sensitivities of second order, which are needed
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7 — Numerical Calculation of Robust Optimal Experimental Designs

to evaluate the Hessian in (6.13), can be efficiently computed using the reverse mode
presented in Section 5.2.2, whereby the Lagrange multipliers associated to the matching

conditions (7.35) are used for weighting the reverse seed vector.

7.4. Stabilizing homotopy method for subsequent P,

Solving the subsequent optimization problems Pgq, ., with an Interior Point code like
IPOPT initialized with primal and dual variables of the previous problem or with primal
variables only, one often observes that the new solution may differ significantly from
the previous. This is due to the fact that the solution of the previous problem Pg,
is infeasible for Pq, , and thus the algorithm tries to find a feasible state before it
proceeds to find a new optimum. This behavior is not desired in the context of an Quter
Approzimations algorithm, because convergence of the algorithm may be slowed down
significantly. This circumstance originates from a jumping between vicinities of distinct
local maxima of problem P(, ). The discretization Q; v for j = (2m + 2m(n — 1) +
2n + 1) of the robustification space ©1 may not be equally adequate for different local
maxima. To overcome this problem we have implemented a heuristic homotopy method

to gradually introduce the additional constraint

gN+1(T7§78) = I(2 : 1701;3.717N+178.727N+1701,N+1) —-720

of problem Pgq, . We replace g5 (7,§,s) by

§N+1(T7§7 8) = :Z’-(Q : 17 01; 3.717N+17 3.727N+17017N+1) -7+ (1 - HH)pH > Oa

with homotopy parameter ki € [0,1] and py is a constant which has to be set such that
Gr41(7,€, 8) is inactive for ky = 0 at the initial design {y.
We choose pyg to be

o =K - < min f(2 :1,01;¢N,01) — min f(2 : 1,(91;£N,91)> ,
01€Q; N 01€01

where j = (2m +2m(n — 1) +2n + 1). K is a save guard factor, we set empirically to
K = 1.4, which worked well in practice for our examples. For ki = 0 the augmented
optimization problem should be easily solvable within a few iterations by performing
a warm start from the solution of the previous problem. By increasing the homotopy
parameter to kg = 1, the additional constraint is gradually introduced, which leads to
a sequence of easily solvable subproblems whose solutions stay in the vicinity of the
solution of the previous problem Pgq, . A similar homotopy strategy can be found e.g.

in [93] (in the context of finite optimization).

146



CHAPTER 8

Numerical results

We have applied the algorithm developed in Chapter 7 to two example problems for
which we present results in the following sections, namely on models describing glycolytic
oscillations in Section 8.1 and on models describing signal sensing in dictyostelium dis-
coideum in Section 8.2. In the following we treat model 1 as null hypothesis and model
2 as alternative hypothesis.

Here, we replace the Heaviside-functions H(#') and H(¢;) in (7.1) by parametrized hy-
perbolic tangent functions of the form

6(At; —b1)
ai

2

 tanh(

(1) = )+1

~ tanh(—8ei=bay 4 g
and H'(¢;) = ( 2“2 )

The parameters a; for j € {1,2} characterize the width of the transition region between
0 and 1. The parameters b; for j € {1,2} determine the center of the transition region
(see Figure 8.1). By setting the parameters in an adequate way, arbitrarily close ap-
proximations of the Heaviside-functions can be generated.

Additionally, in cooperation with Marcel Rehberg we have applied the algorithmic frame-
work to design a Circadian Rhythm to set its period in a robust optimal way, which is

presented in Section 8.3. For all examples Ny is set to Ny = 1 in Algorithm 3.
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center b center b

+—— widtha —— +——— widtha —

Figure 8.1.: Switching functions: the left switching function is used to guarantee that
only one measurement is done at a time point, the right one is used to
guarantee that if a perturbation is done at a time point no measurement is
done at the same time point.

8.1. Discriminating design for two models describing glycolytic
oscillations

In the first test case for model discrimination we implemented the following models for

glycolytic oscillations as described in [52].

Model 1 is an allosteric enzyme model with positive feedback under cooperativity and

linear product sink. The differential equations for model 1 are given by

do
d—tl =V - U¢(a17’}/1)7
d
% = qop(o, 1) — ks1s
a1(l +oaq7)(1+ 2
P(a1,71) = i )L+ m)

L+ (14 )21 4 m)?

Model 2 is an allosteric model with positive feedback in the absence of cooperativity
and the product sink is represented by Michaelis-Menten kinetics. The differential equa-
tions for Model 2 are given by

d
% =V - ¢(a2772)7
dyy T'sY2
T = g2 (02, 72) Py
ao(1 +
(a2, 72) = 2(1+ %)

L+ (1+a)(1+72)
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8.1 — Discriminating design for two models describing glycolytic oscillations

The species concentration of the substrate are denoted by «; and the ones of the product
are denoted by ~; for j € {1,2}, respectively.

For both models the inflow parameter v is the same and fixed to the value v = 0.22.
It represents the inflow of substrate to the experimental system, a continuously stirred
tank reactor (CSTR).

The parameters o, q1, ks and L; of model 1 are regarded as known. Their values are
given in Table 8.1. The parameters g2, 75, 1 and Lo of model 2 are regarded as unknown

and subject to robustification. For the permitted parameter range see Table 8.1.

Model 1 Model 2

o q1 ks Ly q2 Ts i Lo
0.92 | 2.01 | 0.11 | 17206.10 | [10=7,100] | [10~7,100] | [10~7,100] | [100,300]

Table 8.1.: Parameter values for the glycolytic oscillation models.
For simplicity we consider the homoscedastic case with equal variances, i.e. v; = vy = 2.
In this case f(2 : 1,015, 61) reduces to,

I(2:1,01;6,01) = > H (#)H (c1) ((oni — a2.4)* + (71 — 724)°) - (8.1)
=1

For this test case the homotopy strategy as presented in Section 7.4 is only applied if
the robustification gap Arg < 0.1, then the successive problem Pq,_, is calculated by
use of the homotopy strategy with 30 homotopy steps, i.e. k, = h/30, h € {1,...,30}.
Otherwise, problem Pgq, , is solved without homotopy strategy. For each subsequent

problem Pq , the solution of problem Pq, is used as initial guess.

We first present a robust design without the possibility to perturb the system by adding
species at later time points.

The design is calculated within a fixed time window i.e. T7°*4 = 400. 100 equally spaced
possible measurement points are defined in the initial state of the optimization proce-
dure, the distance vector At between the time points is subject to design and each entry
is restricted to At* € [1077,10%], i € {1,...,100}. The perturbation vectors c; are set
toc; =0fori e {1,...,99} and are fixed to model the fact that no species perturbation
is allowed.

The initial species concentrations which are also subject to experimental design are re-
stricted to ay € [1077,25] and 41 € [1077,25]. The initial values were set to aj = 15 and
71 = 2. The parameters of the switching functions H'(¢!) are chosen as a; = 20.0 and

b1 = 10.0. The parameters of the switching functions ﬁ’(ci) are chosen as as = 0.05 and
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ba = 0.025. The algorithmic settings are summarized in Table 8.2.

Optimization settings Integrator settings
P | § | IPOPT-tol: Step 1./Step 2. || relTol/absTol | relTolSens/absTolSens
511076 10719/10-8 10712/10712 10712/10712

Table 8.2.: On the left hand side the optimization settings are listed comprising the
IPOPT stopping tolerances for Step 1. and Step 2. of Algorithm 3 and
on the right hand side the integration tolerances for the nominal trajec-
tory and the first order sensitivities are listed. We use the IPOPT option
“honor_original bounds=no” for Step 1. and Step 2. of Algorithm 3.

A plot of the functions «aq,as and 71,79 in the initial state and for the solution of

problem Pgq, are shown in Figure 8.2.
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Figure 8.2.: The model functions «aq, s and 71,7 are shown before the optimization
procedure (left) and after the optimization procedure of problem Pg, (right)
for the glycolytic design setup without the possibility to perturb the system.

One square represents one measurement time point.

A plot for the same functions with the same solution design as for problem Pgq, after
the next robustification step is shown in Figure 8.3. The final design is also shown in
Figure 8.3.
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Figure 8.3.: The model functions ay, as and 7y, 72 are shown for the same solution design
as for problem Pgq, after the next robustification step (left) and for the
final design (right) for the glycolytic design setup without the possibility to

perturb the system. One square represents one measurement time point.

A plot of the robustification gap Arg and as well for the objective value of problem
Pgq, for each iteration N of Algorithm 3 are shown in Figure 8.4.

A selection of design variables as solutions of problem Pg is shown in Figure 8.5(left).

In a second scenario we additionally allow for species perturbations. In this new sce-
nario at the 21-th 41-th, 61-th and 81-th measurement time points, the system can get
perturbed by additional species quantities. The free vectors ¢;, i € {21,41,61,81} are
constrained by ¢; € [1077,10]. The initial values are set to ¢; = 1. The remaining

conditions are as before. However, we change the time vector bound constraints for
i€{1,6,11,21,26,31,41,46,51,61,66,71,81}

to At' € [8,10'%] and the initial state to At* = 15. The bounds for the remaining entries
are as before, and the remaining measurement time points are equally spaced.

A plot of the functions ay,as and 71,72 in the initial state and for the solution of
problem Pgq, are shown in Figure 8.6. A plot for the same functions with the same
solution design as for problem Pg, after the next robustification step is shown in Figure

8.7. The final design is also shown in Figure 8.7.
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Figure 8.4.: In the left figure the robustification gap Agrg is plotted versus the number
of iterations N of Algorithm 3 and in the right figure the objective value of
problem Pgq, is shown for the glycolytic design setup without the possibility
to perturb the system.
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Figure 8.5.: A selection of design variables as solutions of problem Pgq for the glycolytic
design setup without the possibility to perturb the system (left) and with
the possibility to perturb the system (right) are shown.
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Figure 8.6.: The model functions «aq,as and ;1,72 are shown before the optimization
procedure (left) and after the optimization procedure of problem Pg, (right)
for the glycolytic design setup with the possibility to perturb the system.

One square represents one measurement time point.
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Figure 8.7.: The model functions oy, as and 7y, 2 are shown for the same solution design
as for problem Pgq, after the next robustification step (left) and for the final
design (right) for the glycolytic design setup with the possibility to perturb

the system. One square represents one measurement time point.
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8 — Numerical results

A plot of the robustification gap Arg and the objective value of problem Pgq,, for each
iteration NV of Algorithm 3 are shown in Figure 8.8. A selection of design variables as

solutions of problem Pgq, is shown in Figure 8.5(right).

8.2. Discriminating design for two models describing signal

sensing in dictyostelium discoideum

The second test case is the discrimination of two models describing the chemotactic
response in the amoeba dictyostelium discoideum as presented in [79] using the frame-
work presented in Chapter 7. The two models describe the adaption mechanism observed

when amoebae encounter the chemoattractant cAMP [76], see Figure 8.9.

ligand ligand

binding binding

[ ] [ ]
Se_e Se_@o©

AN

."**4—@ ‘—»**4—@
® ®

(a) model 1 (b) model 2

Figure 8.9.: Two models of the signal system of the Dictyostelium amoeba.

For both models, a chemotaxis response regulator R gets activated (R*) by an activator
enzyme A, when a cAMP ligand S appears. But the deactivating mechanism determined
by the interaction with an inhibitor molecule I differs for both models. Both models

comprise mass action kinetics in form of ODE.

In model 1 the activator enzyme as well as the inhibitor enzyme are regulated by the

external signal, which is proportional to the cAMP concentration S. The overall model
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8.2 — Discriminating design for two models describing signal sensing in dictyostelium

discoideum
in this case is given by
dA;
— = —k_,A kg,
i 1+ kaS1
dl;
— =k ;1 + K 8.2
T 1+ ki S1 (8.2)
dR*
5 = ~(Ar+ ko D)RT A+ ke RrAs,

where k_q, kq, k—;, ki, , kr and k_, are the mass action rate constants and Ry := R*+ R

is the total amount of the response regulator.

In model 2 the inhibitory molecule I is activated through the indirect action of acti-
vator A instead of direct activation by sensing ligand binding. The overall model in this

case is given by,

dA,
&2k Ay kS

i 2 + 2

dl,

—2 = —k_iIy + ki, A 8.3
= 2 + ki, A (8.3)
d *

£2 — —(kyAg + k_Io) R + k, Rp Ay,

where k_,, ko, k—i, ki,, k, and k_, are the mass action rate constants and Ry := R*+ R
is the total amount of the response regulator.

For modeling details we refer to [79]. We have extended these systems of ordinary dif-
ferential equations by an additional state corresponding to the cAMP ligand S with
dS/dt = 0. By allowing species concentration perturbations ¢ only to the state S we

can mimic a piecewise constant control of the system by the cAMP ligand S.

The experimental design parameters are the initial species concentrations of the four
states namely, Ar, I1, Ry, Si, the measurement time points ¢ and the species concentra-
tion perturbation ¢ with respect to S. We discard the condition that either a measure-
ment or a perturbation can be performed since in that setting by use of the perturbations
¢ we mimic a piecewise constant input control S and therefore that restriction seems
unnatural. Again for simplicity we consider the homoscedastic case with equal variances

i.e. v; = vy = o2, where f(? 11,045, 61) reduces now to
T(2:1,05;6,00) = > H(#) ((Ari — A2)* + (I — I24)” + (Ri, — R5,)%) . (8.4)
i=1

The parameters k_,, ko, k—;, ki, , kr, k_, and R are regarded as known and fixed, their
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values are given in Table 8.3.

koo | ko | ki | ki | ke | ke | Rr
2.0 [30]01[1.0[1.0] 1.0 | 23/30

Table 8.3.: Parameter values for the fix values within model 1 and model 2.

Parameter k;, is regarded as unknown and subject to robustification. The range of the
parameter k;, is set to k;, € [0,2].

The optimal design is calculated within a fixed time window with 7°"4 = 100. 100
equally spaced possible measurement points are defined in the initial state of the opti-
mization procedure. The distance vector At between time points is subject to design
and each entry is restricted to At! € [1077,10'9] for i € {1,...,100}.

The free perturbation vectors ¢; for i € {11,21,31,41,51,61,71,81,91} are not re-
stricted. The initial values are set to ¢; = 0 for i € {11,21}, ¢31 = 0.3, ¢; = —0.48,
i€ {41,61,81} and ¢; = 0.48 for i € {51,71,91}.

The initial species concentrations which are also subject to the experimental design are
restricted to Sp € [0.01,0.5], Ay € [10°7,1], I; € [1077,1] and R} € [1077,1]. The initial
values are set to S; = 0.2, Ay = 1.0, Iy = 10~* and Ry = 10~%. The multiple shooting
intermediate variables for the species S are restricted to s; € [0.01,0.5] to restrict the
piecewise constant control to this interval. The parameters of the switching functions
H'(t") are chosen as a; = 5.0 and b; = 2.5. The algorithmic settings are summarized in
Table 8.4.

Optimization settings Integrator settings
P | & | IPOPT-tol: Step 1./Step 2. || relTol/absTol | relTolSens/absTolSens
511078 10710/10~11 10~ /1071 10~ /10714

Table 8.4.: On the left hand side the optimization settings are listed comprising the
IPOPT stopping tolerances for Step 1. and Step 2. of Algorithm 3 and
on the right hand side the integration tolerances for the nominal trajec-
tory and the first order sensitivities are listed. We use the IPOPT option
“honor_original bounds=no” for Step 1. and Step 2. of Algorithm 3.

With these design conditions we start the optimization procedure twice. First by use of
the homotopy strategy for successive problems Pg,_, with 10 homotopy steps.

Since the “discriminating power” of the experimental setup is very low in this case, i.e.
the deviation between the two models is small, we plot the distance functions (57 — Ss),
(A1 — Ag), (I1 — I2) and (R} — R%) for the initial state and for the solution of problem
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8.3 — Optimal design of Circadian Rhythm

Pgq, in Figure 8.10. A plot for the same functions with the same solution design as for
problem Pq, after the next robustification step is shown in Figure 8.11. The final design
is also shown in Figure 8.11.

A plot of the robustification gap Arg for each iteration N of Algorithm 3 is shown in
Figure 8.12 (left). A plot of the objective value of problem Pgq, for each iteration N of
Algorithm 3 is shown in Figure 8.13 (left). A selection of design variables as solutions

of problem Pg is shown in Figure 8.14 (left).

Secondly, we calculate the design without the homotopy strategy. We experience huge
jumps in the final objective value of problem Pgq, for subsequent iterations N of Algo-
rithm 3. This is due to the fact that the final design of the former problem Pgq, is an
infeasible starting point for the successive problem Pq, ., in the Interior Point solution
strategy. First the optimizer tries to force the iterates back into the feasible region and
afterwards the new central path leads to a different locally optimal design.

For this case a plot of the robustification gap Agrc for each iteration N of Algorithm
3 is shown in Figure 8.12 (right). A plot of the objective value of problem Pq, for
each iteration N of Algorithm 3 is shown in Figure 8.13 (right). A selection of design
variables as solutions of problem Pgq, is shown in Figure 8.14 (right).

As one can clearly see, the homotopy strategy helps to considerably stabilize Algorithm 3.

8.3. Optimal design of Circadian Rhythm

For this example no experimental design is calculated, but a cellular oscillator is designed
such that its period is set in an robust optimal way. For that purpose, the algorithm
developed in this thesis is used. The calculated results originate from a cooperative work
with Marcel Rehberg. Similar results with slight different setting are published in [73].
The mathematical model of the circadian oscillator, which is used here, is taken from
[75] and describes the circadian system in the fruit fly Drosophila. More precisely, it
models the transcriptional network of the proteins TIM and PER.

157



8 — Numerical results

12345678 9101112131415

N

objective value of Pq,,

o

[EE
o

=
o
L

A
o
"W

2|

10

N

12345678 9101112131415

Figure 8.8.: In the left figure the robustification gap Agrg is plotted versus the number
of iterations N of Algorithm 3 and in the right figure the objective value of
problem Pg,, is shown for the glycolytic design setup with the possibility
to perturb the system.
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Figure 8.10.: The model variable distance functions (S1 — S2), (41 — A2), (I1 — I2) and
(R} — R%) are shown before the optimization procedure (left) and after
the optimization procedure of problem Pgq, (right) for two models describ-
ing signal sensing in dictyostelium discoideum. One square represents one
measurement time point.
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Figure 8.11.: The model variable distance functions (S7 — S3), (41 — A2), (I1 — I3) and
(R} — R3) are shown for the same solution design as for problem Pg,
after the next robustification step and for the final design (right) for two
models describing signal sensing in dictyostelium discoideum. One square
represents one measurement time point.
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Figure 8.12.: The robustification gap Arg is plotted versus the number of iterations NV
of Algorithm 3 for the setup with two models describing signal sensing
in dictyostelium discoideum, with homotopy strategy (left) and without
homotopy strategy (right).
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Figure 8.13.: The objective value of problem Pgq, is plotted versus the number of iter-
ations N of Algorithm 3 for the setup with two models describing signal
sensing in dictyostelium discoideum, with homotopy strategy (left) and
without homotopy strategy (right).
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Figure 8.14.: A selection of design variables calculated as solution of problem Pgq, is
plotted versus the number of iterations IV of Algorithm 3 for the setup with
two models describing signal sensing in dictyostelium discoideum, on the
left with homotopy strategy and on the right without homotopy strategy.
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The model system is given by

dy!
dt
dy?
dt
dy?
dt

dy*
dt

dy?

at

dy®
dt
dy’

at

dy9

dt
dylo

dt

=VUsp (Kip)” - Piyl - kdyl
(Kmp)"+ )" " K+
2 3
Y Y 2
=k — S L A——
sPY1 — V1P Kip 107 + v2p Kap + dy
=uv1p v —v2p Y3 — usp v +
Kip +y? Kop + y? Ksp +y3
4
3
? ‘ 4.8 9
=v —v —k + kgy”—
3P Kap + 0 4P Kaip + 4 3YY 4Y
4
Yy 4
UdPKdP N — RdY
Vst (Kir)" — UnT : ay°
T(Emr)" @0 " K 9P
6 7
Y Y 6
—kor1)° —
sTY = UIT > T+ 40 2T Kor + 47 dy
6 YT 7
=v1T — Vo — V3T
Kir +y° Kor + 97 Ksp +y7
V4T ys — k y
Kar +ys I
Y7 Ys
=v3T — 4T — k3yays + kayo—
Kar + y7 Kar + yg
Ys
vy ——— + —k
dT Kar + vs dys

=k3yays — kayg — k1y9 + kay10 — kacyo

=k1y9 — ka2y10 — kan¥yio,

(8.5)

where y! is linked to “per mRNA” and %° is linked to “tim mRNA”. The model com-
prises three phosphorylation states, namely 0, 1 and 2 of “PER protein”, which are

associated to y2, y® and y?, respectively. It also comprises in the same manner three

phosphorylation states of “TIM protein”, which are associated to 3%, 37 and y®, re-

spectively. The “PER-TIM-complex” in the cytoplasm is associated to y”, whereas the

“PER-TIM-complex”

in the nucleus is associated to y'°.
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Lo v 2 [ s | a5 |
yi o1l 1.0391 | 0.2983 | 0.2624 | 0.1697 | 1.0391
yi || 1.5587 | 0.4474 | 0.3936 | 0.2545 | 1.5587
Ub e || 2-0783 | 0.5965 | 0.5248 | 0.3393 | 2.0783

L ¢« |6 [ 7 [ s | 9 [ 1]
Ui | 0.2085 | 0.2638 | 0.1819 | 0.0953 | 0.3730
yi || 0.4477 | 0.3957 | 0.2728 | 0.1429 | 0.5595
Uh e || 0-5969 | 0.5276 | 0.3637 | 0.1905 | 0.7460

Table 8.5.: The initial values of y; and the bounds y1 min, Y1,max are shown for the math-

ematical model of the circadian oscillator in Drosophila.
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Figure 8.15.: The figure shows histograms of the objective function values on a logarith-

mic scale for a sampled set of robustification vectors 6. First, a histogram

is shown for the sample scenario with initial design in blue and second for

the optimized design in red for the model of a circadian oscillator. In any

case, the vertical black line gives a worst case estimate of the objective

function value on a logarithmic scale for the specific design.
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According to [110] and [73], the parameters can be grouped into two sets. The first
one is associated to the local parameters of the circadian system, i.e. parameters which
only affect the circadian clock. These parameters are listed in Table 8.6. The second
one comprises parameter which affect other cellular processes, as well. All these global

parameters are listed in Table 8.7. The local parameters 83 C ©4 € RP4 with

0a = (n, K1p, K7, v1p, 017, V2p, V27, U3P, V3T, V4P,

T
var, K1p, K11, Kap, Kor, Ksp, Ksr, Kap, Kur)

are used as design variables, whereby the optimized design should be robust against the
global ones 0, C ©, € RPr with

0r = (vsP, V5T UmP, Vs Vaps Vars Kmp, K, Kap, Kar,
T
ksP7 ksTa kl, k2, k3a k4, kd, dea de) .
The initial species concentration vector yi is considered as design vector, too.

For an appropriate objective function J(y(¢)), the considered design optimization prob-

lem is given by

minmax J (y(t))
yr,0a  Or
subject to
d
T = 64,6, t€ (0,7

y(0) = w1,
YI,min < Y1 < YI,max
Hd,min < 9d < 9d7max’

Hr,min < Hr < Hr,max,

where YILmins YI,max € RlO’ Hd,minyad,max € RPd, er,minyar,max € RPr and YI,min < YI,max,
Od,min < Odmaxs Grmin < Ormax, component wise. The objective function J(y(t)) is
defined by

3
Tw®) =Yl —yt)l3 with & =7,01 =27,13 =37 (8.6)
k=1

where 7 is the desired period of the circadian system. Here, 7 is set to 24. For more
details on the design problem we refer to [73].
The initial values of y; and the bounds y1 min, ¥1,max are shown in Table 8.5. The initial

values of 64 and the bounds 04 min, 04,max are shown in Table 8.6. Those of 6, and the
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Figure 8.16.: The model states y are shown for the initial design with initial vector 6,
for the model of a circadian oscillator.

corresponding bounds 6, min, 0rmax are shown in Table 8.7. The algorithmic settings
are summarized in Table 8.8. The optimal design is calculated without the homotopy
strategy of Section 7.4.

The initial design is shown in Figure 8.16. The same design for the worst case realization
of #; within the predefined bounds as given in Table 8.7 is shown in Figure 8.17. The
final solution design is shown in Figure 8.18.

To assess the quality of the calculated design, we draw 10000 samples from a uniform
distribution over the robustification space [fr min, fr max] and for each sample we simulate
the circadian model system, given by (8.5), twice.

First, we simulate under the final design conditions, i.e. for the optimal design vectors
yr and f4. Second, we simulate under the initial condition for yr and 4. Each time, we
use the drawn sample to define the global parameter vector 6.

For each simulation we calculate the objective function in (8.6) and generate histograms
of the results for both scenarios, shown in Figure 8.15. The histograms clearly show the

increased robustness of the final design in respect of variations in 6,.
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| i [1]2]3[4[]5[6]7[8[9][10]
gn o lo4aforTorfos[os8[o1]o1[08[08]0.1
90 |40 1010|8080 [1.0[1.0[80[801.0
40 [ 10 [ 10 [ 80 [ 80 | 10 | 10 [ 80 | 80 | 10

6@'

d,max

| ¢« |n[12]lua[s]16[17]18]19] |
Ofmm | 0.1]02]027]02]02]02]02]02]0.2
6 [1.0[20[20][20[20][20][20][20]20
10 [ 20 | 20 | 20 [ 20 [ 20 | 20 | 20 | 20

9i

d,max

Table 8.6.: The initial values of 63 and the bounds 04 min, fdmax are shown for the
mathematical model of the circadian oscillator in Drosophila.

L i [1[2[]3[4[]5[6] 7 |8 ]9 ]10]
9. . [08T]087]0.56]0.56]0.16[0.16 | 0.16 | 0.16 | 0.72 | 0.72
g0 [10[1.0] 07 | 07 [02 |02 ] 02 | 02 | 09 | 09
0 | 1212084 084024024 024 | 024 | 1.08 | 1.08

| ¢« 112 B3] 14]15[16] 17 | 18 | 19 | |

9 [1.6[1.6]048[0.16 | 0.96 | 0.48 | 0.008 | 0.008 | 0.008
97 [20[20] 06 | 02 | 1.2 | 06 | 0.0L | 0.01 | 0.0
0 e | 24 24072024 [ 1.44 | 0.72 | 0.012 | 0.012 | 0.012

Table 8.7.: The initial values of 6, and the bounds 60, win, 0rmax are shown for the math-
ematical model of the circadian oscillator in Drosophila.

Optimization settings Integrator settings
P 0 | IPOPT-tol: Step 1./Step 2. || relTol/absTol | relTolSens/absTolSens
10 | 1072 1078/1078 107 /10713 10-1/10713

Table 8.8.: On the left hand side the optimization settings are listed comprising the
IPOPT stopping tolerances for Step 1. and Step 2. of Algorithm 3 and
on the right hand side the integration tolerances for the nominal trajec-
tory and the first order sensitivities are listed. We use the IPOPT options
“honor_original bounds=no” for Step 1. and Step 2. of Algorithm 3 and
“mu_strategy=adaptive” for Step 2. of Algorithm 3.
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Figure 8.17.: The model states y are shown for the initial design and 6, is set to the
worst case value for the model of a circadian oscillator.
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Figure 8.18.: The model states y are shown for the optimized design for the model of a
circadian oscillator.
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CHAPTER 9

Conclusion and Outlook

In this work, we present a framework for the robust computation of optimal experimen-
tal designs for the purpose of model discrimination.

First, motivated by a real experimental setup, which is established by a group of experi-
mental biologists, we derive an extended statistical framework, which explicitly contains
the design goals to determine the optimal initial conditions, the number of measurements
and the optimal placements of measurements under the constraint that only one mea-
surement at a time point can be performed. We additionally restrict the placement of a
measurement such that a next measurement can only be placed after a fixed and con-
stant time span. Further, we allow for system perturbations whereby the placement is
also subject to the experimental design. This statistical framework is rigorously derived
from the well known Kullback-Leibler divergence and is translated to a discontinous
semi-infinite optimization problem.

To tackle this semi-infinite optimization problem we develop a smoothing approach to
construct a continuous semi-infinite approximation depending on smoothing parameters,
which control the quality of the approximation. The smoothing approach is theoretically
validated such that any desired quality of the approximation can be achieved.

We develop an algorithm to numerically calculate such optimal designs by utilization
of an Outer Approximations scheme to solve the underlying semi-infinite optimization
problem. A strategy for the numerical stabilization of the algorithm by use of a homo-
topy approach is suggested and implemented.

For two relevant biological settings we successfully apply the developed framework and

calculate experimental designs for various scenarios. In our examples we clearly find
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that the homotopy approach is significantly superior to a cold start of successive design
problems Pq, . For the first test case, the discrimination of two models describing
glycolytic oscillations, the Outer Approximations scheme completely fails to reach the
desired accuracy ¢ without homotopy strategy. For the second test case, the discrim-
ination of two models describing signal sensing in dictyostelium discoideum, the Outer
Approzimations scheme also fails without warm start, however the homotopy strategy
works with only two homotopy steps (not presented in this work but the results are
essentially the same). We further successfully apply the robust framework to design a

Circadian Rhythm to set its period in a robust optimal way.

0.1. Outlook and further work

An extension to the statistical scenario for model discrimination, which is presented
in this work, includes the situation to test whether given measurement data can be
explained best by one out of a finite set of probability models based on measures P ,,,
r1 € {1,..., M1}, against the hypothesis that the measurement can best be explained by
another one out of a second finite set of probability models based on measures P ,.,,
r2 € {1,..., Ma}. Each probability model P;, might be parametrized by parameters
Ojr, € Ojr, CRP7I G e {1,2}.

By calculating

{=argmax in el,r?éicgl,rl I(Poyry (02,ry) : Pripy(01,r)), O15€)
ro€{l,...,M2} 62+, €O2 1y

we can get a robust worst case estimate of an optimally discriminating design for the
case of composite null and alternative hypothesis. This is a more realistic setting in the
light of practical applicability.

If the range of each parameter space ©;,., 7; € {1,..., M;}, j € {1,2}, is large, then the
resulting discriminating design might have poor discriminating power, i.e. each distinct
model adapts very well for some region in the permitted parameter space. Therefore,
it is important to incorporate appropriate restrictions to these parameter sets. These
restrictions should be based on previous knowledge, on the possible and reasonable
parameter range and on current measurement information. This implies that for R
previous measurement runs the parameter sets ©;,.., r; € {1,..., M}, j € {1,2}, which
are considered for the calculation of a robust optimal design, have to be restricted such
that each distinct model still fits to previous observations for any parametric realization
of its restricted parameter set. One way to incorporate these restrictions is to replace

(7.33) (i.e. Step 1. in the OQuter Approzimations scheme for the numerical calculation of

168



9.1 — Outlook and further work

the optimal design problem, which is considered in this work) by

(7“1,7“2,(9177»17]\[,(9277»27]\7) = arg min min I(Q : 1,01;&\7,017”,9277,2),
Tle{ly"'7M1}91a7"1 69177‘1
ro€{l,...,M2} 02 5 €O2 r,

subject to

R N

2
Zzwzj (ytij — y17r1(91,r1,tij)) <d for r e {1, . ,Ml},
i=1 j=1

R N

Z Zwij (ytij — y27r2(92,r2,ti]’))2 <d for ryed{l,..., My},

i=1 j=1
where w;; are weights associated to the variance of the j-th measurement of measure-
ment run 7. The vectors Yt denote the measured values and ijrj(é?j’rj,tij) denote the
responses of a model of the group of null hypothesis candidate models for j = 2 and of
the group of alternative hypothesis candidate models for j = 1, respectively. The scalar
d is a constant defining the allowed degree of lack of fit of the measurement data.
Beside conceptional improvements of the statistical framework, there are plenty possi-
bilities to improve the algorithmic framework, as well. To take a single example, the
homotopy approach to stabilize the Quter Approzimations scheme can be further im-

proved by implementing an effective step size control and continuation strategy.
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APPENDIX A

Theoretical background

Definition 23 (Continuous function, Definition 5.1.18 in [91]). Let V be a real normed
space and let S be a convex subset of V.

(a) A function f:V — R™ is said to be continuous at a point x € V, if, for every 6 > 0,
there exists a p > 0 such that

If (2") = f ()l < 8.¥a' € B(x, p).

A function f:V — R™ is said to be continuous (continuous on S) if it is continuous at
alz eV (xel).
(b) A function f:V — R™ is said to be continuous relative to S (S-continuous), if for

every x € S and for every § > 0, there exists a p > 0 such that
If(a) = f(@)|| < 6,2 € B(x,p) N S.

(c) A function f:V — R is said to be upper semicontinuous (u.s.c.) at a point x € V,
if, for every § > 0, there exists a p > 0 such that

fla') = f(z) < 6,V2' € B(z, p).
(d) A function f :V — R is said to be u.s.c. (u.s.c. on S) if it is u.s.c. at all x € V

(xeS).

(e) A function f:V — R is said to be upper semicontinuous relative to S (S — wu.s.c.),
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if for every x € S and for every § > 0, there exists a p > 0 such that
fa') = f(z) < 6,Va' € B(z,p)N 8.

(f) A function f:V — R is said to be lower semicontinuous (I.s.c.) at a point x € V,
if, for every § > 0, there exists a p > 0 such that

fla') = f(z) > =0,V € B(x, p).

(9) A function f :V — R is said to be l.s.c. (I.s.c. on S) if it is l.s.c. at all z € V
(xels).
(h) A function f:V — R is said to be lower semicontinuous relative to S (S — l.s.c.),

if for every x € S and for every § > 0, there exists a p > 0 such that
f(@) = f(z) > —6,Y2' € B(x,p) N S.

Proposition 7 (Proposition 5.1.19 in [91]). Let V be a real normed space and let S be
a conver subset of V.

(a) A function f:V — R™ is continuous at x* if and only if, for any sequence {x;}5°,
inV such that x; — z*, as i — oo, f(x;) — f(z*), as i — oo.

(b) A function f:V — R™ is continuous, relative to S, at z* € S if and only if, for any
sequence {x;}32, in S such that z; — z*, as 1 — oo, f(z;) = f(z*), as i — oco.

(c) A function f:V — R is u.s.c. at z* if and only if, for any sequence {z;}, in V
such that x; — x*, as i — oo, lim f(x;) < f(x*).

(d) A function f :V — R is u.s.c., relative to S, at x* € S if and only if, for any
sequence {x;}22, in S such that x; — x*, as i — oo, lim f(x;) < f(z*).

(e) A function f:V — R is l.s.c. at z* if and only if, for any sequence {z;}°, in V
such that x; — x*, as i — oo, lim f(z;) > f(z*).

(f) A function f:V — Risl.s.c., relative to S, at z* € S if and only if, for any sequence
{212 in S such that x; — x*, as i — oo, lim f(x;) > f(x*).

For details we refer to [91].

Definition 24 (Directional derivative, Definition 5.1.30 in [91]). Let V be a real normed
space and suppose that f:V — R™.
(a) We define the (one-sided) directional derivative of f(-) at a point © € V in the

direction h € V by
df(z;h) :=lim fl@+th) - f(x)’
tl0 t
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if this limit exists. Note that t > 0 is required.
(b) We say that f(-) is directional differentiable at a point x* € V, if the directional
derivative df (x*; h) exists for all h € V.

For details we refer to [91].

Definition 25 (Subgradient, Definition 5.1.31 in [91]). Let H be a real Hilbert space
with inner product (-,-).

Suppose that f : H — R is such that the directional derivative df(x,h) exists for all
x,h € H. Then we define the subgradient Of (x) C H of f(-) at point x € H by

Of (z) :=A{¢ € H|df(z;h) = (&, h), Vh € H}.

For details we refer to [91].

Definition 26 (Definition 5.2.1 in [91]). A set S C R™ is said to be convex if for any
2’ €S and A € [0,1], [\’ + (1 —N)2"] € S.

For details we refer to [91].

Definition 27 (Definition 5.2.4 in [91]). Let S be a subset of R™. We say that conv S

is the convex hull of S, if it is the smallest convex set containing S.
For details we refer to [91].

Definition 28 (Definition 5.2.6 in [91]). Let S1,S2 be any two sets in R™. We say that
the hyperplane
H :={z e R"[(z,v) = a},

separates S1 and S if
(x,v) >, VYrel

and
(y,V>§a, vyGSZ-

The separation is said to be strict if there exists an € > 0 such that
(x,v) >a+e Vres

and
(y,u)ﬁa—e, Vy€52-
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For details we refer to [91].

Theorem 19 (Separation of Convex Sets in R", Theorem 5.2.7a in [91]). Let Sy, S2 be
two nonempty convex sets in R™ such that S1 N Sy = (). Then there ewists a hyperplane
which separates S1 and So. Furthermore, if S1 and Sy are closed and either S1 or So is

compact, then the separation can be made strict.
For details we refer to [91].

Definition 29 (Definition 5.2.8 in [91]). Suppose that S C R™ is convex. We say that
H = {z|(x — z,v) = 0},

is a support hyperplane to S through T with inward (outward) normal v if T € S (where
S is the closure of S) and

(x —z,v) >0 (L0), Yz €S.

For details we refer to [91].

Definition 30 (Definition 5.2.10 in [91]). A function f : R™ — R is said to be convex
if, for any o', 2" € R™ and X € (0,1),

PO’ (1— X)) < AFG) + (1— N ("),
A function f: R™ — R is said to be strictly convez if, for any z',x" € R™ and X € (0,1),
fOa + (1= N)a") < Af(2') + (1= A f(2").

A function f: R™ — R is said to be concave (strictly concave) if —f(+) is convex (strictly

convez).
For details we refer to [91].

Theorem 20 (Theorem 5.2.11 in [91]). Suppose that f : R™ — R is convex. Then f(-)

18 continuous.
A proof is given in [91].

Definition 31 (Definition 5.2.17 in [91]). Let S C R™ be a convex set. We define the
support function og : R™ — R of S by

os(h) := sup{(h,z)|x € S}.
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Proposition 8 (Proposition 5.2.18 in [91]). Let os(:) be a support function for the
convex set S C R". Then,
(a) os(+) is positively homogeneous, i.e. for all A >0,

o5(Mh) = Aos(h);
(b) os(-) is subadditive, i.e. for all hy, ha,
os(h1 + ha) < os(h1) + os(h2);

(c) os(-) is convex; and

(d) if, in addition, S is bounded, then og(-) is Lipschitz continuous.
For details we refer to [91].

Proposition 9 (Proposition 5.2.19 in [91]). Let S C R™ be convex and compact. Suppose
that, for a given h € R", xj, € S is such that os(h) = (h,zp). Then

(x —xp,h) <0, Vrxebs,

ie., (x,h) = (zp, h) is a support hyperplane to S with outward normal h.
For details we refer to [91].

Proposition 10 (Proposition 5.2.20 in [91]). Let o : R™ — R be a Lipschitz continuous,

positively homogeneous, subadditive function. Then the set
C:={x e R"(z,h) <o(h), YheR"}

is nonempty, convex, bounded, and closed, and o(-) is the support function for C.
A proof is given in [91].

Proposition 11 (Proposition 5.2.21 in [91]). Suppose that C' and D are two convex and
compact subsets of R™. Then C C D if and only if oc(h) < op(h) for all h € R"

For details we refer to [91].

Definition 32 (Outer semicontinuous, Definition 5.3.1 in [91]). A set-valued function
(map) f: R™ — 28" s said to be outer semicontinuous (0.s.c.) at &, if (&) is closed
and, for every compact set S such that f(Z) NS = (), there exists p > 0 such that
f(@)NS =0 for all x € B(,p).

A set valued function f: R™ — 2™ is o.s.c. if it is 0.s.c. at every v € R™.
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Definition 33 (Inner semicontinuous, Definition 5.3.2 in [91]). A set-valued function
(map) f:R™ — 28" is said to be inner semicontinuous (i.s.c.) at &, if for every open set
G such that f(2) NG # 0, there exists p > 0 such that f(x) NG # 0 for all x € B(%,p).

A set valued function f: R™ — 28" isi.s.c. if it isi.s.c. at every x € R".

Definition 34 (Definition 5.3.3 in [91]). A set-valued function f : R™ — 28" is said to

be continuous if it is both o.s.c. and i.s.c..
For details we refer to [91].

Definition 35 (Definition 5.3.6 in [91]). Consider a sequence of sets {A;}32, in R™.
(a) The point & is said to be a limit point of {A;}5°, if d(Z, Ai) = 0 as i — oo, where

d(#, A;) = inf{||z — 2|z € 4;),

i.e., if there exist x; € A; for all i € N, such that x; — T, as i — oo.

(b) The point & is a cluster point of {A;}2 if it is a limit point of a subsequence of
{Ai}Z,.

(¢c) We denote the set of limit points of {A;}:2, by LimA; and call it the inner limit,
and we denote the set of cluster points of {A;}2, by LimA; and call it the outer limit.

(d) We will say that the sets A; converge to the set A if LimA; = LimA; = A. which we
denote either by A; — A, as i — oo, or by Lim A; = A.

For details we refer to [91].

Theorem 21 (Theorem 5.3.7 in [91]). (a) A function f : R® — 28" is o.s.c. at & if
and only if , for any sequence {x;}2° such that x; — &, as i — oo, Limf(z;) C f(%).
Morever, f(-) is o.s.c. if and only if its graph G(f) := {(z,y)|ly € f(x)} is closed.

(b) Suppose that f :R™ — 28" is such that f(x) is compact for all x € R™ and bounded
on bounded sets. Then f(-) is o.s.c. at & if and only if, for every open set G such that
f(z) C G, there exists a p > 0 such that f(x) C G for all x € B(Z, p).

(c) A function f : R™ — 28" isi.s.c. at & if and only if, for any sequence {x;:}2° such
that x; — &, as i — oo, Limf(z;) D f(&).

A proof is given in [91].

Theorem 22 (Theorem 5.4.3 in [91]). Consider the function

Y(z) = e o(z,y),

with ¢ : R™ x R™ continuous and Y : R™ — 28" continuous and compact-valued. Let

V() :={y € Y(@)[$(2) = d(z,y)}.
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Then Y () is o.s.c and compact-valued. Furthermore, if Y (z) = {g(x)}, a singleton,
(.

then §(-) is continuous at x.
A proof is given in [91].

Theorem 23 (Theorem 5.3.8 in [91]). Suppose that g : R™ xR™ — R"™ is continuous and
that Y : R™* — 28" is 0.s.c. and bounded on bounded sets. Then the set-valued function
G :R™ = 28" defined by

G(z) = conv U {9(z,9)} |, (A.1)

yeY (z)
is 0.s.c.. Furthermore, the map G(-) is bounded on bounded sets.
A proof is given in [91].

Corollary 5 (Corollary 5.3.9 in [91]). Suppose that g : R x R™ — R™ is continuous and
that Y : R™ — 28" s continuous. Then the set-valued function G : R™ — 28" defined by

(A.1) is continuous.
For details we refer to [91].

Theorem 24 (Corollary 5.4.6 in [91]). Consider the function ¥(z) = maxjeq f7(z),
with f7:R* - R, j € q:={1,...,q}, continuously differentiable. Then,
(a) The directional derivative dip(z; h) exists for all x, h € R™ and is given by

dip(a;h) = max (Vf7(x), h)
Jjed(z)
where

a(x) = {j € d/f/(z) = ¢(2)};

(b) the directional derivative di)(x;h) is upper semicontinuous, and, for every x € R™,
the function is positively homogeneous, subadditive, and Lipschitz continuous;
(c) the subgradient OY(z) of Y(-) at x € R™ is given by

oY(x) = C := conv U {ij(:n)} ,

Jjea(z)

and

dep(a; h) 2555%)<5’ h).

Furthermore, 0Y(x) is o.s.c..
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A proof is given in [91].
Theorem 25 (Theorem 5.4.8 in [91]). Consider the function v : R" — R defined by
W () = max ¢ (),
Jjea
where, for j € q:={1,...,q},

P (x) = ryrgiwj(:ﬂ,y)-

Suppose that, for all j € q,

(i) the functions ¢ : R™ x R™ — R are continuous and the sets Y; C R™i are compact;
(ii) the gradients V¢’ (-,-) exist and are continuous.

Then,

(a) The directional derivative diy(z; h) exists for all z,h € R™, and is given by

di(z;h) = max ( max <ngz5j(x,y),h>> = max dy (z;h),

jea(@) \ yev;(z) Jjea(x)

where for j € q,
T3(2) = {y € Vil @,9) = ¥ (@)},
and

d(x) = {j € aly? (2) = ¥(x)};

(b) The directional derivative di(-;-) is upper semicontinuous, and for every x € R™,
dip(x;+) is positively homogeneous, subadditive, and Lipschitz continuous;
(c) The subgradient O (x) is given by

oY(z) = C = conv U oY (x) | = conv U conv U (V. (2,9)}

Jj€d(x) Jjea(x) yey;(z)

and

d(z; h) = ) é%fﬁ{x)@’ h); (A.3)

(d) The subgradient 0Y(-) is o.s.c.

Proof. (a) First we show for z,h € R™ that

Yz + th) — P(x)

lim < o0
t10 13
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and
m ¢($ + th) B 7/)(55) < 00.
10 t

Since for j € q, ¢’ (-, y) is local Lipschitz continuous in x since the gradients V, ¢’ (-, )
exist and are continuous, and V,¢’(z,-) is continuous with respect to y € Y; with Y

compact, there exists a p, L > 0 with
¢/ (2, y) — ¢ (z",y)| < L||a' —2"|, V' 2" € B(z,p), Yy € Y;, Vjeaq.
Hence for 2/, 2" € B(z,p),

D) = @) = ¢ (@) — ¢ (2" ")
_ [(ﬁj,(x',y') _ (ﬁj,(x”,y')} + [¢jl($/,,y/) . ¢jll(x,/,y,/)]

~~

<0

<@ y) — ¢ (") < L2’ — 2",

where j/ € §(«') j” € §(z") and y' € Yiy(2') y" € Yju(z"). Interchanging 2’ and z”
above, we conclude that ¢ (-) is local Lipschitz continuous. Hence, for z,h € R,

> 1 > m >

tl0 t t}0

Next, since ¢/ (z,y) < () for all j € q, y € Y;, we obtain that for ¢ > 0,

) ) _ (e 10 000) 00
t Jjeq \yey; t

B ¢’ (z + th,y) — P(z)

= max max
j€q(z+th) \ yeV;(z-+th) t

; Y

< max max D@t thy) —d(z.y)

Jjeda(z+th) yeffj(m—i—th) t

Now the functions ¢’(t,y) := [¢’(z + th,y) — ¢’ (x,y)]/t are continuous, provided we
define ¢/(0,y) = d.p(z,y;h), for all j € q. Since ffj() are 0.s.c by Theorem 22, it

follows from Theorem 6 that the max functions §’(t),

¢j(x +thay) B (b](.%',y)

max , t>0,
PH)= max gl(y)=q v ’f
y€Yj(z+th) max d,¢(z,y;h), t=0,
yeYj(x)
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for h € R” and j € q are u.s.c.. Hence

T L) 7 90) ( max <v$¢f<m,y>,h>> - (A4)
tl0 13 j€d(z) \ yev;(z)
Second,
Yl th) =) (maxwmm,y) =.0)
t - j€q \yeyY; t
- (max w<x+th,y>—¢f<x,y>>7
 J€a(z) \ yeYj(z) t

because ¥(x) = ¢7(x,y) for all j € §(z) with y € Yj(z), and j € §(z) C q with
Y€ f’j(x) C Y. Hence (by the same arguments as before), we must have that

h_m¢(x +th) = ¥(z) > max < max (quﬁj(x,y),h)) . (A.5)

10 t j€a(x) \ yeY;(z)

Combining (A.4) and (A.5), we conclude that

th) — j

d(as ) = tim PETI V@) max (Va0 )by ) -
) t j€a(@) \ yev;(x)

(b) Since for j € q, Y7(z) are o.s.c and bounded and (V¢ (z,y),h) are continuous in

(x,y,h), it follows from Theorem 6 that di(-;-) is u.s.c..
To establish that di)(x;-) is Lipschitz continuous, we note that for any b/, h” € R",

dyp(z; h') — dep(z; h) < max ( max (V,¢/ (x,y),h — h”>>

jea(=) \ yev;(a)

< max ( max |[Vy¢? (z,9)] Hh’—h”H>-

jea(=) \ yev;(a)

Reversing b’ and h”, we see that di(x;.) is Lipschitz continuous with Lipschitz constant
L = maxjeq() (max,cq ) V209 (@,9)])).
dy(z; ) is subadditive and positively homogeneous, by inspection.
(c) By Definition 25, the subgradient di(x) is defined by
0Y(z) == {£ € R"|[(¢,h) < dyp(x;h),Vh € R"}.

Since di(z;-) is subadditive, positively homogeneous and Lipschitz continuous, the ex-
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pression (A.3) now follows from Proposition 10. Next because

Jjea(@) \ yev;(z) geC

max < max (quﬁj(x,y),h)) = max (&, h),

with C' defined in (A.2), wee see that the equality in (A.2) follows from Proposition 11.
(d) It follows directly from Theorem 23 that 0 (-) is o.s.c.. O

Theorem 26 (Implicit Function Theorem, Theorem 5.1.33 in [91]). Suppose that V is
a real normed space and that g : R' x V — R is k > 1 times continuously differentiable.
If 2* € R and y* € V are such that g(z*,y*) = 0 and the Jacobian g,(z*,y*) is
nonsingular, then there exist p,, p, > 0 and a k-times continuously differentiable funtion
¢ : B(y*, py) = B(x*, pz) such that ®(y*) = x*,

Qy(y*) = _gl‘(x*a y*)ilgy(xﬁ y*)a

and
9(®(y),y) =0, Vye B(y", py)

For details we refer to [91].

Corollary 6 (Corollary 5.1.34 in [91]). Suppose that g : R® — R! is k > 1 times
continuously differentiable and that z* € R™ is such that g(x*) = 0 and g(z*) has row
rank l. Then, given any h # 0 in R™ such that g,(z*)h = 0, there exists a tp, >0 and a
k times continuously differentiable function s : [0,ty] — R™ such that (i) s(0) = z*, (ii)
§'(0) = h, and (ii1) g(s(t)) =0 for all t € [0, ty).

A proof is given in [91].

Theorem 27 (Chain Rule Theorem, Theorem 5.4.12 in [91]). Suppose that p(x) =
maxjeq f7(z) with f7 : R™ — R continuously differentiable, or that

V(@) = maxmax ¢'(z,y),
with ¢/ : R™ x R™ — R continuous, V4@’ (-,-) continuous, and Y; C R™i, j € q
compact. If t' >0 and s : [0,t') = R™ is a continuously differentiable function such that
s(0) = z and $(0) = h, and the function o : [0,t") — R is defined by o(t) := 1(s(t)),
then
do(0;1) = dy(z; h)
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and
do(0) =conv [ | {(&.m}]- (A.6)
£eoy(2)
A proof is given in [91].

Theorem 28 (von Neumann Theorem, bounded version, Corollary 5.5.6 in [91]). Let
¢ R"XR™ — R be a continuous function such that ¢(-,y) is convez for ally € R™ and
¢(z,-) is concave for all x € R™, and let Y be a compact, convex subset of R™. Suppose

that ¢(z,y) — 00, as ||x|| — oo, uniformly iny € Y. Then
min max ¢(z,y) = max min ¢(z,y).

z€R"™ yeY yeY xeR™

Morever there exist vectors xg € R™ and yo € Y such that

max ¢(z0,y) = ¢(z0,%0) = min $(, yo).

A proof is given in [91].
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