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Prologue

Tree-width of graphs (cf. Chapter 1) is a fundamental concept in graph structure
theory, and it also has important algorithmic applications. The tree-width of a
graph measures how close it is to being a tree. Many problems that are NP complete
in general become tractable when restricted to instances of bounded tree-width.

The analogous concept for hypergraphs is generalised hypertree-width, which
can be defined as follows. A hypergraph H = (V, E) (i.e. E is a set of finite subsets
of the vertex set V, called the hyperedges of H) has generalised hypertree-width at
most k if there is a tree T' and a family (By)ier of pieces By C V such that:

1. For all hyperedges h € E there is a tree node t € T such that h C B;.
2. For all v € V the set {t € T | v € B;} is non-empty and connected in T.

3. For all tree nodes t € T there are hyperedges hy,...,h;r € E such that B; C
hiU...Uhg.

There are many other definitions which are either equal to generalised hypertree-
width or approximate it within a factor of 3. Again, many NP complete problems
become tractable when restricted to instances of bounded generalised hypertree-
width (cf. Chapters 2 and 3).

Generalised hypertree-width is ‘compact’ in the following sense. For a large
class of infinite hypergraphs the generalised hypertree-width is the supremum of the
generalised hypertree widths of the finite induced subhypergraphs (cf. Chapter 4).

The tree-width of a hypergraph is the tree-width of its underlying graph. A
class of hypergraphs of bounded tree-width also has bounded generalised hypertree-
width, but the converse is false. Hence generalised hypertree-width is better for
algorithmic applications in so far as it gives rise to larger tractable classes. This is
not the end of the story. M. Grohe and D. Marx obtained even larger classes by
bounding the fractional hypertree-width [GMO05]. A new approach is to consider
directed hypergraphs and make use of the added information. (Both approaches
are presented in Chapter 5.)

Tree-width, generalised hypertree-width and the generalisations from Chapter 5
can all be treated in the following framework. Let G = (V, E) be a graph, and let
f be a width function on G, i. e. a function assigning to every finite subset X C V'
a real number f(X) or f(X) = oo. Then f-ghw(G) < k if there are T and (Bi)ter
satisfying conditions 1-2 above and

3’. For all tree nodes t € T there is a set X D B; such that f(X) < k.

If we choose f(X) = |X|—1, then f-ghw(G) is the tree-width of G, and for f(X) =
min{k | X = hy U...Uhy; h; € E} and G the underlying graph of H it turns out
that f-ghw(G) is the generalised hypertree-width of H.

The following are the main contributions of this thesis:

e The framework for f-ghw(G).
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e Application of the framework to directed hypergraphs. E.g. this allows us to
obtain larger tractable classes of conjunctive queries on databases if there are
functional dependencies.

e Compactness of generalised hypertree-width (and in fact f-ghw(G)), under a
reasonable condition.

e Generalisation of some well-known results to the infinite case, e.g. the char-
acterisation of generalised hypertree-width of an infinite hypergraph in terms
of a monotone robber and cops game.

e Generalised hypertree-width is within a constant factor of several other invari-
ants which resemble graph invariants such as bramble-number, tangle-number,
branch-width and non-monotone cop-width. This is essentially the result of
joint work with G. Gottlob and M. Grohe [AGGO05], although the translation
to the f-ghw framework necessitated some changes.

e Numerous complicated examples showing that various desirable properties do
not hold.
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Chapter 1

Tree-width

There are numerous equivalent definitions for the tree-width tw(G) of a graph G,
which measures how similar G is to a tree.

the three historically most important definitions and show that they all agree.
Tree-width was independently developed by three groups (see also [Di97, Chapter
12], for historical remarks):

e N. Robertson and P. D. Seymour [RS86a].
tw(G) is the least integer k such that G has a tree decomposition such that
every block has at most k + 1 elements (Section 1.1).

e R. Halin [Ha64, HaT76].
tw(G) is the least integer k such that G has a triangulation which has no
infinite (k 4+ 2)-clique as a subgraph (Section 1.2).

e D. Rose, S. Arnborg, A. Proskurowski et al. [Ro70, BP71, Ro74, AP8]].
tw(G) is the least integer k such that G is a (partial) subgraph of a k-tree
(Section 1.3).

In the first section we fix notation and present the definition of tree-width in the
style given by Robertson and Seymour in their graph minor project. This will be
the base for all later chapters. In the second section we use Halin’s deep theorem
on simplicial decompositions. We will need this section only in Chapter 4. Finally,
in the last section of this chapter we present the third approach in terms of k-trees
(which we will not need later).

1.1 Tree decompositions of infinite graphs

In this section we define the tree-width of a graph and we prove some basic results
that we will need later on. We begin by fixing notation. We will generally, though
not in every detail, follow [Di97].

For a set S we use the notation P(S) := {Sy | So C S}, for an integer k£ > 0
we set P<k(5) = {SO | SO Q S, |Sol < k}, P:k(S) = {SO | SO g S, |Sol = k}, and
Pew(S) :={So | Sy C S, Sy finite}.

Definition 1.1.1

o A graph is a pair G = (V(G), E(G)) where V(G) is a (possibly infinite)
nonempty set of vertices, and E(G) C P—=2(V(G)) is the set of edges of G.
(Thus the edges of G are two-element sets of vertices.)
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e Gy is a (partial) subgraph of a graph G, Gy C G, if V(Goy) C V(G) and
E(Go) C E(G). A subgraph Gy C G is an induced subgraph, if E(Gg) =
E(G) NP=2(V(Gy)). For X C V(G), the induced subgraph of G with vertex
set X is denoted by G[X]. G\ X denotes the induced subgraph G[V(G) \ X].
The union G1 U Gy of two graphs G1 = (V1, E1) and Go = (Va, Es) is the
graph G1 U Gy = (V1 U Vs, E1 U Es). The intersection G1 N Ga of two graphs
Gy = (Vl,El) and Go = (‘/Q,Eg) s the graph GiNGy = (Vl NVs, F4 OEQ).

o The set X C V(QG) is connected if G[X] is a connected graph. C C V(G) is
a connected component of G if G[C] is a mazimal connected subgraph of G.

o A forest is a graph without cycles. A tree is a connected forest. For a tree T
we often write t € T instead of t € V(T') for the tree nodes. A branch D of T
is the vertex set D C V(T) of a mazimal path in T that begins with the root.

o A directed tree T is a rooted tree where the edges are directed away from the
root. We write (t,s) for an edge of T directed from the tree node t to the tree
node s. If (t,s) € E(T), we say that the node s is a successor of the node t,
and t is the (unique) predecessor of s, in symbols: t = pred(s).

e A graph K is a clique (also complete graph), if E(K) = P—a(V(K)). A
k-clique is a complete graph with k vertices.

Definition 1.1.2 Let G be a graph. A tree decomposition of G is a pair (T, B),
consisting of a tree' T and a family B = (By)ier of finite subsets of V(G), the
pieces of T, satisfying:

(TD1) For each v € V(G) there exists t € T, such that v € By. We say the node t
covers v.

(TD2) For each edge e € E(G) there exists t € T, such that e C B,. We say the
node t covers e.

(TD3) For each v € V(G) the set {t € T |v € B} is connected in T.

The width of a tree decomposition of G is defined as

width(T, B) :=sup{ — 1+ |By| |t€T} € wU {0}

The tree-width of G is defined as
tw(G) := min { width(T, B) ’ (T, B) is a tree decomposition of G} € w U {oo}.

Note that if G has no isolated vertices, (i.e. every vertex v € V(G) is contained in
some edge of G), then (TD2) implies (TD1). It is not hard to see that tw(G) =0
if, and only if, G has no edges, and tw(G) < 1 iff G is a forest (cf. Example 1.1.5,
1, below).

Remark 1.1.3 Let G be a graph, and let X C V(G) be a connected subset of G.
Then the set {t € T | X N By # 0} is connected in T.

Proof. For every v € X the set {t € T | v € B;} is connected in T by (TD3).
Moreover, by (TD2) every edge {u,v} € G[X] is covered by some ty, ) € T". Thus
truwy € {t€T |ue Byn{t €T |v e B;}) # 0. Therefore, since X is connected,
the set (J,ex{t €T |ve B} ={t €T | X NDB,# 0} is also connected. O

1Sometimes it is more convenient to work with a directed tree T. In this case we choose a root
r € T and direct the edges of T away from the root.
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Remark 1.1.4 The class of all graphs G with tw(G) < k is closed under taking
subgraphs.

Proof. Let (T, B) be a tree decomposition of G of width < k and let G’ C G be a
subgraph. Set B} := B;NV(G’). It is easy to see that (T, B') is a tree decomposition
of G’ of width < k. 0

The remark stays true if we replace ‘subgraphs’ by ‘minors’. But we will not be
concerned with minors.

Example 1.1.5

1. If G is a tree, then tw(G) = 1. This is witnessed by the following tree decomn-
position (T, B):

V(T) =V (G)UE(Q),
E(T) ={{v,e} |veeec EG)},
B, ={v},and B, =e.

2. The countably infinite clique Ky, = (Ro, P=2(No)) satisfies tw(Ky,) = oc.
Moreover, Ky, has a tree decomposition of infinite width: An infinite path T
with an increasing sequence of finite pieces By C V(Ky,).

3. From 2 together with Remark 1.1.4 it follows that the uncountable clique
Ky, = (N1, P=2(R1)) also has tw(Ky,) = co. The reader is invited to show
that in fact Ky, has no tree decomposition (hint: Proposition 4.53.1, 2), and
thus tw(Ky,) = min{} = co.

For tree decompositions of infinite graphs as in the example we need to admit
infinite trees. We do so even for finite graphs. Fortunately, this does not affect
tree-width of finite graphs:

Proposition 1.1.6 Let G be a finite graph and let (T, B) be a tree decomposition
of G. Then G has a tree decomposition (T', B') such that

1. T’ is finite,
2. for every node t' € T' there exists a node t € T such that Bj, = By, and
3. in particular width(T’, B") < width(T, B).

Proof. Given (T, B), choose a root r € T and direct the edges away from the root.
Intuitively, for every ¢ € T simultaneously we now contract the successors s of ¢
into t that satisfy By C By:

We say that sq1,s9 € T are equivalent, s; ~ s2, if s1 and so have a common
ancestor ¢t € T', such that the path P? = ¢t} t2,¢3 ... s; from ¢t to s; (for i = 1,2)
satisfies B D B;1 O By2 D Bis D ... D By, It is straightforward to see that ~ is an
equivalence relation. '

Now define (77, B’) by V(T') :=T/ ~, and

E(T') := {(s},s) | there are nodes sy € sy and s; € sb such

that (s1,s2) € E(T)}.

It is not hard to see that 7" is a directed tree. Define By, := (J,c, B:. It is easy to
see that (77, B’) is a tree decomposition.

1: For every directed edge (¥',s") € E(T”) there is a graph vertex v € V(G)
such that v € By \ By. Thus each node t' € T’ has at most |V (G)| successors.
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For the same reason, every branch of 7’ has at most length |V(G)|, and hence T’
is finite. 2: Since for every equivalence class t' € V(T') we have a node t € ¢’ that
is a common ancestor of all s € ¢/, we have B;, = B;. 3: follows from 2. O

Definition 1.1.7

o For a directed tree T' and a tree node t € T, let T} denote the complete subtree
of T with root t, i. e. the subtree containing t and all nodes reachable from t.

e For a tree decomposition (T, B), where T is a directed tree, we set Br, :=
USGV(T,,) B;.

Proposition 1.1.8 Let G be a non-empty graph, K C G a finite clique in G,
and let (T, B) be a tree decomposition of G. Then there exists a node t € T with
V(K) C B;.

Proof. Let (T, B) be a tree decomposition of G. Starting with the root r of T we
find a path leading us to a node t € T with V(K) C B; as follows:

Set pg := r. If V(K) C B, we are finished. Otherwise, connectedness (TD3)
shows that for each v € V/(K)\ B, there exists a unique successor s, of r such that
veE By, . IfueV(K)\ B, and u # v, the edge {u,v} must be covered by some
s’ € T. Connectedness (TD3) implies that s’ € V(T;) and hence s,, = s,,. We set
p1:= $y. By (TD3) we have (B, NV(K)) C (B, NV(K)).

Suppose the path po,p1,...,pn is already defined. If V(K) C B,, we are fin-
ished. Otherwise, by the same arguments as above, there exists a unique suc-
cessor s of p, with V(K)\ B,, C Br,. We set p,41 := s. By (TD3) we have
(By, NV(K)) € (B, NV(E))

Since V(K) is finite, after finitely many steps the path ends at a node p,, with
V(K) C B, O

m*

1.2 Simplicial decompositions

In this section we will prove a theorem on tree decompositions of infinite graphs
by means of Halin’s deep theorem on simplicial decompositions. We begin with the
necessary definitions, followed by the statement of the fact which we are going to
generalise to infinite graphs. This section is the basis for the main result of Chapter
4, but it will not be used otherwise. Readers who wish to skip the results on infinite
graphs (and infinite hypergraphs), may continue with Chapter 2.

Definition 1.2.1

o A graph edge which joins two vertices of a cycle but is not itself an edge of
the cycle is called a chord.

o A graph is chordal if it contains no induced cycle of length > 4. (Or, equiva-
lently, if every cycle of length > 4 has a chord.)

o A graph G’ is a triangulation of the graph G, if G’ is chordal, V(G) = V(G")
and E(G) C E(G").

The following fact is [Di97, Proposition 12.3.11].

Fact 1.2.2 Let G be a finite graph. G is chordal if and only if G has a tree decom-
position (T, B) into complete pieces By (i.e. for allt € T, the piece By induces a
clique in G).
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From this it is easy to derive the fact that even infinite graphs that have a tree
decomposition into complete pieces are chordal. This will be done below in Theorem
1.2.5, 1. The (much harder) converse was proved by I. Kiiz and R. Thomas in [KT91]
for infinite chordal graphs that have a finite upper bound on the sizes of complete
subgraphs. They noted: ‘The following result can be deduced from Halin’s theory
of simplicial decompositions, but we prove it from first principles’. We will follow
the first path here because we need a slightly more general result.

Here are the main definitions and the main result of [Ha64]:

Definition 1.2.3 Let G be a graph.

e (G is prime, if G is nonempty and connected, and G contains no clique K such
that G\ K is disconnected. We say G contains no separating clique.

o Let 0 be an ordinal and (Gy)a<s a family of subgraphs of G. The family
(Ga)a<s is called a simplicial decomposition of G, if it satisfies:

(SD1) G =U,c5Gas
(SD2) Kz =Gsn Ua<ﬁ Gy, is a clique for every 3 < 6,
(SD3) G 2 Kg andU Go 2 Kg.

a<f =
It follows from (SD1) and (SD2) that the subgraphs G, are actually induced
subgraphs.

Fact 1.2.4 (Halin 1964) Any graph G not containing an infinite clique has a sim-
plicial decomposition (Gy)a<s into prime induced subgraphs G, of G.

Using Facts 1.2.2 and 1.2.4 it is now straightforward to prove the main result of
this section:

Theorem 1.2.5 Let G be an infinite graph.
1. If G has a tree decomposition into complete pieces, then G is chordal.

2. If G is chordal and contains no infinite clique, then G has a tree decomposition
into complete pieces.

Proof. 1: Let (T, B) be a tree decomposition of G into complete pieces. Let O be a
cycle of length at least 4 in G. For each edge e of O choose a node t. € T covering
e. Let T be the subtree of T' spanned by the nodes {t. | e an edge of O}. Since T’
is finite, we can apply Fact 1.2.2 to the subgraph of G covered by T’. Therefore O
has a chord.

2: Let G be a chordal graph containing no infinite clique. By Fact 1.2.4, G
has a simplicial decomposition (Gg)a<s into prime induced subgraphs. By Lemma
1.2.6 below, (G )a<s yields a tree decomposition (7', B) with pieces exactly the sets
V(G,). Since all the G, are prime and chordal, they are complete by Lemma 1.2.7
below. O

Lemma 1.2.6 Let (G, )a<s be a simplicial decomposition of G such that all G, are
finite. Then G has a tree decomposition (T, B) with pieces exactly the sets V(G,).

Proof. We prove this by induction on §. Define (T°, B®) by setting 70 = ({r},0)
and B? = (). Then (T°, BY) is a tree decomposition of the empty graph Ua<o Ga-
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Let (7%, B?) be already defined, (7%, B®) a tree decomposition of Ua<p Ga-
Since Kg = Gg N, 3 Ga is finite, by Proposition 1.1.8 there is a node ¢ € V(T?)
such that V(Kg) C BY. We now join V(Gp) to the node ¢: Set

V(TPHY) :=V(T?) U {s} for a new node s ¢ V(T"),
E(TPHY) = B(TP) U {{s,t}} and
BT .= BY for all t € V(T?), B! := V(Gy).

It is easy to see that (T7*!, BF*1) is a tree decomposition of |, 5,1 Ga-

Let A be a limit ordinal. For each a < A, let (7%, B*) be already defined,
(T*,B*) a tree decomposition of (Js_,Gg. Set T* == UpyenT® and B :=
Ua<y B Tt is easy to see that (I, B*) is a tree decomposition of Up<x Gs-

Hence, (T?, B*) is a tree decomposition of G. O

Lemma 1.2.7 Let P be a prime chordal graph. Then P is complete.

Proof. Suppose P is not complete. Then there are p1,ps € V(P) with {p1,p2} ¢
E(P). Our aim is to find a clique in P that separate p; and ps, a contradiction to
P being prime. The following two claims complete the proof:

Claim 1. There exists a minimal set S C V(P) separating p; and ps.
Claim 2. A minimal set S separating p; and py induces a clique in P.

Proof of Claim 1: The collection of subsets of V(P) \ {p1,p2} which separate
p1 and po is nonempty (as is contains V(P) \ {p1,p2}) and partially ordered by
inclusion. Let (S;)ier be a maximal chain, and let S = [,.; S;. Then S separates
p1 and po: If not, there is a path p; = vy, v9,...,v, = p2 in P\ S. Hence some
S;, satisfies S;, N {v;|li = 1,...,n} = 0. But then S;, does not separate p; and
p2, a contradiction to our assumption. Therefore S is a minimal set separating the
vertices p; and ps.

Proof of Claim 2: If not, there are s,t € S such that {s,t} ¢ FE(P). Let Cy
be the connected component of P\ S containing p; and let Cy be the connected
component of P\ S containing ps. Since S is minimal, both s and ¢ have a neighbour
in C7 and a neighbour in Cy. Let P; be the shortest path from s to ¢ in C; U {s,t}
and let P, be the shortest path from s to ¢ in Cy U {s,t}. Then P; U P; is a cycle
of length > 4 without a chord, a contradiction. O

Theorem 1.2.5, 2 does not hold for graphs G containing an infinite clique: [Ha64,
p. 223] contains an example of a chordal graph that has no tree decomposition into
complete pieces.

We will use Theorem 1.2.5 in Section 4.2, where we will generalise C. Thomassen’s
proof of the fact that an infinite graph has tree-width at most & if, and only if, all
of its finite subgraphs have tree-width at most k.

As promised, we finish with an alternative characterisation of tree-width [Ha64].

Corollary 1.2.8 Let G be a graph and k > 0 an integer. Then

tw(G) <k
—
G has a triangulation G’ s. t. G' contains no (k + 2)-clique.

Proof. ‘=": Let (T, B) be a tree decomposition of G of width width(T, B) < k. We
define G’ as follows.
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Graph G’
vertex set:  V(G)
edges: {u,v}, where {u,v} C B; for anodet €T

Then (T, B) is a tree decomposition of G’ into complete pieces, and so G’ is chordal
by Theorem 1.2.5. Thus G’ is a triangulation of G. Now for every complete subgraph
K C @, by Proposition 1.1.8 there is a node t € T such that V(K) C B;. Hence
[V(K)| < |B <k+1.

‘<’: By Theorem 1.2.5, G’ has a tree decomposition (T, B) into complete pieces,
so |By| < k+1. (T, B) is a tree decomposition of G of width at most k. O

1.3 Tree-width and k-trees

k-trees were first defined in [AP81]. It is well known that for finite graphs, the
subgraphs of k-trees are exactly the graphs of tree-width at most k& + 1. In this
section we prove this also for infinite graphs. We begin by refining the idea of
Proposition 1.1.6 in order to show that every tree decomposition can be transformed
into a particularly nice one. The aim of this section is to give another example
where a well-known characterisation of tree decompositions can be maintained in
the infinite case. The results of this section will not be used later.

1.3.1 Smooth tree decompositions

Definition 1.3.1 Let (T, B) be a tree decomposition of a graph G, of width at most
k.

e (T, B) is thick if |By| =k +1 forallt €T.
e (T, B) is small if B ¢ By for any two distinct tree nodes s,t € T'.

e (T, B) is smooth if (T, B) is thick and |Bs N By| = k holds for all tree edges
{s,t} € E(T).

Obviously, every smooth tree decomposition is thick and small.

Lemma 1.3.2 Let k < w. If a graph G has a tree decomposition of width k, then
G also has a thick tree decomposition of width k.

Proof. Let (T, B) be a width k tree decomposition of G. Then there exists a node
to € T such that |By,| = k + 1. Set (T, B®) := (T, B).

Suppose we already know that (7', B?) is a tree decomposition of G with |B}| =
k + 1 for all nodes t € T with distance < ¢ from ty. For any s with distance ¢ + 1
from tg satisfying |Bs| < k + 1, add (k + 1) — | Bs| elements from B; to Bs, where
t is the neighbour of s with distance i to ty. Thus we obtain a tree decomposition
(T, B"*') of G, where |Bj"| = |Bi*!| = k + 1 for all nodes s € T" with distance
< i+ 1 from tg.

Now set B* := J,, B". It is straightforward to check that (7', B“) is a thick
tree decomposition of width &k of G. ([l

Lemma 1.3.3 If a graph G has a tree decomposition of width k, then G also has
a thick and small tree decomposition of width k.

Proof. Let (T, B) be a tree decomposition of G of width k. By Lemma 1.3.2 we
may assume that (7', B) is thick. Define (17", B’) with V(1") = V(T')/ ~, where ~
is the equivalence relation on V(T') defined by

s~t:<= Bg=B;.
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We define E(T") by setting

{s',t'} € E(T") : < there exist s,t € T such that s € s',t € t' and
{s,t} € E(T).

Finally, we set Bg/N := By for all ¢ € T. Since (T, B) is thick, for each to € T
there exists one and only one connected subset C' of T such that all t € C satisfy
B, = By,. It is easy to see that (7", B’) is a small thick tree decomposition of G of
width k. O

Proposition 1.3.4 If a graph G has a tree decomposition of width k, then G also
has a smooth tree decomposition of width k.

Proof. Let (T, B) be a width k tree decomposition of G. By Lemma 1.3.3 we may
assume that (7', B) is small and thick. For each edge {s,t} € E(T) with £ := |BsN

Bi| < k, we insert new nodes sq,. .., Sp—¢ between s and t. Let B; = {z1,..., 2541}
and By = {x1,.. ., 1, Y141, -+, Yk+1}. We set Bl := Bs; and Bj := B;. Now define
By, == {w1,.. ., Ter1—isYet2—ir- - Yra1 ) for i = 1,... k — £. Thus we obtain a
smooth tree decomposition (77, B") of G of width k. O

1.3.2 k-trees

Definition 1.3.5 Let G be a graph, v ¢ V(G).

For a subgraph H C G we define a supergraph G U H'D>G (G with a cone over H)
as follows.

Graph G U H?
vertex set:  V(G) U {v}
edges: e, where e € E(G)

{v,u}, where u € V(H)

GUHY := (V(G)U{v}, E(G)U {{v,u} |uec V(H)}).
If H = G, we write GV instead of GU Gv.

Definition 1.3.6 The class of k-trees is defined inductively as follows:
(KT1) Ky, the complete graph on k vertices, is a k-tree.

(KT2) If G is a k-tree containing Ky, as a subgraph and v ¢ V(G), then G U K}
s a k-tree.

(KT3) Let A be a limit ordinal. If (Go)a<x is a family of k-trees s. t. Go C Gg
fora < B <X, then |, Ga is a k-tree.

It easily follows from (KT3) that (J,.; Gi is a k-tree for every linearly ordered
set J, if G; C G, for i < j and the graphs G; are k-trees. It is also not hard to see
that a k-tree that is a subgraph of another k-tree is in fact an induced subgraph.

Remark 1.3.7 The 1-trees are exactly the trees.

Proof. Let G be a 1-tree. We use induction to show that G is a tree:

(KT1): If G = K, then G is a tree. (KT2): If G = Go U K¥ where K; C Gy
and Gy is a tree, then G is a tree as well, since G is obtained from G by connecting
the new vertex v by a single edge to the only vertex of K7 C Gy.
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(KT3): If G = Uper Ga, Ga € Gp for a < < X and each G, is a tree, then G
is a tree as well: Since all G, are connected, G is connected. G contains no cycle,
since a cycle in G would be contained in some G,, o < .

Conversely, let T" be a tree. The set I of all induced subgraphs of T" that are
1-trees is nonempty and ordered inductively by inclusion: The union of a linearly
ordered sequence (T;);cs in I is contained in T and is a 1-tree by definition. Now
let M be a maximal element in I. Then M = T: Otherwise there is a node
t € T\ V(M). Since T is connected, there is a path P leading from M to ¢. Let
to be the last node of P that is contained in V(M) and let t; be the node after to.
We can join t; to M by the edge {to,t:}, thus obtaining a 1-tree M’ 2 M in T', a
contradiction to the choice of M. O

Lemma 1.3.8 Let G be a k-tree and v ¢ V(G). Then GV is a (k + 1)-tree.

Proof. We prove this by induction:
(KT1): If G = Ky, then GV = K41 is a (k + 1)-tree.
(KT2): If G = Go U K}! is a k-tree, Kj, C Gy, then

G’ =GoUK}P =GyU(K}Y) =Gy UKk,
is a (k4 1)-tree, since GY is a (k + 1)-tree by assumption. R
(KT3): If G = U, Ga, Ga € G for a < 3 < X and the G, are (k + 1)-trees

for « < 8 < A, then Gg - ég for « < B < M. Therefore G, = Ua<ké” is a
(k + 1)-tree. O

(03

Corollary 1.3.9 Let ¢,k > 0 be integers, { < k. FEvery {-tree can be embedded in
a k-tree.

Proof. Use Lemma 1.3.8 (k — ¢) times. O

Theorem 1.3.10 The graphs of tree-width < k are exactly the (partial) subgraphs
of k-trees.

Proof of * =’. Let £ := tw(G) < k. By Corollary 1.3.9 it suffices to show that G
is subgraph of an ¢-tree. Let (T, B) be a smooth tree decomposition of width ¢ for
G (such a tree decomposition exists by Proposition 1.3.4). Define a graph G’ as
follows.

Graph G’
vertex set:  V(G)
edges: e, where e € E(G)

{u,v}, where {u,v} C B; for anodet €T

Obviously, (T, B) is also a tree decomposition of G'.

Claim: G’ is an (-tree.

Proof of the claim. T is a tree and hence, by Remark 1.3.7, T" is a 1-tree. We
prove the claim by induction on 7.

(KT1): If T = K; = ({t},0), then G’ is the complete graph on £ + 1 vertices
and therefore G’ is an (-tree.

(KT2): For Ty C T' let G, denote the subgraph of G’ induced by U, ¢y (1) Bt-

Let T =Ty U K§ with s ¢ V(Tp), and let G, be an (-tree. Then
V(G") =V(G7},) U Bs = V(Gy,) U{v}, for some v ¢ V(GT,),
where the last equality holds because (T, B) is smooth. Furthermore
E(G') = E(Gp,)U {{u,v} | u € Bs,u # v}.
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B, \ {v} induces a complete graph K; in G7,. Note that an edge {u,v} with
u ¢ B, cannot exist, since otherwise {u,v} would be covered by some tg € V(Tp),
a contradiction to v & V(G7, ). Hence G’ = G7, U K} is an (-tree.

(KT3): U T =UycrTas To € Tp for a < 3 < A, and the G, are (-trees, then
Ua<x G, is an [-tree by definition.

Altogether G' = G/ is an f-tree. The proof of the other direction is given at
the end of this section. 0

Definition 1.3.11 Let G be a k-tree. We define the construction tree T of G by:

V(T¢) :={K C G| K is a k-clique or a (k + 1)-clique},
E(Tg) = {{K,K'} | K Cc K' C G}.

Strictly speaking, the construction tree of G depends on G and k. This is because
of the slightly pathological case of a (k 4 1)-clique, which is a k-tree as well as
a (k + 1)-tree. (We cannot avoid this by making the definition of k-trees more
restrictive, since this would break Remark 1.3.7.)

Lemma 1.3.12 The construction tree T of a k-tree G is in fact a tree.

Proof. We prove this by induction on the k-tree G. Throughout the proof we use
Remark 1.3.7 freely.

(KT1): If G = Kj, then Tg = ({K},0) is a tree.

(KT2): Let G = GoUK} where K, C Go and Tg, is a tree. Then, by definition
of the construction tree,

V(Te) = V(Te,) U{KL T U{KG, .. K¢}

where K} # Kj for i # j and the K} C K} for i = 1,...k are the new k-cliques in
K, ievwve K}c for i =1,...k. Furthermore,

E(Tg) = E(Tg,) U {{K, K{}} U{{K}, Kj} | i=1,...k}.

Therefore T is a tree.

(KT3): Let G = Jyep Gay Ga € G for a < 3 < A, where the Tg,, are trees
for a < A. Then Tg,, C Tg, for a < 3 < X and hence T = J,, ., Tc., is a tree. O

Lemma 1.3.13 Let G be a k-tree and T the construction tree of G. Then (Tg, B)
with B :=V(K) for K € V(Tg) is a tree decomposition of G of width <k .

Proof. All K € V(Tg) satisfy |Bg| = |V(K)| < k+ 1 by definition of the construc-

tion tree. We now check the conditions for tree decompositions.

(TD1): Let v € V(G). Tt is easy to see that there is a k-clique K} C G with
v € V(K}). Therefore v € By, .

(TD2): Let e € E(G). It is easy to see that there is a k-clique K} C G with
e CV(K%). Then e C Bg,.

(TD3): Let u € V(G). By induction on G we show that {t € V(Tg) | u € B;}
is connected:

o If G = Ky, then V(Tg) = { K} and there is nothing to show.

e Let G = GoU K}, where K C Go and (Tg,, B | Tg,) satisfies (TD3). If
u € BK?; for one of the k new nodes K}, .. .,K}j - IA(E, then u € By,. Hence
k
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it suffices to show: If u € Bx N B for some K € V(Tg,), then u € By for
all s on the path from K to IA(}C’

Since u € Bk, it follows that u # v. By the induction hypothesis, it suffices
to show that u € B, for the unique neighbour K}, of K} in Tg,, which is
true since u # v.

o Let G = Uyer Ga, Ga € Gp for a < B < A Since all (Tg,, Ba) for a < A
satisfy (TD3), so does (Tg, B) = Jycx(TG., Ba)- O

Proof of ¢ <’ in Theorem 1.3.10. Let G be a k-tree and Gy C G a subgraph. By
Remark 1.1.4, it suffices to show that tw(G) < k. This is true by Lemma 1.3.13. O



Chapter 2

f-hypertree-width of graphs

This chapter is motivated by hypergraphs, although in view of later application
(Chapter 5) we work in a more general framework.

Let H = (V, E) be a hypergraph, i. e. E C P.,(V). A tree decomposition of
H is a tree decomposition of the underlying graph H of H (cf. Definition 2.1.6).
Alternatively, we can define a tree decomposition of H by translating the definition
literally from graphs to hypergraphs, replacing the word ‘graph’ by ‘hypergraph’
and ‘edge’ by ‘hyperedge’. With Proposition 1.1.8 it is easy to see that the result
is the same.

In the applications, however, it turns out that the cardinality |B;| of a piece
B; is not the best measure for its complexity: Any piece consisting of a single
hyperedge should have small width, even though the cardinalities of such pieces are
unbounded. This is achieved by the following ‘width function’:

s Py (V(H) — RU{oc),
X +—  the least integer n such that X is contained in the

the union of n hyperedges of H.

Given a width function f such as c}°", we can proceed to define the f-width of
a tree decomposition (T, B) as f-width(T, B) = sup{f(B;) | t € T}. The ezact
f-hypertree-width of a graph (or hypergraph) G is

f-ehw(G) = inf{ f- width(T, B) | (T, B) a tree decomposition of G}.

mon

In the case of f = ¢'°" it is easy to see that we get ¢;°"-ehw(H) = ghw(H),
the generalised hypertree-width of H as defined by G. Gottlob, N. Leone and F.
Scarcello in [GLSO01b].

For technical and historical reasons (which again have to do with the applica-
tions) we work with two other, more complicated notions rather than with exact f-
hypertree-width. These are f-hypertree-width, f-hw, and generalised f-hypertree-
width, f-ghw (cf. Definition 2.1.3). If f, like ¢5°", is a monotone width function,
ie.

XCYCVG) = f(X)< (),

then all three definitions coincide:
f-ghw(G) = f-hw(G) = f-ehw(G).
For non-monotone width functions, we only have

f-ghw(G) < f-hw(G) < f-ehw(G).

14
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In Section 2.2 we characterise f-hw(G) as the minimal number k such that in
a monotone robber and cops game in the style of P. D. Seymour and R. Thomas
[ST93], the cops can win if they are allowed to occupy sets X such that f(X) < k.

In Section 2.3, we slightly generalise some standard bounded tree-width and
bounded hypertree-width methods in order to get tractable cases of the homomor-
phism problem. Here it should become clear why we are interested in both f-hw
and f-ghw.

Since we can regard every hypergraph H as its underlying graph H equipped
with the width function c}°" it makes sense to examine more generally graphs
equipped with arbitrary width functions, and also classes of ‘equipped’ graphs.
Hypertree-width and generalised hypertree-width can be regarded as invariants of
equipped graphs. In Section 2.4 we define some more invariants for equipped graphs
that resemble graph invariants such as bramble-number, linkedness, branch-width,
and we prove that for certain classes of equipped graphs they are all equivalent in
a strong sense.

2.1 Definitions and some observations

2.1.1 Hypertree decompositions and width functions
Definition 2.1.1 Let G be a graph.
e A generalised hypertree decomposition of G is a triple (T, B,C), such that
(HD1) (T, B) is a tree decomposition of G,

and C = (Cy)ier is a family of finite subsets of V(G), the guards® of (T, B, C),
such that

(HD2) Fvery tree node t € T satisfies By C Cy.

e (T, B,C) is a hypertree decomposition of G if the following condition is also
satisfied:

(HD3) Every tree node t € T satisfies Cy N By, C B;. (Recall that By, =
UsEV(Tt) BS)

Thus the axioms for hypertree decompositions are (TD1), (TD2), (TD3), (HD2),
(HD3). Recall from Definition 1.1.2 that the pieces B; must be finite. Note that for
every tree decomposition (T, B) we get a hypertree decomposition (T, B, B), and
that every hypertree decomposition is a generalised hypertree decomposition.?

Definition 2.1.2 A width function on a graph G is a function
fi Pwo(V(G) — RU{oo}.

Definition 2.1.3 Let G be a graph, let f be a width function on G, and let (T, B, C')
be a hypertree decomposition of G.

e The f-width of (T, B,C) is
f-width(T, B,C) = sup{f(Cy) | t € T'}.

1Readers already acquainted with hypertree decompositions of hypergraphs as defined in
[GLS02] will note that our guards C; are sets of graph wvertices, not of edges. If C; is a guard in
[GLS02], then Cy = |JC}.

2The reader may wonder what a ‘hypertree’ is. Should these decompositions not be called
‘hyper-treedecompositions’? The rationale behind this terminology is that a ‘tree’ in the sense of
tree decompositions is a pair (7', B) and a ‘hypertree’ is a triple (T, B, C).
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e The f-hypertree-width of G is

f-hw(G) = inf {f—width(T, B,C) | (T, B,C) a hypertree

decomposition of G }

e The generalised f-hypertree-width of G is

f-ghw(G) = inf { f-width(T, B,C) | (T, B,C) a generalised
hypertree decomposition of G }

The ‘generalised’ f-hypertree-width of a graph is, of course, not more general but
just smaller than its f-hypertree-width: f-ghw(G) < f-hw(G). Also note that if G
is finite or if f actually takes values in a well-ordered subset of R U {co}, such as
wU{oo}, then the infima in the definitions of f-hw(G) and f- ghw(G) are attained.

The notion of exact hypertree-width defined in the introduction of this chapter
has an analogous characterisation in terms of ‘exact’ hypertree decompositions, i.e.
hypertree decompositions of the form (T, B, B).

Example 2.1.4 Let G be a graph. The cardinality function

card: Py (V(G)) — RU{oo},
X -~ X,

is a width function on G, and
card -hw(G) = card -ghw(G) = tw(G) + 1.

Once again, to a reader who is mainly interested in finite graphs (and finite
hypergraphs), it may seem somewhat unnatural to admit infinite hypertree de-
compositions for finite graphs. But—as in the case of tree decompositions—it is
harmless:

Theorem 2.1.5 Let G be a finite graph, let f be a width function for G and let
keR.

1. If f-ghw(G) = k, then there is a finite generalised hypertree decomposition
(T, B,C) with f-width(T,B,C) = k.

2. If f-hw(G) = k, then there is a finite hypertree decomposition (T, B,C) with
f-width(T, B,C) = k.

Proof. First note that the f-width of a (generalised) hypertree decomposition,
although defined as a supremum, is in fact a maximum in case of finite G, and
that f-ghw(G) and f-hw(G) are in fact minima. Therefore we have a (generalised)
hypertree decomposition (T, B,C) of G such that f-width(G) = k. Transform
(T, B) into a tree decomposition (7", B’) as in Proposition 1.1.6. Then 7" is finite,
and for every node t' € T” there exists a node ¢ € T with B}, = B;. Choose such
a node t closest to the root and define C}, := C;. Then (1", B’,C") is a generalised
hypertree decomposition of G. Moreover, if (T, B,C) is satisfies (HD3), then so
does (T, B, C"). ]
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2.1.2 Application to hypergraphs

Our only example of f-hw and f-ghw so far is tree-width (Example 2.1.4). To give
a second type of examples, we give the definitions of a hypergraph and its cover
number. These will be investigated in detail in Chapter 3.

Definition 2.1.6
e A hypergraph is a pair H = (V(H), E(H)), consisting of

— a nonempty set V(H) of vertices, and

— a set E(H) C Peo,(V(H)) of finite subsets of V(H), the hyperedges of
H (which we will usually just call ‘edges’).

Hy is a subhypergraph of H, if V(Hy) C V(H) and E(Hy) C E(H).

Let X CV(H). Then the subhypergraph of H induced by X is the following
hypergraph H[X]:

Hypergraph H[X]
vertex set: X
edges: eNX, wheree € E(H)

Hy is an induced subhypergraph of H if Hy = H[X] for some X C V(H).

For a hypergraph H the underlying graph of H is the following graph H:

Hypergraph H

vertex set:  V(H)

edges: {v,w}, where v # w and there exists an edge h € E(H)
such that {v,w} C h

H is also called the primal graph or the Gaifman graph of H.

A hypergraph H is connected if H is connected.

A hypergraph H is tame if H has no isolated vertices, i. e. every verter v €
V(H) is contained in a hyperedge h € E(H).

We say that f is a width function on the hypergraph H, if f is a width function on
H.

Example 2.1.7 Here is the hypergraph shown in Figure 2.1:

Hypergraph H

vertices: 1,2,...,11

edges: {1,2,3},{4,5,6},{4,5,8},{4,5,8,9}
{6,7,10},{7},{9, 10}

Definition 2.1.8 We consider the following width function on hypergraphs H :

cr: Pww(V(H)) — RU{oo},
X ~ if{|Y||YCEH), X=]Y}

We call cpy(X) the cover number of X.



18 CHAPTER 2. F-HYPERTREE-WIDTH OF GRAPHS

Figure 2.1: The hypergraph H from Example 2.1.7.

Definition 2.1.9

e A tree decomposition of a hypergraph H is a tree decomposition of H.
e The tree-width of H is the tree-width of H.

e A (generalised) hypertree decomposition of H is a (generalised, resp.) hyper-
tree decomposition of H.

o For a width function f of H, we define f-hw(H) := f-hw(H) and f-ghw(H) :=

f-ghw(H).

Alternatively, we could define the notions of tree decomposition, hypertree de-
composition, tree-width of H and f-hypertree-width of H by translating the def-
initions literally from graphs to hypergraphs, replacing the word ‘graph’ by ‘hy-
pergraph’ and ‘edge’ by ‘hyperedge’. With Proposition 1.1.8 it is easy to see that

the result would be the same. For some of the other f-invariants defined below in
Section 2.4 this will not be true.

Example 2.1.10 Let H be a finite hypergraph. Then
e cy -hw(H) equals the hypertree-width of H as defined in [GLS02].
e cy -ghw(H) equals the generalised hypertree-width of H as defined
in [GLS02].
Remark 2.1.11 Let H' be an induced subhypergraph of H. Then
o ¢y -hw(H') <cy-hw(H), and
e ¢y -ghw(H') < cpy -ghw(H).

Proof. Let (T,B,C) be a (generalised) hypertree decomposition of H satisfying
cy-width(T, B,C) < k. Set B, := BNV (H') and C| := C; N V(H'). It is easy
to see that (T, B’,C") is a (generalised) hypertree decomposition of H’. Moreover,
since H' is induced, we have cy-width(T, B’,C") < k, because cp/ (C}) < cg(Ch)
for all tree nodes t € T. 0

This is not true for arbitraty subhypergraphs (in contrast to Remark 1.1.4):

Remark 2.1.12 For an integer n > 0 consider the following hypergraph H :
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Hypergraph H
vertices: 1,...,2n
edges: {1,...,2n}
{i,j}, wherei < j, i,j € {1,...,2n}

The hypergraph H has the following subhypergraph H':

Hypergraph H'
vertices: 1,...,2n
edges: {i,7}, wherei < j, i,j € {1,...,2n}

For H and H' we have
o cy-ghw(H) =cy-hw(H) =1, and
e cy-ghw(H') =cy-hw(H') = n.

Proof. The first statement is obvious. For the second statement, note that H’ is
a clique. Thus, by Proposition 1.1.8, every tree decomposition (T, B) of H' has a
piece B; with V(H') C B;. The rest is left to the reader. O

2.1.3 Monotone width functions

If f is a width function on G and G’ C G a subgraph of G, then the restriction of f
to V(G') is a width function on G’; and one might expect that f-hw(G') < f-hw(G).
However, this is not the case in general: consider the width function f(X) = —|X]|
on an arbitrary graph G. This is the reason for the following slightly complicated
definition.

Definition 2.1.13 Let f be a width function on the graph G and let G’ be a sub-
graph of G. The function [ gives rise to a width function fgr on G’ as follows.

for: P<u(V(G)) — RU{co},
X — wf{f(Y)|YCV(@), |[Y|<w, and X =V(G')NY}.

If H is a hypergraph and H' C H is an induced subhypergraph, then cy: =
(cu) . Hence the following generalises Remark 2.1.11.

Remark 2.1.14 Let f be a width function on the graph G, let G' be a subgraph of
G. Then

o fo-hw(G') < f-hw(G), and
o far-ghw(G') < f-ghw(G).

Proof. We can restrict a (generalised) hypertree decomposition (T, B, C) by setting
B} =B, NV(G') and C; = C; NV(G’). Clearly, fa:(C}) < f(C). O

Definition 2.1.15 A width function f on the graph G is monotone, if for finite
subsets X, Y C V(G) we have

XCY = f(X) < f(Y).

Example 2.1.16

o Let G be a graph. The cardinality function card is monotone.
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e In general, the cover number of a hypergraph is not monotone. For example,
the hypergraph H = ({1,2},{{1,2}}) satisfies

oo =cy({1}) >cy({1,2}) =1.
e If H is a hypergraph, then cy is monotone if, and only if, H is simplicial, i.
e. every subset of a hyperedge is itself a hyperedge.

For monotone width functions f the above complicated definition of fgr is not
necessary:

Remark 2.1.17 Let f be a monotone width function on the graph G, and let G’
be a subgraph of G. Then for = [ | P<o(V(G)).

Proof. Let X C V(@) be a finite subset. Then
Jar(X)=imf {f(Y)|Y CV(G), |Y|<w, and X =V(G')NY}
=f(X),
where the last equality holds because f is monotone. O

For graphs with monotone width functions, the hypertree decompositions can
be chosen to have a very simple form: If (T, B,C) is a (generalised) hypertree
decomposition for G of f-width at most k, then (T, B, B) is also a (generalised)
hypertree decomposition of f-width at most k.

Remark 2.1.18 Let f be a monotone width function on the graph G. Then

f-ghw(G) = f-hw(G).

Proof. Since every hypertree decomposition is a generalised hypertree decomposi-
tion, we have f-ghw(G) < f-hw(G). Conversely, let f-ghw(G) < k. By mono-
tonicity of f we may assume that this is witnessed by a generalised hypertree de-
composition (T, B, B). But (T, B, B) satisfies condition (HD3) of Definition 2.1.1
and thus is a hypertree decomposition. O

Below in Section 3.3.1 we will see examples where
f-ghw(G) < f-hw(G).
Every width function can be ‘made monotone’ in the following way.

Definition 2.1.19 Given a width function f on the graph G, we define the width
function f™°" on G as follows.

[ PwVI(G) — RuU{oo},
X = fexX)=mf{f(Y)|XCY CV(G), [Y]|<w}.

Obviously, if f only takes values in w U {oc}, then the infimum in the definition
above is actually a minimum. For example this is the case if f = cp.

Lemma 2.1.20 Let [ be a width function on G. Then
1. fmon < f,
2. f™°" 4s monotone,

3. fmom =sup {g ‘ g monotone width function on G and g < f},
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4. If f is monotone, then f = fmon.
Proof. 1: For X C V(G), we have
fUONX) =if {f(Y) | X CY CV(G)} < f(X).
2: Let X CY C V(G). Then
{fZ) | Xczcv(@}2{f(2)|Y cZcV(G)},
and thus
frnX) =imf {f(2) | X CZCV(G)}
<inf{f(2)|Y CZCV(G)} = fm"Y).
3: Let g be a monotone width function on G such that ¢ < f. For X CY C V(Q)

we have g(X) < f(Y). Thus g(X) <inf {f(Y) | X CY CV(G)} = f™"(X), and
the statement follows from 2. 4: Follows from 3. O

Proposition 2.1.21 Let G be a graph and let f be a width function on G. Then
fro-hw(G) = f7"-ghw(G) = f-ghw(G).

Proof. By Lemma 2.1.20, f™°" is monotone, and the first equality follows from
Remark 2.1.18. By Part 1 of Lemma 2.1.20, f™°® < f. Thus f™°"- ghw(G) <
f-ghw(G). Conversely, let f™°"-ghw(G) < k. We have to show that for all € > 0
the inequality f-ghw(G) < k + ¢ holds. Let (T, B,C) be a generalised hypertree
decomposition witnessing that f™°"-ghw(G) < k + 5. Since each t € T satisfies
Jmor(Cy) < k+ 5, by definition of f™°" there exists a set C{ with C; C C{ C V(G)
and f(C}) < (k+ 5) + 5. Thus (T, B,C’) witnesses that f-ghw(G) <k +e¢. O

For completeness we also state the following easy remarks.

Remark 2.1.22 Let be f a width function on the graph G and let G’ be a subgraph
of G. Then

(men)Gl — (fG/ )mon.

Proof. Let X be a finite subset of V(G’). Then

mony _ () — inf inf 7)) = inf VA

(F*)er (X) yev(@) zev(a) 2eV(@) 12)
YNV(G)=X Z2Y 22X

= inf inf (Z) = (fer)™"(X).

YCV(G') ZCV(G)
Y2X = ZnV(G)=Y

O

Remark 2.1.23 Let f be a width function on the graph G. Let G = U, G[Cgl,
where the Cg, for B < a, are the connected components of the graph G (for some
ordinal ). Then

f-hw(G) = sup { fa1c,)-hw(G[Cs)) | B < a}.
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2.2 A game for f-hypertree-width

In [ST93], P. D. Seymour and R. Thomas defined a game in which a number of
cops must catch a robber on a graph. They also defined a monotone variant of
the game, in which the cops have to make sure that the robber’s ‘escape space’
always decreases. They proved that on a given graph G the minimum number of
cops necessary to catch the robber in the robber and cops game equals the number
of cops necessary to catch the robber in the monotone game variant. Furthermore
they showed that these invariants are equal to tw(G) + 1.

In this section we define very similar games. Where P. D. Seymour and R.
Thomas bounded | X| for a cop position X C V(G), we bound f(X) for an arbitrary
width function f on G. In this respect the generalisation is very straightforward.
However, in order to make this game behave as expected on infinite graphs, we need
to be a bit more careful.

For arbitrary width functions our robber and cops game and its monotone vari-
ant may not define the same f-invariant, even on finite graphs. Examples of this
phenomenon will be given in Sections 3.2 and 3.3.

But we will see in Section 2.2.3s that the number of cops necessary to catch the
robber monotonely on a graph G equals f-hw(G).

2.2.1 Robber and cops

Let G be a graph, let f be a width function on G and k € R. Informally, the robber
and cops game on G (with game parameters f and k) is played by two players,
the cop player and the robber player, on the graph G. The cop player controls
arbitrarily many cops and the robber player controls the robber. Both the cops and
the robber move on the vertices of G. The cops choose finite subsets X C V(G) with
f(X) < k. In each move, some of the cops fly in helicopters to new vertices. The
robber sees where the cops will be landing and quickly tries to escape by running
arbitrarily fast along paths of G, not being allowed to run through a cop. If G
is finite, the cop player’s objective is to land a cop via helicopter on the vertex
occupied by the robber. The robber player tries to elude capture.

A delicate question is how to determine the winner after an infinite chase. Is it
possible to capture the robber through an infinite sequence of moves? If we were
only interested in finite graphs we could simply say that the winner of an infinite
play is always the robber. Instead we define: The cops win an infinite play if for
every vertex v € V(G) there is a move after which the robber can never reach v
again.

In the rest of this section we will make this informal description precise.

Definition 2.2.1 Let G be a graph, let f be a width function on G and k € R. The
robber and cops game RC(G, f, k) on G and its ‘monotone’ variant, the monotone
robber and cops game RCunon(G, f, k), are the games described below.

A play of RC(G, f, k) is a (finite or countably infinite) sequence
(Xo, 70, X1,71, X2,72,...)
subject to the following conditions:
(C1) Each cop move X; is a finite subset X; C V(G) satistying f(X;) < k.
(R1) Each robber move r; is a graph vertex r; € V(G) \ X;.

(R2) For all indices @ > 0 the vertices r;—; and r; are connected by a path in
G\ (Xi—l N Xi).
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A= B- o o o -0 -o e
0 1 2 3 4 5
C: S8
Q NS

Figure 2.2: RC(G, f,1). For A,B,C : f(X):=11if X is a graph edge, and f(X) :=
oo otherwise. For D: f(X) := 1if X is one of the ellipses, and f(X) := oo otherwise.
The cops can win on A and B, but not on C and D.

The game starts with the empty play, and the cop player (also called the cops)
moves first. A move of the cop player consists in adding a cop move X, to the play

™ = (Xo, To, Xl,Tl, ey anl, Tnfl)
in such a way that the resulting sequence
WAXn = (Xo,To,Xl,Tl, e ,anl,Tnfl,Xn)

is again a play. Similarly, a move of the robber player consists in adding a robber
move 7, to the play
7= (Xo,70, X1,71,- -+, Xn)

in such a way that the resulting sequence
771 = (Xo,70, X1,71, -+ s Xny Tn)

is a play. The game is played infinitely long, or until a player cannot move any
more. Thus after finishing an instance of the game we have a mazimal play: A play
that is not a proper initial subsequence of any other play.

The winner of a finite maximal play is simply the last player who moved. If
we considered only finite graphs, we could say that every infinite play is won by
the robber. But applying this definition to infinite graphs, the cop player could
only win case A in Figure 2.2. However, since we want to characterise f-hw with
this game, the cop player should be able to win case B as well, by the following
series of moves: 01,12,23,34, ... Of course we need to make sure that the cop player
cannot win cases C' or D. This is achieved by the following winning condition for
RC(G, f,k):

Let (Xo, 70, X1, 71, X2,72,...) be an infinite play. Suppose for every graph vertex
v € V(G) there exists an index n < w such that for all i > n the vertices v and
r; are not connected in G \ X;. Then the cop player wins. Otherwise the robber
player wins.

It is often convenient to allow players to give up. In this case the last player
who moved wins. Thus we can extend the above definition to arbitrary (possibly
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non-maximal) plays by saying that the cop player wins every finite play of odd
length (not just the maximal ones), and the robber player wins every finite play of
even length.

The monotone robber and cops game RCuon(G, f, k) is the variant of the game
in which plays are further restricted by the following monotonicity condition on the
cOp moves:

(C2) Let C be the connected component of r; in G\ X;. Then C is also a connected
component in G\ (X; N X;41).

Everything else is defined as in RC(G, f, k), so the plays for RCpon(G, f, k) form a
subset of the plays for RCpon (G, f, k).

Definition 2.2.2 For a play 7 = (Xo,70,-..,Xn, ") on G of even length we define
the robber’s escape space
R, ={v e V(G) | v and r, are connected in G \ X, }.
For m = (), the unique play of length 0, we define Ry = V(G).

Instead of condition (C2) we can consider the following condition on plays m =
(Xo, To, Xl, 1, )
(C2’) Rﬂ—o :_> Rﬂ—l :_) Rﬂ—z :_> ooy where T = (Xo,To,Xl,Tl, ...,Xi,TZ').

The two conditions are equivalent in the following sense:

Remark 2.2.3
1. If a play 7 satisfies (C2), then it also satisfies (C2').

2. If a play m does not satisfy (C2), then there is an i < w and an v, € V(G)
such that " = (Xo,70, X1,71, ..., X4, r}) s a play not satisfying (C2').

Proof: 1: Obvious. 2: If m does not satisfy (C2), then there is an ¢ < w such
that Ry, is not a connected component of G (X; N X;4+1). Let C be the component
of G\ (X; N X;41) containing R.,. Then there exists a vertex r, € C'\ Rx,, the
robber can reach 7} during the flight, and the play ' = (Xo,70, X1, 71, ..., Xi, %)
does not satisfy (C2). O

Some definitions of the monotone robber and cops game require

Rey 2 Rey, D Rey 2 ...

= =

It is easy to see that this further ‘strictly monotone’ variant of the game is equivalent
to RCon(G, f, k) in the sense that if the cops can win RCpon(G, f, k), then they
can also win the strictly monotone variant (while the converse is obvious).

2.2.2 Strategies

In this section we fix a game RC(G, f, k) or RCyon(G, f, k). Since we are dealing
with infinite plays we will give a precise definition of what it means for the cop
player to have a winning strategy.

Definition 2.2.4 A strategy for the cop player is a function o associating to
every finite play © of even length a finite subset X = o(w) C V(G). A play
(Xo, 70, X1,71,...) is consistent with o, if for every proper initial sequence

™ = (XQ,To,Xl,T'l,...,Xn,’I“n)
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of even length we have X411 = o(7).

Similarly, a strategy for the robber player is a function p associating to every fi-
nite play 7 of odd length a vertez r € V(G). A play (Xo,70,X1,71,...) is consistent
with p, if for every proper initial sequence

m = (Xo,70, X1,71,...,Xp)

of odd length we have r,, = p(r).

Remark 2.2.5 Given a cop strategy o and a robber strategy p there is a unique
play 7 that is maximal subject to the condition that it is consistent with o and p.0J

The maximal play consistent with ¢ and p need not be a maximal play. This is
because one of the strategies may prescribe an illegal move. Note that our winning
condition does the right thing in this case: the last player to move wins, and choosing
an illegal move is the same thing as giving up.

Definition 2.2.6 We denote the mazimal play consistent with o and p by 7 (o, p).
The cop strategy o is a winning strategy (for the cop player) if, for every robber
strategy p, the cop player wins the play ©(o, p). Similarly, the robber strategy p is a
winning strategy (for the robber player) if the robber player wins w(o, p) for every
cop strateqy o.

Obviously, at most one player has a winning strategy. It is open, whether one
of the players always has a winning strategy. For finite graphs it is easy to see that
this is in fact the case.

From Remark 2.2.3 it follows that if we define RC, (G, f, k) with (C2’) instead
of (C2), then the cops have a winning strategy for RC, (G, f, k) if, and only if,

they have a winning strategy for RCpon(G, f, k). We will often use this fact tacitly.

Definition 2.2.7 A strategy o for the cop player is positional, if it satisfies the
following condition:

U((Xo,To, . ,Xn,rn)) = U((Xé,ré, L X! ))

n'n

whenever X,, = X, and rp, =1),.
A strategy o for the robber player is positional, if it satisfies the following con-
dition:

p((XOa To, .- - 7X’na rann+1)) = p((X(l)ng)a C) X’!/17T’:’7,5 X’I/lJrl))
whenever X, = X,y = 1), and Xp11 = X, ;.

It is not hard to check that for finite graphs G, if the cops have a winning strategy
for RC(G, f, k), then they have a positional winning strategy for RC(G, f, k). We
omit this because we will not use this fact.

While we do not know if it is true for infinite graphs, we will show in Section 2.2.3
that the corresponding statement for RCpon(G, f, k) holds for arbitrary graphs.?

Definition 2.2.8 Let G be a graph and let f be a width function on G.
e The f-cop-width of G is

f-cw(G) :=inf {k | the cops have a winning strategy in
RC(G, f.k)} € RU{cc}.

3The definition of positionality for robber strategies was only included for completeness, and
we will not use it.
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e The monotone f-cop-width of G is

f-cWimon(G) := inf {k | the cops have a winning strategy in
RCumon(G, f,k)} € RU {00}
Example 2.2.9 Let G be a finite graph and k > 0 an integer. Then the game
RC(G, card, k) is the robber and k cops game as defined in [ST93], and the game
RCmon (G, card, k) is its monotone variant. In particular, card-cw(G) (card-cwmon (G))

is the minimum number of cops necessary to catch the robber in the (monotone) rob-
ber and cops game of [STI3].

The next remark is easy to check:

Remark 2.2.10 Let f be a width function on the graph G. Then
f-ew(G) = fM-cw(G).
O

The following result will not be used later on, but cf. Proposition 2.4.7 below.

Proposition 2.2.11 Let f be a monotone width function on the finite graph G.
Equivalent are:

1. The robber has a positional winning strategy for RC(G, f, k).
2. There is a function & : {X C V(G) ’ f(X) <k} —>P(V(G)\0) satisfying

(a) £(X) # 0 is a (not necessarily connected) non-empty vertez set of G\ X,
(b) If X CY CV(G) with f(Y) < k, then &(Y) C £(X).

(c) If X CY C V(G) with f(Y) < k, then for every v € £(X) there is a
path in G\ X to some vertex of £(Y).

Proof. 1 = 2: Assume the robber has a winning strategy against the cops moving
on sets X C V(G) with f(X) < k. Define

&X):={reV(G)\ X | the robber can win in position (X,r)},

for every set X C V(G) with f(X) < k. Then & satisfies (a) by definition, and (b)
holds because if X CY with f(Y) < k and the robber can win in position (Y,r)
then she can win on (X, ) as well.

Finally, for (c) let X C Y with f(Y) < k. If the robber can win in position
(X,v) and the cops fly to Y, then the robber can run along a path in G\ X to some
v € V(QG) such that she can win on (Y, ).

2 = 1: Given &, the robber can win as follows: when the cops move to X with
f(X) <k, then she moves to some vertex of £(X). It follows from (b) and (c) that
this is always possible. O

2.2.3 Monotone strategies
In this section we will prove

Theorem 2.2.12 Let G be a graph, and let [ be a width function on G. Then

f-hw(G) = f-cWmon(G).
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As a corollary (using the fact that tw(G)+1 = card - hw(G)) we get a result that
was first proved in [ST93]: On a finite graph G, k cops have a monotone winning
strategy for the robber and cops game (as defined in [ST93]) iff tw(G) + 1 < k.
(Of course, the main result of [ST93] was that this holds even without the word
‘monotone’. But in our more general context this is not true.) More special cases
will be presented in Chapters 3 and 5.

The rest of this section is devoted to the proof of Theorem 2.2.12. The two
directions will follow from Lemmas 2.2.13 and 2.2.18.

From strategies to decompositions

Recall that for a directed tree T' and node ¢t € T, t not the root, pred(t) denotes
the unique predecessor of ¢ in T'.

Lemma 2.2.13 Let f be a width function on the graph G, and let k € R. For every
winning strategy o (for the cops) for RCmon(G, f, k) there is a hypertree decompo-
sition (T, B,C) of G with f-width(T,B,C) < k.

Proof. The plays of even length that are consistent with ¢ form a tree in an obvious
way. We will define T as a suitable subtree: For this purpose we fix a choice function
~ that associates to every non-empty subset R C V(G) a vertex v(R) € R.

V(T) is the smallest set of plays of even length that contains the play of length
0 and such that, if 7 = (Xo,70,..., Xn, ) € V(T), o(n) exists and R C V(GQ) is a
connected component of G'\ o(r) such that R is connected to r,, in G\ (X, No (7)),
then

" (O’(W),’Y(R)) = (XO, 70,y Xn, Tn, O’(ﬁ),’y(R)) e v(T).

Note that every m € T is consistent with o because ¢ is a winning strategy for the
cops, and so o(r) exists for every m € T. The root of T is the play of length 0. 7’
is a successor of 7 if 7’ is of the form 7' = 77(X, 7). We define

Cr :=o(m)
for all m € T If m = () is the root, we also define By := C(y. Otherwise
B, =C:nN (Bpred(ﬂ) UR,).

(Recall the definition of Ry, Definition 2.2.2.)
We now show that (T, B, C') is a hypertree decomposition of G.

(TD1): Vertices of G are covered, i. e. are contained in some piece B;: Otherwise
there is a vertex u € V(G) not covered in any piece of (T, B). Then the robber can
escape by always choosing v(R), where R is a connected component containing u,
a contradiction.

(TD2): Edges of G are covered: Suppose {u,v} € E(G). It is not hard to
see that there is a tree node m such that {u,v} C o(m) and {u,v} N R, # 0.
(Otherwise the robber could escape by always choosing v(R), where R is a connected
component containing u or v.) If 7 is minimal such (i. e. closest to the root), then
also {u,v} C B;.

(TD3): For connectedness it is sufficient to show that for every vertex v € V(G)
there is only one tree node such that v € By and v ¢ Bpreq(r). It follows from the
definition of R, that the sets R, for children 7’ of a given node 7 are disjoint.
Hence by (C2’) the nodes 7 such that v € R, form an initial sequence of a branch
of T. Now if v € By and v ¢ By, then v € Cx N R;. So 7 is actually uniquely
determined as the last node such that v € R.
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(HD2): By definition, B, C C; for all m € T.
(HD3): If 7 is the root, then Cr N By, = B;. Otherwise we claim:

BT.,r - Bpred(ﬂ') U Rx.
The claim implies (HD3): Cr N Br, = 07 N Br, € 07 N (Bpred(r) U Rr) = Br.

Proof of the claim. Assume that v € Br, \ (Bpred(r) U Rx) exists. It is not
hard to see that for each u € V(G) there exists exactly one node m, € T such that
U € 0r, NRy,. Thusv € 07, N Ry, C By, but v ¢ Byreqr). (TD3) implies 7, € Tr.
The monotonicity (C2) of the strategy implies R, C Ry, hence v € R,. This is
contrary to the choice of v.

Thus (T, B, C) is a hypertree decomposition for G and since

f(Cz) = f(o(m)) <k,

we have f-width(T, B,C) < k. O

From decompositions to strategies

For this direction, intuitively, the cops move according to the sets C; of the given
hypertree decomposition. They first move to C,,, where w is the root of . Then
the robber chooses a vertex r € V(G)\C,,. Clearly r € Br, for exactly one successor
t of w. When the cops fly to C;, the robber cannot leave By, during the flight.

The robber chooses a (potentially) new vertex ' € V(G) \ C;. Again, r’ € Br,
for exactly one sucessor s of ¢, telling the cops where to move next. Continuing in
this way the cops win.

Towards a formalisation of this intuition, we need some definitions and a tech-
nical lemma (Lemma 2.2.15).

Definition 2.2.14 Let (T, B) be a tree decomposition of a graph G, and let t € T'.
We define

pgrred . 0 if t is the root of T
o Bpreary otherwise

The tree component of ¢ is defined as follows:
B: := Br, \ B’

It is a fundamental property of tree decompositions that B; N By separates the
vertices in the pieces of the two parts of the tree obtained by removing the edge

{t,s}:

Lemma 2.2.15 Let (T, B) be a tree decomposition of the graph G and {t,s} €
E(T). Let X := By N Bs. Then every path in G from a vertex v € s to a vertex
v € V(G)\ (X ULBy) has a vertezr in X.

Proof. Let u be the last vertex on the path from v to v’ such that u € 8s. Thus the
next vertex u’ on the path satisfies v’ ¢ Gs. We claim that v’ € X:

The graph edge {u,u'} is covered by some piece B, of the tree-decomposition.
Since u € Bs = Br, \ Bt, u is not covered by any piece of T \ Ts. (Otherwise
(TD3) is not satisfied at t.) Thus r € Ts. On the other hand, since v’ ¢ G5, v’ is
covered in some piece of B, of T'\ Ts. Thus «’ € B, N B, and (TD3) implies that
W eBNB,=X. 0
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Lemma 2.2.16 Suppose (T, B,C) is a hypertree decomposition of a graph G, to €
T, and R C Br, is a connected component of G \ Ct,. Let ty1 be the root of the
subtree (cf. Remark 1.1.3)

{teT|B:NR#0D}.
Then the following facts hold.
1. RCH,.
2. By, NR#0.
3. t1 € V(Ti,) \ {to}-
4. R is a connected component of G\ (Cy, N Ch,).

Proof. 1. This follows from R C Br, and Bflwd N R = (. 2: This is because
t1e€{teT|B:NR+#0D}.

3: Note that Cto :_) Bt[) by (HD2), so R g BTtO \Cto Q BTtO \Bto Q V(G)\Bto
Hence to ¢ {t € T | B;N R # (}. Since, on the other hand, R C Br, , we have
the{teT |BiNR#AD} CV(Ty,).

4: Clearly R C V(G) \ C, € V(G) \ (Cy, N Cyy). Tt remains to show that for
every edge {r,v} € E(G) such that r € R and v ¢ R we have v € Cy;, N Cy, (and so
R is in fact closed under connectivity in G \ (Cy, N Cy,)).

Let s € T be a tree node covering {r,v}, i. e. {r,v} C Bs. Then clearly s € {t €
T|B:NR#0} CT;,. Hence v € Br, (and v € Br, by 3). Since R is closed
under connectivity in G'\ Cy,, we have v € Cy,, and v € Br, NCy, C By, by (HD3).
Thus v € Br,, N By,. Hence by connectedness (TD3) we have v € By, C Cy,. Thus
NS Cto n Ctl- D

The following lemma will be used to verify the winning condition.
Lemma 2.2.17 Let (T, B) be a tree decomposition of a graph G. Then:
1. Bt € Bpred(t), if t €T is not the root of T'.
2. Any infinite branch D of T satisfies (V,cp Bt = 0.
Proof. 1:

red red
ﬁt \ ﬁpred(t) = [BTt \Bp ° ] \ [BT pred (t) \Bﬁr:d(t)]

red red
Br, Tprea(s) \Bf;ﬁd(t)]) \ B

(
= (BTt \BT weaco) U [Br, 0 BRI ]) \ B
[

pred(t)

red red
Br, N B2 )]\ BY

= (,

where the last equality holds by connectedness (TD3).

2: Suppose v € Nyep Bt = NienlBr \ B = Nyep B \ Usep BY** . Then
all t € D satisfy v ¢ BP™. Since D is infinite, this implies that all ¢ € D satisfy
v ¢ By. Since v € V(G), there is an s € T such that v € B,. Let t € T be the last
vertex of D on the path from the root of T to s. Let ¢’ be the successor of ¢ in D.
By assumption, we have v € Br,,. (TD3) implies that v € By, a contradiction . [

Lemma 2.2.18 Let f be a width function on the graph G, and let k € R. For
every hypertree decomposition (T, B,C) of G with f-width(T, B,C) < k there is a
positional winning strategy o for the cops for RCpmon (G, f, k).
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Proof. We describe ¢ informally. The cops’ first move is to C,,, where w € T is the
root of T. When the robber moves, resulting in a play (Xo,70,..., Xn,7 ), then
the cops move to a position X, 41 determined as follows. Let R be the connected
component of r, in G\ X,,. Let ¢ be the root of the subtree {t € T | B;N R # 0}
of T'. Then Xn+1 = Ct.

The strategy o for the cops, as defined, is clearly a positional strategy. It
remains to show that o is a winning strategy for RCnon(G, f, k). For any play
(Xo, 70, X1,...) consistent with o let R,, be the connected component of r,, in G\ X,
(for n =0,1,...), let to = w be the root of T, and let ¢, € T (for n = 1,2,...) be
the root of {t € T | By N R,y # 0}. Then clearly Xo = C4,, and Ry C Br, is
a connected component of G \ Cy,. Using Lemma 2.2.16, 4, it is easy to prove by
induction that, in fact, for all n < w for which the variables are defined we have
Xn = Ct,, and R,, C Br, is a connected component of G\ Cy,.

Also by Lemma 2.2.16, 4, when the cops move from X,, to X, 11, the robber can
only choose a vertex r,4+1 € R, so R,+1 C R,,. Hence all cop moves prescribed by
o are actually legal moves in RCyon(G, f, k). Therefore the cops win every finite
(maximal) play consistent with o.

For infinite plays note that R, C 3;,,, and t,411 € Ty, \ {t»} (again by Lemma
2.2.16). Therefore (), ., Rn € N,<y, Btoyn = 0 by Lemma 2.2.17, so the winning
condition for infinite plays is also satisfied. O

Corollary 2.2.19 Let G be a graph and f a width function on G.
If the cops have a winning strategy for RCmon(G, f, k), then they also have a
positional winning strategy for RCmon (G, f, k).

Proof. By Lemma 2.2.13, a winning strategy for RCpon(G, f, k) gives rise to a hy-
pertree decomposition (T, B, C') of G with f-width(T, B,C) < k. By Lemma 2.2.18,
we obtain a winning strategy for RCpon (G, f, k) from (T, B, C) that is actually po-
sitional. g

Corollary 2.2.20 Let f be a width function on the graph G. Then
f-ew(G) < f-ghw(G).
Proof. By Proposition 2.1.21, Theorem 2.2.12, and Remark 2.2.10 we have

f-ghw(G) = f"hw(G) = f" cwmon(G) > M- cw(Q) = f-cw(G).

2.3 The homomorphism problem

In this section all graphs and structures are finite. The general homomorphism
problem asks, given finite relational structures M and N, whether there exists a
homomorphism M 2% AN. For classes C and D of finite relational structures, let
HOM(C, D) denote the restriction of the homomorphism problem to input struc-
tures M € C and N € D. It is well known that the general homomorphism prob-
lem HOM(_, ) is NP complete?. (Here ‘.’ denotes the class of all finite relational
structures.) Moreover, HOM(_, -) is equivalent to evaluating conjunctive queries on
databases and also to CSP, the Constraint Satisfaction Problem (see [GLS01a]).

We investigate restrictions on the left hand side that lead to polynomial time
algorithms, i. e. we look for classes C such that HOM(C, ) € P.

4For the basic notions of complexity theory such as the definitions of the classes P and NP, the
reader is referred to [GJT79].
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2.3.1 Structures with partial functions

Functional dependencies in databases allow quick computation of the value of a
function or a partial function. In Chapter 5 we want to exploit this, so we do not
restrict ourselves to relational structures, even though partial functions are of no
immediate use in this chapter. We assume that the reader is familiar with the basic
notions of model theory (see [EF99]), and we slightly generalise these concepts.
This generalisation is in the spirit of ‘partial algebras’ as occasionally examined in
universal algebra. (See, e. g., Chapter 2 of [Gri].)

Definition 2.3.1 A signature is a finite set o of relation symbols. Some of the
relation symbols are marked as partial function symbols. If R is an (n + 1)-ary
relation symbol that is marked as a partial function symbol, then we may write
R(x1...2pn) = Tpt1 instead of Rxy...xp41. For o-structures we require that the
interpretation of a partial function symbol is a partial function on the universe.

In the above definition, the only difference to the case of general (non-relational)
signatures as they are usually considered in model theory is that we have partial
functions rather than total functions. As usual, we will distinguish between plain
relation symbols and partial function symbols, using capital letters for the former
and small letters for the latter. But note that in contrast to the usual treatment
of non-relational signatures we will not admit nesting of partial functions in terms.
Fu(f(x) = v Ag(v) = y) and Yo((f(z) = v) — (g(v) = y)) are (non-equivalent!)
formulas in an appropriate signature, but f(g(z)) = y is not unnested, hence not a
formula.

Definition 2.3.2

e A substructure of a o-structure M is a o-structure N such that RN = RM N
M™ for every n-ary relation symbol R € o, and f™(a) = b holds if, and only
if, fM(@) =b and a,b € N.

e A closed substructure of a o-structure M is a substructure N' such that if
fM(a) =b holds and @ € N, then b€ N.

o For a subset X C M of the universe M of M, the structure M | X is the
substructure with universe X.

e For a o-structure M, the underlying hypergraph Hxq of M is defined as
follows.

Hypergraph H g
vertex set: M

edges: {a1,...,an}, where M = Ra; ...a, for some relation
symbol R € o
{a1,...,an41}, where M |=p(a; ...ay) = any1 for some

partial function symbol p € o

Observe that for a substructure M’ of M, the underlying hypergraph H, of
M’ is a subhypergraph of the underlying hypergraph Ha, of M, but not in general
an induced subhypergraph.

Given a o-structure M we distinguish between the cardinality |M| of the uni-
verse M of M and the size | M]|| of M, given by

M = [o| + M|+ |RM| - arity(R) + Y [p™] - (arity(p) — 1).

Reo pEo
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Just like there is more than one natural notion of substructure for signatures with
partial function symbols, there are also several notions of homomorphisms between
structures in such a signature. In the definition below we choose the weakest, which
also happens to be the one we get if we treat o as a non-relational signature. (Thus
if o/ is the result of forgetting the fact that some relation symbols of o are marked,
then the category of o-structures and homomorphisms is a full subcategory of the
category of o’-structures and homomorphisms.)

Definition 2.3.3 A homomorphism from a o-structure M to a o-structure N is
a mapping h : M — N satisfying:

e For all relation symbols R € o and for all tuples a € RM we have h(a) € RN .

e For all partial function symbols p € o and for all tuples ab from M with
pMa = b we have p" (h(a)) = h(b).
We write M 225 A to indicate that there exists a homomorphism h : M — N.
Given classes C and D of finite structures, possibly with partial functions, the
homomorphism problem HOM(C, D) is the following problem.

HOM(C, D)

Input: MeC, N eD
Question: Is there a homomorphism i : M — N?

We investigate problems of the form HOM(C, ), where C is defined as the class of
all structures for which the underlying hypergraph satisfies a certain condition. Such
restrictions of the homomorphism problem are often called structural restrictions.

2.3.2 A general no-promise algorithm

Definition 2.3.4 For a signature o and a o-structure M, the underlying hyper-
graph Haq of M is given by:

Hypergraph H

vertex set: M

edges: {ay,...,a,}, where RM(ay,...,a,) for some R € o
{ay,...,ans1}, where pM(a;...a,) = ay41 for somep € o

Definition 2.3.5 A hypergraph H is acyclic (cf. [LS99]) if its hyperedges can be
arranged as nodes of a tree T so that for every vertex v € V(H), the subgraph of T
defined by the nodes containing v is connected.

It is not hard to see that a finite hypergraph H without isolated vertices is
acyclic if, and only if, it satisfies cy-hw(H) = 1 (we will prove this in Proposition
3.4.2). The following is essentially a classical result due to Yannakakis [Ya81]:

Theorem 2.3.6 (Yannakakis 1981) If C is a class of relational structures such
that the underlying hypergraph of each structure in C is acyclic, then HOM(C, ) € P.

With Proppsition 3.4.2, this theorem will be a consequence of our Theorem
2.3.13 below. Nevertheless, as a taste of things to come and in order to avoid
forward references, here is a proof.
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Proof. Let M € C and N be an arbitrary structure. We use the following two
player game, which is similar to the pebble game defined by Ph. Kolaitis and M.
Vardi in [KV95]:

The positions are pairs (S, h), where S € F(Haq) and h is a homomorphism
h:M]S—N.
In each round, player I chooses a new subset S € E(Haq). Then player II chooses
a new homomorphism » : M | S — N subject to the following compatibility
condition: If (S, h') was the previous position, then h(a) = h'(a) for alla € SN S".
(In the first round the compatibility condition makes no sense, and player II may
choose an arbitrary homomorphism h : M | S — N. Equivalently, one could say
that the game starts fron the initial position (), (), even though this is not a legal
position unless § € E(Ha).)

Player I wins the game, if player II cannot move. Player II wins all infinite
games.

Claim. There is a homomorphism M — N if and only if player II has a winning
strategy for the game.

The forward direction is obvious. For the other direction, suppose player II has
a winning strategy. Let T be a tree with V(T') = E(Haq) witnessing that Hq is
acyclic. Since player II can win, he can also win if player I chooses the subsets
S C M according to a branch of T, starting with e, € E(Ha ) where e, is the root
of T', and ending with e, € E(Haq) where ey is a leaf of T'. Thus for every e € T we
obtain a homomorphism A, such that he : M [ e o™ A/, Because for each vertex
a € V(H ) the subgraph of T defined by the nodes containing a is connected, with
the compatibility condition we obtain a homomorphism h : M — N by setting
h(a) := he(a) for a node e € T with a € e.

There is a straightforward dynamic programming algorithm deciding in polyno-
mial time whether player I has a winning strategy. U

It turns out that it is sufficient to impose our structural restrictions on certain
substructures of the elements in C:

Definition 2.3.7 The core of a structure M is the smallest substructure M’ C M
such that there is a homomorphism M - M'.

Remark 2.3.8 Let M’ be a core of M.

1. For a structure N there is a homomorphism M~ N if and only if there is
a homomorphism M’ 225 N

2. Any two cores of M are isomorphic, so the core is well-defined up to isomor-
phism.

We will generalise the following result of Dalmau, Kolaitis and Vardi [DKV02]:

Fact 2.3.9 (Dalmau, Kolaitis, Vardi) For an integer k > 1 and a class C of
structures such that the core of each structure in C has tree-width at most k, the
problem HOM(C, -) is in P.

Intuitively, instead of admitting only structures with cores of tree-width at most
k, we will admit classes of structures with cores that admit generalised hypertree
decompositions with guards in some predescribed class C;. For our purposes we need
the class Cy to be such that the following two problems are solvable in polynomial
time.
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SUBSTR¢!

enum

Input: A structure M
Output: All closed substructures of M that are in Cy.

HOMenum (Cl ) —)

Input: Structures M € C;, N'
Output: All homomorphisms h : M — N.

Of course, if C; is the class of all finite structures, these problems are not in P.

Definition 2.3.10 Let C1 be a class of structures, and let M be a structure. We
say that (T, B,C) is a (generalised) Ci-hypertree decomposition of M, if

e (T,B,C) is a (generalised) hypertree decomposition of H g,
o M | Cy is a closed substructure of M, and
e M [CyelCy forallteT.

For a class C; and for a structure M we define the width function

fe,: P(V(Hym)) — RU{oo},

X 1 if M| X is a closed substructure of M in Cy,
—
oo otherwise.

Remark 2.3.11 Let C; be a class of structures. The structure M has a (gener-
alised) Cy-hypertree decomposition if, and only if, Haq has a (generalised) hypertree
decomposition of fe,-width 1.

Conversely, let f be a family of width functions f¥, for all hypergraphs H. For
example, f = card, or fH =cy. For k > 0 put C,f = {M ‘ FHEM(H ) < k:}

For a hypergraph H = (V, E) and X C V define H | X := (X, ENP(X)). Note
that Haq [ X = Haqpx for a structure M and X C M.

Remark 2.3.12 Suppose f is a family of width functions f% such that for every
hypergraph H = (V, E) and every X CV we have fH(X) = fHIX(X). Let M be a
relational structure. Then (T, B,C) is a (generalised) Cg—hypertree decomposition
of M if, and only if (T, B,C) is a (generalised) hypertree decomposition of Hpq of
FHM width at most k.

Proof. Let (T, B,C) be a (generalised) C{:—hypertree decomposition of M. Then
M | Cy el forallt € T. Thus fAMic(Cy) <k for all t € T. By assumption, for
every t € T we have fIM(C,) = fHmic: (Cy) < k. Thus, (T, B,C) is a (generalised)
hypertree decomposition of Haq of fHM-width at most k.

Conversely, let (T, B,C') be a (generalised) hypertree decomposition of Haq of
fHM width at most k. Then for every t € T we have fHM(Cy) = fHmice (Cy) < k.
Thus (T, B, C) is a (generalised) C,]: -hypertree decomposition of M. O

Note that for f# = card and for f# = cg we have f7(X) = fH1X(X). (This

is not true for f7 = cmon.)
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For a class Cy of structures, let

COREDECOMPOSABLESld := {M | the underlying hypergraph Ha of the
core M" of M has a generalised C;-hypertree decomposition }.

Theorem 2.3.13 Let C; be a class of finite structures such that
e SUBSTRY}

enum

e HOMpum(C1,-) € P.
Then HOM(COREDECOMPOSABLEg}l}d, ) ep.

€ P, and

Proof. Let M € COREDECOMPOSABLEC}l]d and N an arbitrary structure. The
following is a generalisation of the pebble game from [KV95]:

The positions are pairs (S, h) where S C M is such that M | S € C; is a closed
substructure, and h is a homomorphism h : M | S — N of o-structures.
In each round, player I chooses a new subset S C M with M | S € C;. Then
player II chooses a new homomorphism h : M | S — A subject to the following
compatibility condition: If (S’,h') was the previous position, then h(a) = h'(a) for
allae SN S

Player I wins if player II cannot move. Player IT wins all infinite games.

Claim. There is a homomorphism M — A if and only if player II has a winning
strategy for the game.

The forward direction is obvious. For the other direction, suppose player II has
a winning strategy. By Remark 2.3.8 it suffices to show that there is a homomor-
phism from the core M’ of M to N. Let (T, B,C) be a generalised C;-hypertree
decomposition of M’. Since player II can win, he can also win if player I chooses
the subsets S C M according to a branch of T', starting with C,. for the root r € T,
and ending with Cy for a leaf £ € T'. Thus for every node t € T' we obtain a homo-
morphism h; such that hy : M’ | Cy 225 N. In particular, for every node ¢t € T the
mapping h} := h; | B is a homomorphism from the substructure M’ | B; of M’ to
N. Because of connectedness (TD3) and the compatibility condition we obtain a
homomorphism h : M’ — N by setting h(a) := h}(a) for a node ¢ € T with a € B;.

There is a straightforward dynamic programming algorithm deciding whether
player I has a winning strategy. Since by assumption the problems SUBSTRS!

enum

and HOM¢num(C1, -) are in P, the algorithm is in P as well. O

Corollary 2.3.14 Fiz an integer k > 0.
Then the class Cgard satisfies the assumptions of Theorem 2.3.13, and thus

card

HOM(COREDECOMPOSABLEgﬁd ,-) €P.
O

Thus for a class Cy, such that the core M’ of each structure M & C; satisfies
card-ghw(Hay ) < k, (i.e. tw(Hpr ) +1 < k), the problem HOM(Cy, -) is in P. This
reproves Fact 2.3.9. Similarly, if the core M’ of each structure M € C; satisfies
CHM/—ghW(HM/) <k.

In [Gr03], M. Grohe proved the following beautiful classification theorem.

Fact 2.3.15 (Grohe 2003) Assume that FPT # WI1].5 Then for every recur-
sively enumerable class C of relational structures of bounded arity the following
statements are equivalent:

5See [DF99] for the definitions of FPT and W[1].
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e HOM(C,.) e P

o There is an integer k > 1 such that the core of every structure in C has
tree-width at most k.

Thus essentially, for relational structures of bounded arity, bounded tree-width
of the core is the best we can get. For classes of structures of unbounded arity this
is not the case, and the problem of characterising the tractable classes of unbounded
arity is still open.

The algorithm described in the proof of Theorem 2.3.13 is a ‘no promise algo-
rithm’ in the following sense: If we apply the algorithm to structures M, A where
M ¢ COREDECOMPOSABLEg];d7 then there is no promise that the algorithm will
detect this. (In fact, it is likely to give a wrong answer.)

2.3.3 A general promise algorithm

In [GLSO1la], the authors claim that an appropriate notion of hypergraph width
should fulfil both of the following conditions:

1. Relevant hypergraph-based problems should be solvable in polynomial time
for instances of bounded width.

2. For each constant k, one should be able to check in polynomial time whether
a hypergraph is of width &, and, in the positive case, it should be possible to
produce an associated decomposition of width £ in polynomial time.

We show that this is the case for Ci-hypertree decompositions, provided that the
problems SUBSTRS!,,., and HOMpum (C1,-) are in P. For a class C; of structures,
let

DECOMPOSABLEgé := {M | Hpq has a Ci-hypertree decomposition}.

HD®

Input: A structure M
Output: A Cy-hypertree  decomposition (T,B,C) of Hp if
M € DECOMPOSABLEgé, ‘failure’ otherwise.

Theorem 2.3.16 Let C; be a class of finite structures such that

SUBSTR!

enum

ePbP.

Then
HD® € P.

Proof sketch. Given a structure M, by Remark 2.3.11 and the game theoretic
characterisation, M has a C;-hypertree decomposition if, and only if, the cops have
a winning strategy for RCmon(Ha, fe,,1). There is a straightforward dynamic
programming algorithm, that decides whether the cops have a winning strategy:

List all pairs (X,r) with X C M, M [ X € Cy, and r € M. By assumption, this
is possible in polynomial time. Then mark all pairs (X, r) with » € X as winning
positions. Given the list of all pairs, some of which are marked as winning positions,
we mark a pair (X', ') as a winning position if there is a set X C M satisfying:

e The connected component R’ of Haq \ X’ containing 7’ is the component of
Hp \ (X' N X) that contains v (monotonicity),



2.3. THE HOMOMORPHISM PROBLEM 37

e For all vertices r € M that are connected to 7’ in Haq \ (X' N X), the pair
(X,r) is marked as a winning position.

Since the strategy must be monotone, after | M| iterations we can check whether all
initial positions ((},r) with r € M are marked as winning positions. In this case,
the cops’ winning strategy can be transformed into a C;-hypertree decomposition.
Then return the Ci-hypertree decomposition. Otherwise return ‘failure’. ([l

Thus, if SUBSTRgﬁmm € P, then Ci-hypertree decompositions satisfy Claim 2
from [GLSO01a] cited above.
By assembling Theorem 2.3.16 with Theorem 2.3.13 it is easy to get a ‘promise

algorithm’ for HOM(DECOMPOSABLELY, _):

Corollary 2.3.17 Let Cy be a class of structures such that

e SUBSTRS!

enum

€ P, and
e HOMepym(C1,-) € P.

Then there is an algorithm that decides, for given input M, N, whether Hxq has
a C1-hypertree decomposition. If so, then it correctly answers the question whether
there is a homomorphism h : M — N. If not, it rejects.

Dropping the condition SUBSTRS&um € P, the homomorphism problem remains
solvable in polynomial time, provided that the left hand side input comes equipped
with a generalised C;-decomposition. Towards this we define:

DECOMPOSED®! := {(/\/l, (T, B, C)) ’ (T, B,C) is a generalised Cy-hypertree

decomposition of Ha}.

HOM(DEcoMPOSED®?, )

Input: Structures M, N and a generalised Ci-hypertree decomposition
(T, B,C) von Hp .
Question: Is there a homomorphism i : M — N?

Theorem 2.3.18 Let C; be a class of structures such that
HOMepum(C1,-) € P.

Then
HOM(DECcOMPOSED®?, ) € P,

Proof. Roughly, the idea is as follows: Given o-structures M and N and a gener-
alised Cq-hypertree decomposition (T, B, C') of M, we define ¢’ and o’-structures
M’ and N such that

e M'=M,N =N,
e Huy is acyclic,

e h is a homomorphism from M to N if, and only if, i is a homomorphism

from M’ to M.
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Then we use Yannakakis’ polynomial algorithm (Theorem 2.3.6) for deciding whether
there is a homomorphism h : M’ — A’. More formally, we define ¢’ and the o’ -
structures M’ and N’ as follows:

o ¢/ :={R; |t €T}, where R, has arity |B|.
e M':=M, N :=N.

e For an enumeration ay,...,a, of By C M, let
RM :={(as,...,a,)}, and
RN = {(h(ar),-.. . h(an)) | h: M| Cy ™25 N}

M’ and N can be constructed in polynomial time by assumption. Note that Hq/
has hyperedges {B; | t € T}, thus Hay is acyclic.

Claim. h : M =5 N if, and only if, h : M’ =25 N,
Proof of the claim. The direction from left to right follows from the definitions.
Conversely, for a partial function symbol p € o, suppose M = p(a1,...,a,) = ani1-
Then
{al, e ,an+1} S E(HM),

and thus {a1,...,an11} C By for some t € T, because every hyperedge is covered
in some piece of T. In particular, h | By : M’ | By =5 N, and thus by definition
h|By: M| By =% N. Therefore N = p(h(a1), ..., h(an)) = h(ant1).

For a relation symbol R € o the proof is similar. O

Thus, if HOMepum(C1,-) € P, (generalised) Ci-hypertree decompositions satisfy
Claim 1 from [GLS01a] cited above.

Let C; be a class of structures, and let M be a structure. Recall that H
has a C;-hypertree decomposition if, and only if, the cops have a winning strategy
for the game RCpon(H, fe,,1). There is an analogous theorem to 2.3.16 for the
non-monotone game. Let CS® be the following problem (where CS stands for cop
strategy):

osé

Input: A structure M
Output: A winning strategy for the cops in RC(H, fe,,1), if there is
one, ‘failure’, otherwise.

The following is a corollary to the proof of Theorem 2.3.16.

Corollary 2.3.19 IfCy is a class of finite structures such that

SUBSTR%

enum

eP.

Then
Cs¢r eP.

Proof sketch. The proof is similar to the proof of Theorem 2.3.16. Let M be an
arbitrary structure. There is a straightforward dynamic programming algorithm
deciding whether the cops have a winning strategy:

Again, list all pairs (X,r) with X C M, M [ X € Cy, and r € M. By
assumption, this is possible in polynomial time. Then mark all pairs (X,r) with
r € X as winning positions. Given the list of all pairs some of which are marked as
winning positions, we mark a pair (X’,r’) as a winning positions, if there is a set
X C M satisfying:
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e For all vertices r € M that are connected to 7’ in Haq \ (X' N X), the pair
(X,r) is marked as a winning position.

Let p be a polynomial witnessing SUBSTRgﬁum € P. Thus there are at most

p(||M]]) - |M| different positions. Thus, after p(||M]|) - |M| iterations we can check
whether all initial positions (), r) with » € M are marked as winning positions. If
not, return ‘failure’, otherwise return a winning strategy. O

2.3.4 Conjunctive query evaluation

We say that a o-formula ¢ is a conjunctive query if ¢ is a conjunction of positive
o-atoms.

For relational signatures, there is a well known translation between the homo-
morphism problem and conjunctive query evaluation. We will show that this trans-
lation also works for non-relational structures. But before doing so, we will show
how conjunctive queries and structures are related to queries on real databases.

Conjunctive queries and databases

The problem of conjunctive query evaluation is the following problem:

cQ

Input: A structure N and a conjunctive query ¢
Question: o(N) # 07
(I. e.: Are there elements ay,...,a, € N such that N = p(aq,...,a,)7?)

Here A is the ‘database’ (possibly with functional dependencies). For example
consider the following database, consisting of three tables:

id || name year_of_birth
1 Tsatsikakis 1968
employee_data: 2 Souvlakopoulou 1976
3 Dolmadaki 1942
4 Giaourtimemelidis | 1976
id || salary_group
1 II
employee_salaries: 2 III
3 I
4 II
salary_group | year_of _birth || salary | new_salary
I 1942 70000 70000
I 1968 65000 64000
I 1976 60000 58000
salary details: II 1942 55000 52000
II 1968 50000 47000
II 1976 45000 42000
III 1942 42000 39000
III 1968 40000 37000
III 1976 38000 35000

Ignoring the double lines for the moment, this database can be regarded as a rela-
tional structure A in the signature with relation symbols Remployee_data (ternary),
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Remployee_salaries (binary) and Rgalary_details (4-ary) in an obvious way. Thus the ele-
ments of the structureare 1, 2, 3, 4, Tsatsikakis, Souvlakopoulou, Dolmadaki,
Giaourtimemelidis, I, II, III, 1942, 1968, 1976, 70000, 64000,....

A query one might ask is: Is there an employee whose salary won’t change? In
SQL we could code this as follows:

SELECT * FROM employee_data, employee_details, salary_details
WHERE employee_data.id=employee_details.id
AND employee_salaries.salary_group=salary_details.salary_group
AND employee_data.year_of_birth=salary_details.year_of_birth
AND salary_details.salary=salary_details.new_salary
LIMIT 1;

As a conjunctive query this can be formalised as follows:

@(xid; Tname; Lyobs Lsg, :Esalary) :Remployee_data(zid; Tname; :Eyob)
A Remployee_salaries (-Tida -ng)

A Rsalary_details (wsg; Tyob, Tsalary wsalary)-

Then the question is whether (N # .

So far we have ignored the double lines in the tables, which indicate that
the combined columns before the double line together form the key of the ta-
ble. Thus in the salary.details table, for example, for every combination of
potential values in the first two columns there is at most one line matching these
values. This restriction on the database can of course be used for faster evalua-
tion of queries. We can translate it into the structure N by adding unary partial

functions femployee_data.name; femployee_data.year_of_birth; femployee_salaries.salary_group and
blnary partlal functions fsalary_details.salary and fsalary_details.new_salary-

Conjunctive queries and the homomorphism problem

Let M and N be o-structures. It is easy to see that

o MIE N — @A4(Af)7é®,

where

em= J\ Ra A\ pl@)=0b
Reo pECT
MI=Ra M=p(a)=b

e For a conjunctive query ¢ we have p(N) # 0 < M, LY

where

M, = var(p)/ ~ is the set of variables of ¢ up to the equivalence relation ~,
withe~yifo E (z = y),

RMZ holds if ¢ = RZ, and p™Mz = y holds if ¢ = (pT = y).

We can apply this to our example query ¢ = ©(Zid, Tname;s Lyob, Tsgs Lsalary )-
As a homomorphism problem, the question is, whether there is a homomorphism
M, 2% N. Figure 2.3 shows the underlying hypergraph H, of ¢ , which is defined
as the underlying hypergraph of M,,. Is is easy to see that cy -hw(H,) = 2.

We could also have coded our example query in a more efficient way, using the
functional dependencies:
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Tsalary @

Figure 2.3: The underlying hypergraph H,, of the example query.

w(xidv Lyobs Lsg, zsalary) :femployee_data.year_of_birth(zid) = Tyob
A femployee_salaries.salary_group (wid) = Tsg
A fsalary_details.salary (-nga -Tyob) = Tsalary

A fsalary_details.new_salary (zsg; :Eyob) = Tsalary-

It is easy to check that cg,-hw(Hy) = 2, so the increased efficiency due to the
fact that we need only iterate over all possible values of xiq is not captured in
the underlying hypergraph. In Chapter 5 we will define the underlying directed
hypergraph ﬁw of My, and a corresponding notion of hypertree-width. With these
improved notions we will have ¢ ﬁw—hw(ﬁw) =1

2.4 Related f-invariants

In this section we are mainly interested in monotone width functions.

We define some more invariants for equipped graphs that resemble graph invari-
ants such as the bramble number or tangle number of a graph [Re97, RS91], the
branch-width [RS91], the linkedness [Re97] and we prove that for certain classes of
equipped graphs all our invariants are linearly coherent in the following sense:

Definition 2.4.1 Let I, J be two invariants defined on a class C of graphs equipped
with a width function.

e [ and J are coherent [Ha76] on C, if there exist functions g,h : R — R, such
that

(G, f)<r = J(G,f) <g(r), and J(G, f) <7 = I(G, f) < h(r)
for all (G, f) €C.

e [ and J are linearly coherent on C, if they are coherent and g, h can be chosen
to be linear functions.

e [ and J are strongly coherent on C, if there exist ¢,C' € R, such that
J(G f) <I(G. f)+cand I(G, f) < J(G, f)+ C

for all (G, f) € C.
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The graph invariants mentioned above are known to be linearly coherent in this
sense with tree-width.

The purpose of this section is, on one hand, to prove that under some conditions
on f, we have f-ghw(G) < 3- f-cw(G) + 2 (as a consequence of Theorem 2.4.23,
1 and 3), hence linear coherence of f-cw and f-ghw. On the other hand, we gen-
eralise some graph invariants by introducing f-bramble-number, f-tangle-number,
f-branch-width, and f-linkedness, and we show that they are linearly coherent on
a certain class of equipped graphs. Outside this section we will not refer to these
invariants beyond an occasional corollary to Theorem 2.4.23.

This section is in part based on joint work with G. Gottlob and M. Grohe
[AGGO5].

2.4.1 Conditions on width functions

For a graph G we say that two sets X, Y C V(G) touch, if X NY # 0 or there is
an edge ¢ € E(G) witheN X #@ and eNY # 0.

Definition 2.4.2 (Conditions on width functions) Let f be a width function
on a graph G.

e f is weakly submodular, if any two finite subsets X, Y C V(G) satisfy
FIXUY) < f(X) + f(Y).

e f is additive, if any two finite sets X,Y C V(G) that do not touch satisfy
fXUY) = f(X)+ f(Y).

o fis tame if for all v € V(QG) there is a finite set X C V(G) such that v € X
and f(X) <1.

for all vertices v € V(QG).

Clearly, a hypergraph H is tame if, and only if, cy is a tame width function on

H.
It should perhaps be noted, that weak submodularity and tameness are prop-
erties of f only, while additivity is a property of both f and the graph: If f is
a weakly submodular (or tame) width function on a graph G, and G’ is a graph
V(G') = V(G), then f is also a weakly submodular (tame, resp.) width function
on G'. The analogous statement for additivity is false: Take G = K5 together with

the width function
0 if | X| <1,

oo otherwise.

Then f is additive. It is easy to see that on G’ := (V(K3), () the width function f
is not additive.
Weak additivity and submodularity are preserved when passing from f to f™™:

Remark 2.4.3 Let f be a width function on a graph G.
1. If f is weakly submodular, then so is f™°".

2. If f is tame, then so is f™°".
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Proof. 1. Given € > 0, let X’ O X, Y’ DY such that f(X') < f™"(X) + 5 and
F(Y') < fmon(Y) + £. Then

fmon(XUy) S f(X/UY/) S f(X/)+f(Y/) < fmon(X)+fmon(Y)+€.
2: Obvious. U

In general, additivity is not passed on from f to f™°™:

Example 2.4.4 Let G be the following graph:

Graph G
vertices: 1,2,3
edges: {1,2},{2,3}

Consider the width function f on G, where
0 if X =0,
Fx) =31 X ={1,2,3},

oo otherwise.

It is easy to see that f is weakly sumbodular and additive and tame, and that
fmen gs given by

0 if X =0,

1 otherwise.

fm%m{

Since fmor({1}) + fmon({3}) = 2 > 1 = fmon({1,2}), the function f™°" is not
additive.
Remark 2.4.5 Let f be a width function on a graph G.

1. If f is additive, then f(0) = 0.

2. Suppose f is monotone. Then f is tame if and only if f({v}) <1 for every
vertex v € V(G).

3. If f is monotone and weakly submodular, then 0 < f(X) for all finite subsets
X CV(G). If, in addition, [ is tame, then

0 < f(X) < |X].

4. Let f be monotone, tame, and weakly submodular. Then

0 < f-ghw(G) < card - ghw(G).

Proof. 1: Recall that graphs are nonempty. Choose a set § # X C V(G). Then X
and @ do not touch. By additivity, f(0) + f(X) = f(X), and thus f(0) = 0.

2: Follows immediately from the definition of tameness.
3: Let X C V(G) be finite. By submodularity we have

fX) = f(XU0) < f(X) + F(0),

and thus 0 < f(0) < f(X) by monotonicity.

If f is also tame, then for all v € V(G) there exists a finite set X,, C V(G) with
f(X,) < 1. Monotonicity implies f({v}) < 1. With submodularity it follows that
f(X) < |X] for every finite set X C V(G).

4: Follows from 3. U
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2.4.2 Obstructions: Brambles and tangles

Up to now all invariants were defined via some sort of decompositions or strategies
for the cops and they were called ‘widths’, where the ‘width’ was defined as an
infimum. Now we consider obstructions to small f-cop-width, i. e. these obstructions
yield winning strategies for the robber. The invariants corresponding to obstructions
are called ‘numbers’ and are defined as suprema.

Definition 2.4.6 Let f be a monotone width function on the graph G.
e A bramble B C P(V(G)) in G is a set of subsets of V(G) satisfying the

following conditions:

(Bl) FEvery B € B is connected,
(B2) Any two sets By, B € B touch,

(B3) Ewvery infinite subset By C B has an infinite subset B}, C By which has
non-empty intersection, i. e. ﬂ3636 £ .

e The f-order of a bramble B is defined as

f-order(B) =inf{f(Y) €e R|Y C V(G) a finite subset, and
Y NB' #0 for all B € B}.

e The f-bramble-number of G is defined as

f-bramble-no(G) = sup{f-order(B) | B a bramble in G}.

Thus every finite clique C' gives rise to a bramble B = {{v} | v € V(C)} with
f-order(B) = f(V(C)). However, if C is an infinite clique, {{v} | v € V(C)} does
not satisfy (B3).

In Definition 2.4.6 we could also have allowed f to be non-monotone, obtaining
f-bramble-no(G) = f™°"-bramble-no(G) for all graphs G. Note that for a finite
graph G the card-bramble-number is actually the bramble-number of G as defined
in [Re97]. Moreover, the cy-bramble-number is actually the hyperbramble-number
of H as defined in [AGGO5].

The following result is only for completeness and will not be used.

Proposition 2.4.7 Let f be a monotone width function on the finite graph G.
Equivalent are:

1. f-bramble-no(G) > k,
2. There is a function ¢ : {X CV(G) | f(X) <k} — P(V(G)) satisfying

(a) ((X) is a connected component of G\ X,

(b) If X, Y C V(G) with f(X) < k and f(Y) < k, then {(X) and (V)
touch.

Proof. 1 = 2: Let B be a bramble of f-order(B) > k. Then for X C V(G) with
f(X) < k there is an element Bx € B such that X N Bx = ). Define ((X) = C
where C' is the connected component of G\ X containing By, thus satisfying (a).
Note that the definition is independent of the choice of Bx, because each two
elements of B touch. The touching condition for brambles also shows that (b) is
satisfyed.

2 = 1: The set {((X) | X C V(G), f(X) < k} is a bramble of f-order at least
k in G. O
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One could call such a function ¢ a weak haven, as it is a slightly weaker variant of
a haven as defined in [ST93]. Weak havens were the starting point for the definition
of havens for finite directed graphs in [JRSTO01]. The reader may wish to compare
this with Proposition 2.2.11.

Proposition 2.4.8 Let f be a monotone width function on the graph G. Then
f-bramble-no(G) < f-cw(G).

Proof. Let B be a bramble in G of f-order at least k. We show that the robber
can avoid capture by cops that only move to sets X C V(G) with f(X) < k. The
robber can win by making sure that the following invariant holds during the entire

game:
In each position (X, C) (where X is the cops’ position and C is the robber’s escape
space), C' is the component of G\ X containing a set Bx € B such that BxNX = 0.
Suppose the game is in position (X, C) and the invariant holds. Note that C is
unique, since any two elements of B touch. Now the cops move to Y with f(V) < k.
Then the robber moves to the component C’ of G\ Y containing a By € B with
By NY = . This is possible, since Bx and By touch in G\ (X UY). Thus the
robber can always move. Together with (B3) this shows that the robber can escape.
O

It is still an open question whether this inequality can be replaced by an equality.

The following invariant may seem somewhat arbitrarily defined. Yet it has the
advantage of being a common lower bound for both the bramble-number and the
branch-width, a quite natural invariant that will be defined in the next section.

Definition 2.4.9 Let f be a monotone width function on the graph G.

(B2') A tangle in G is a bramble T, such that By, Ba, B3 € T form a touching
triple, i. e. By N Ba N Bs # (0, or there exists an edge e € E(G) with e N B; #
0,ie{1,2,3).

The f-tangle-number of G is
f-tangle-no(G) = sup{ f-order(7) | 7 a tangle in G},
f-order(T) being defined as for brambles.

For a finite graph G the card-tangle-number is actually the tangle-number of
G as defined in [Re97]. The hypertangle-number of a hypergraph as defined in
[AGGO5] is not equal to the cy-tangle-number. Since our touching conditions are
more restrictive, we have less tangles, and the cy-tangle-no(H) is at most the
hypertangle-number of the hypergraph H. It is easy to see that the triangle K3
satisfies cg, -tangle-no(K3) = 1 < 2 = ck, - bramble-no(K3). Thus we cannot
obtain equality here.

Theorem 2.4.10 Let f be a monotone and weakly submodular width function on
the graph G. Then

f-tangle-no(G) < f-bramble-no(G) < 3 - f-tangle-no(G).

Proof. The first inequality is true since every tangle is a bramble. For the second
inequality, let B be a bramble in G of f-order at least k. We show that G has a
tangle 7 of f-order at least £. Let X C V(G) with f(X) < £. Then V(G) \ X
contains a subset Bx € B with X N Bx = (. Furthermore, every B € B with
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X N B = 0 lies in the same connected component C'x of G\ X as Bx (because
Bx and B’ touch). Define

T.= {Cx | X CV(@), f(X) < g}.

7 is again a bramble: (B1) and (B2) are obvious. We only show (B3): For
every Cx € T choose Bx € B such that Bx C Cx. If {Bx | Cx € T} is infinite,
then (B3) carries over from B to 7. Otherwise, if {Bx | Cx € T} is finite, then
it contains a set By such that infinitely many elements of 7" are supersets of Bx.
But Bx # 0, since Bx touches itself. Thus (B3) holds for 7.

We now show that 7 is in fact a tangle of f-order at least %:

e Let Cx,,Cx,,Cx, € T. Then Cx, NCx, NCx, # (): By weak submodularity,
F(X1UX2UX3) < k. Hence there is a set By € Bs. t. BoN(X1UX2UX3) = 0.
Since B is a bramble, By touches Bx,,Bx, and Bx,. Let Cy 2 By be the
connected component of G\ (X7 U X5 U X3) containing By. Since Cy touches
Cx,, we have Cy C Cx,. Similarly, Cy C Cx,,Cx,. Hence ) # Cy C
le n CX2 N CXg'

o If X C V(G) with f(X) < %, then Cx € T and X N Cx = 0. Hence the
f-order of 7 is at least % d

2.4.3 Branch decompositions

A tree T is subcubic, if every vertex of T has degree at most 3.

Definition 2.4.11 Let G be a graph and let f be a monotone width function on G.
e A branch decomposition of G is a triple (T, k, A) as follows:

(BD1) T is a subcubic tree,

(BD2) s = (ke)ecr(r) associates to each tree edge e € E(T) a finite set
ke CV(QG) of graph nodes,

(BD3) A\ is a bijection between the set of leaves of T and E(G).

(BD4) If a graph vertex v € V(G) is contained in two graph edges hy,hy €
E(G), v € h1 N ha, and the path from the tree leaf \=*(h1) € V(T) to
the tree leaf A\=(ha) € V(T) uses a tree edge e € E(T) (we say: v is
separated by e), then v € k.

e The f-width of a branch decomposition is

f-width(T, k, ) = sup{f(ke) | e € E(T)}.
e The f-branch-width of G is

f-branch-width(G) = inf{ f-width(T, &, A) | (T, K, A) is a

branch decomposition of G}.

Note that that in our definition, A maps the leaves of T' to the edges of G, and
not the other way round. This is slightly non-standard, but more convenient for
our purposes.

A fundamental difference to the other invariants is that a graph having a branch
decomposition can have at most countably many edges.
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For a finite graph G, card-branch-width(G) is the branch-width as defined in
[RS91]. The hyperbranch-width of a hypergraph as defined in [AGGO05] is not a
special case of f-branch-width. Actually, for hypergraphs that are not the disjoint
union of their hyperedges the hyperbranch-width of a hypergraph H is at least cg-
branch-width(H).

Let G be a graph with pairwise disjoint edges, and let f be a monotone width
function on G. Then f-branch-width(G) = f(#): We can find a branch decom-
position (T, k,A) of G where k. = 0 for all e € E(T). Since f is monotone,
f(ke) = f(@) = inf{f(X) | X C V(G)} is optimal. This example shows that
f-branch-width is fundamentally different from all f-invariants defined so far. For
example if we put f(X) := |X]| for |X| < 1, and f(X) := oo otherwise, then the
complete graph on two vertices Ko satisfies f-branch-width(K>) = 0 while all other
invariants are infinite. Note that f is tame and monotone, though not weakly sub-
modular. Since this phenomenon is the only obstruction to two inequalities that
otherwise would hold, we define:

Definition 2.4.12

f-branch-width’(G) := max{ f-branch-width(G), sup f(e)}.
e€E(G)

In our applications sup.c p(q) f(e) will invariably be either 1 or 2, so here the
difference between branch-width and branch-width’ is marginal.

Let (T, k,\) be a branch decomposition of a graph G. For every edge {t, s} €
E(T) we let L; s and Ls ¢ be the leaf sets of the two subtrees into which the tree is
divided if the edge {t, s} is removed. (L. s is the leaf set of the subtree that contains
s.) Let A¢ s be the set of vertices in edges contained in A(Ly ), that is,

At,s = U)\(Lm) ={v e V(G) | v e A(¢) for some leaf { € Ly }.
Thus As; N A5 C Kk, for all edges h = {t,s} € E(T).
Lemma 2.4.13 Let (T, k,\) be a branch decomposition of G, and lett € T be an

inner tree node with neighbours s1, 2,83 € T. Then the sets g, 1 \ K{s;t} do not
form a touching triple. That is:

Lo syt \ Bgsy,13) N (Asnt \ Bgsnnty) N (Nt \ gy y) = 0, and

2. Every graph edge e € E(G) is disjoint from one of the sets (A, ¢ \ K{s, 1}),
i=1,2,3.

Similarly if t has only two neighbours s1,s2 € T
Proof. First note that As, + = Ars, U Mg s, and K{s1,t} = At,s; M As,y ¢, and hence
)\sl,t \ H{sl,t} g )\sl,t \ )\t,sl = ()\t,SQ U )\t,sg) \ )\t,sl- (21)

The analogous statement holds for every permutation of s1, s2, s3.
With this, 1 is true since

(Ast\Egsr,e1) N (Nsat \ Fgsip) N (Asa e \ Bsg ep)
C [()‘t782 U )\t,33) \ )‘t,sl] N [()‘t781 U )‘t783) \ )‘t782] N [()‘t,sl U )‘t,82) \ )\t,33]
= 0.

2: Let e € E(G). We may assume that e C A\, 5,. But then by (2.1)

)\sl,t \ R{sy,t} g()\t,SQ U )\t,83) \ )\t,sl
g()‘t752 U >\t,53) \ €,

50 €N (gt \ Kysy,ey) = 0. O
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Proposition 2.4.14 Let f be a monotone width function on the finite graph G.
Then
f-tangle-no(G) < f-branch-width'(G).

Proof. Let (T, K, ) be a branch decomposition of G witnessing that
f-branch-width'(G) < k.

For every edge h = {t,s} € E(T) we have f(kn) <k and A s N A5t C Kp.

Suppose for contradiction that G has a tangle B of f-order > k. Then for every
edge h = {t,s} € E(T) there is an X}, € B such that x5 N X} = (. Then either
Xn C A5 \kn or Xp C Ag ¢\ kp. In the first case we let h= (t,s), in the second case
we let = (s,t). This orientation of h does not depend on the particular choice of
the set X}, € B, because by (B2) all elements of B touch and hence all those that
do not intersect x;, must be on the same side. We orient all edges h € E(T) in
this way. Since the resulting directed graph is finite and acyclic, there must be a
node t € T with outdegree 0. First suppose ¢ has degree 3. Let s1,s2,5s3 be the
neighbours of t. Then X, ; C Ay, ¢ \ kqs, 1y for i = 1,2,3. Since by (B2’), the sets
Xy ¢y Xspty Xsg,t form a touching triple we get a contradiction to Lemma 2.4.13.
Similarly if ¢ has degree 2.

Therefore t is a leaf. Let e = A(t), and let f = (s,t) be the edge directed towards
t. Then X} C e. Since by assumption f(e) < k and since f-order(B) > k, there
must be a set Y € B such that Y Ne = (. Since Y and X}, touch, there is a graph
edge ¢/ € E(G) such that ¢ N X, # 0 and ¢ NY # 0. Since ¢ € A(L ) and
e € \(Ls,), we have eNe’ C rp, and hence X Ne’ C ky. Thus Xj, N Ky, # 0, which
is a contradiction. 0

Proposition 2.4.15 Let f be a monotone width function on the finite graph G.
Then
f-branch-width'(G) < f-ghw(G).

Proof. Let (T, B, C) be a generalised hypertree decomposition of G. We first trans-
form this decomposition into a new decomposition (77, B’,C") and define a bijec-
tion A from the leaves of 77 to E(G) such that for every leaf ¢ of T’ we have
B; = C; = A(f). To achieve this, for every edge e € E(G) we pick a vertex t, € T
such that e C B;,. We define the tree 77 by attaching a new leaf ¢, to t. for every
edge e € E(Q). If there are other leaves in 7" than the newly created leaves £., we
delete them, and if the deletion creates new leaves, we delete them as well, until the
leaves (. are the only leaves of 7. For the interior vertices ¢ of 77 we let B, = B,
and C; = Cy. For the leaves, we let By = C; = e. We define the bijection A by
A(l.) = e. Tt is easy to see that (77, B’,C") and X have the desired properties.

In a second step, we turn 7" into a subcubic tree 7" that has the same leaves
as T’ by repeatedly splitting nodes of degree greater than 3. For example, if ¢ has
neighbours s1, ..., si, where k > 4, we replace t by nodes t; and t5, connect these
two nodes by an edge, and attach si,...,s|/2) to t1 and s|x/2/41,-- -, Sk to t2. We
define B” and C” on T"” by letting the split vertices keep their pieces and guards.
That is, if we split ¢ into ¢; and t3, we let B! = B}, = B; and C{' = C{ = C{.

We obtain a generalised hypertree decomposition (T, B”,C") of G and a bijec-
tion A from the leaves of T” to E(G) such that 7" is a subcubic tree, and for every
leaf ¢ of T" we have By, = Cy = A({).

Now let h = {t, s} be an edge of T”. By Lemma 2.2.15, B; N B, separates the
vertices in the pieces of the two parts of the tree obtained by removing the edge h.
Thus in particular,

Rp ‘= )\s,t N )\t,s - Bt N BS - Ct.
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Since f is monotone, we have f(xkp) < f(C:) < k for all edges h € E(T). Finally,
for every edge e € E(G) clearly f(e) < f-ghw(G). Thus (T”,k,\) is a branch
decomposition of G, witnessing that f-branch-width'(G) < k. O

It is not hard to see that the last result also holds for countably infinite graphs.
Furthermore, it is easy to see that the triangle K satisfies cx, - branch-width(K3) =
cr, - branch-width'(K3) = 1 < 2 = ck, - ghw(K3). Thus the inequality of Proposi-
tion 2.4.15 cannot be replaced by an equality. Moreover, the following inequality is
tight.

Theorem 2.4.16 Let f be a monotone, weakly submodular width function on a
graph G without isolated vertices. Then

f-ghw(G) < 2 f-branch-width'(G).

Proof. Let (T,k,\) be a branch decomposition of the graph G of f-width k =
f-branch-width’(G). We define a generalised hypertree decomposition (T, B, C) as
follows: For an interior vertex t € T', let hy = {s1,t}, ha = {s2,t} € E(T) be two of
the edges incident with t. We let

Bt = ()\t,sl N )\Sl,t) U (>\t,52 N )\Sz,t)7
Cy = Khy UKhpy.

For a leaf ¢, we let By = C; = A(¢). Let us first argue that (T, B) is a tree-
decomposition of G: For every edge \(¢) € E(G) we have A(¢) C By. For a vertex
v € V(G), consider the set B~*(v) = {t € T | v € B;}. An interior vertex t € T
belongs to this set, if at least two of the (at most three) components of T'\ {t}
have a leaf ¢ such that v € A(£). A leaf ¢ belongs to B~(v) if v € A(¢). Thus
B~1(v) is the union of all paths connecting leaves ¢ with v € A(¢). Clearly, this set
is connected. Thus (T, B) is a tree-decomposition of G.

It follows immediately from the definition of the guards C; that B; C C} for all
t €T, thus (T, B,C) is a generalised hypertree decomposition. Since f(kp) < k for
all h € E(T), and because f is weakly submodular, we have f(Cy) < f(kp, Ukn,) <
2k for an inner vertex t and

f(Cp) = f(e) < f-branch-width'(G) = k,
where A(¢) = e, and thus f-width(T, B, C) < 2k. O

2.4.4 Linking all invariants together

In this section we show that for monotone, additive, tame, weakly submodular
width functions we have

f-ghw(G) < 3 - bramble-no(G) + 2.

Together with our previous results we then have Theorem 2.4.23 below. For the
proof of this inequality (and nowhere else) we need the following f-invariant.

Definition 2.4.17 Let G be a graph, let f be a monotone width function on G.
o Let M CV(QG) be finite. A set C CV(G) is M-big, if f(MNC) > @

e A finite set S C V(G) is a balanced f-separator for the finite set M C V(G),
if G\ S has no M-big connected component.

o Let k € R. A finite set M C V(G) is (f,k)-linked, if every balanced f-
separator S of M satisfies f(S) > k.
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e The f-linkedness of G is

f-link(G) = sup{k € R | G contains a finite (f, k)-linked set }.

Note that the card-linkedness of a finite graph G is actually the linkedness of
G as defined in [Re97]. For example, for any clique K the vertex set V(K) is
(card, LQK)‘)-aned.
The hyperlinkedness of a hypergraph as defined in [AGGO05] is not a special case
of f-linkedness. Actually, the hyperlinkedness of a hypergraph H is at least cy-
link(H).

The f-linkedness is defined as an obstruction number, but it can also be viewed
as a decomposition width:

Remark 2.4.18 Let f be a monotone width function on the graph G. Then

f-link(G) = inf{k € R | each finite M C V(G) has a balanced f-separator
Sa with f(Sa) <k}

Proof.  f-link(G) = sup{k € R | G contains a finite (f, k)-linked set}
= inf{k € R | each finite M C V(@) has a balanced
f-separator Sy with f(Sy) < k}. O

Lemma 2.4.19 Let f be a monotone, additive width function on the graph G. Let
M C V(G) be finite. Then any two M-big sets C1,Co C V(G) touch. In particular,
for any S C V(QG) there is at most one M-big component of G\ S.

Proof. Towards a contradiction, suppose that C; and C5 do not touch. Then M NCy
and M N Cs do not touch, and additivity implies that

@4‘@ <f(MNCy)+ f(MNCy)
<f((MNCy)U(MNCy))

<f(M),

where the last inequality holds by monotonicity, and we have the desired contradic-
tion. ]

Proposition 2.4.20 Let f be a monotone, additive width function on the graph G.
Then
f-link(G) < f-bramble-no(G).

Proof. Every (f, k)-linked set M generates a bramble of f-order at least k: Define

B :={C'| C the M-big component of G \ S for some finite S C E(H)
with f(S) < k}.

By Lemma 2.4.19 any two elements of B touch. Moreover, no set S C V(G) with
f(S) < k intersects every element of B. Hence B is a bramble of order at least k. O

In [AGGO5] it is shown that K5 has hyperlinkedness at most two and hyper-
bramble-number at least three. Since cy-bramble-no(H) equals the hyperbramble-
number of H it follows that ck, -link(K5) < 2 < 3 < ¢k, - bramble-no(K5). Thus
we cannot obtain equality here.

The following technical lemma will only be used in the proof of Theorem 2.4.22.
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Lemma 2.4.21 Let G be a graph and let f be a monotone, weakly submodular
width function on G. Suppose that f-link(G) <k for some k € R. Let M C V(G)
with f(M) < 2k 4+ 2. Then there exists a set X' C V(G) with M C X' and
f(X") <3k+2 such that for all components R of G\ X' there is a subset M' C X'
with f(M') <2k +1 and OR' C M’.

Where for X C V(@) and a connected component R of G \ X,
OR = {v € X | there is an edge e € E(G) with v € e and e N R # (}.

Proof. Given M, let S be a balanced f-separator for M with f(S) < k. Set
X' :=MUS. Then f(X') = f(MUS) < f(M) + f(S) < 2k + 2+ k because
f is weakly submodular. Let R’ be a component of G\ X’. Then R’ C C for a
component C' of G\ S. Since S is a balanced f-separator for M, C is not M-big, i.

e.
f(M)  2k+2
f(CmM)STS 5

Set M’ :=SU(CNM). Then M’ C X' and with weak submodularity
JM)Y<f(S)+f(CNM)<k+(k+1)=2k+1.
Furthermore, R’ C SU(CNM) =M. O

=k+ 1

Theorem 2.4.22 Let G be a finite or countably infinite graph, k € R, and let f be
a monotone, additive, tame, weakly submodular width function on G. Then

f-ghw(G) < 3 - (f-1ink(G)) + 2.

Proof. Let f satisfy the required conditions. Let f-link(G) < k. Since f is mono-
tone, by Remark 2.1.18 and Theorem 2.2.12, f-ghw(G) = f-hw(G) = f- cWmon(G)
and it suffices to show that the cops have a monotone winning strategy of f-width at
most 3k+2: The cops can make sure that each position (X, R) satisfies f(X) < 3k+2
and OR C M for an M C X with f(M) < 2k + 1:

Suppose this is true for (X, R). Choose v € R. Since f is monotone, tameness
implies that f({v}) < 1. By weak submodularity we have f(M U {v}) < 2k + 2.
Application of Lemma 2.4.21 to M U {v} yields a set X’ O M U {v} with f(X’) <
3k + 2, s. t. for each possible escape space R’ with respect to X’ there exists an
M’ C X' with f(M') < 2k and OR' C M'.

Obviously, this strategy is monotone, and in the case that G is finite, it is a
winning strategy. If G is countably infinite, then in each step the cops have to
choose the vertex v in such a way, that during the game each vertex of V(G) is
chosen. g

Putting things together we get:
Theorem 2.4.23 Let f be a monotone width function on a finite graph G.
1. We have f-ghw(G) = f-hw(G) = f-cWmon(G) and the following inequalities:
f-tangle-no(G) < f-bramble-no(G) < f-cw(G) < f-ghw(G)
f-tangle-no(G) < f-branch-width'(G) < f-ghw(G)
2. If f is also weakly submodular, then we also have
f-bramble-no(G) < 3 - f-tangle-no(G),

(and
f-ghw(G) < 2 f-branch-width'(G),

provided that G has no isolated vertices).
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3. If f is also weakly submodular, additive and tame, then

f-ghw(G) < 3- f-bramble-no(G) + 2.

Thus, all invariants occurring in the theorem are linearly coherent on the class
of graphs equipped with monotone, weakly submodular, additive, tame width func-
tions. (Here we have omitted f-linkedness, because it has a rather artificial defini-
tion.)



Chapter 3
Hypergraphs

In this Chapter we study the width function ¢y, with main focus on the relationship
between cp-cw, c-ghw, and cp-hw.!

In Section 3.1.1 we introduce hypergraph pairs, i. e. pairs (G, H) of hypergraphs
with V(G) = V(H). Obviously, the function cg is a width function on G. Then
the properties of cy are listed which follow from the general theory in Chapter 2.

Hypergraph pairs will be helpful in several places for constructing examples
of hypergraphs. As mentioned before, in [AGGO5] it was shown that any finite
hypergraph H satisfies

cg-cw(H) <k = cy-hw(H) <3k+ 1.

Thus, since cy-cw(H) < cy-ghw(H) < cy-hw(H), all three invariants are linearly
coherent.
In Section 3.2 we first construct hypergraph pairs (G,,, Hy,) satisfying

¢y, -cw(Gy) =n and cq, - ghw(G,) = 2n

for every integer n > 0. Thus for hypergraph pairs (G, H) the invariants cy-
cw(G) and c-ghw(G) are not strongly coherent. This result actually carries over to
hypergraphs. This is done by ‘implementing’ a hypergraph pair (G, H) with H C G
as a hypergraph H' in such a way that cg - cw(G) = e - cw(H') and ¢y - ghw(G) =
cyr-ghw(H’). Since the hypergraph pairs (G,, H,) constructed in Section 3.2
satisfy H,, C Gp, this shows that even for hypergraphs H the invariants cg-cw(H)
and cy-ghw(H) are not strongly coherent. Apart from this, the implementation
method will be useful in Chapter 5.

In Section 3.3, the relationship between the invariants cp-ghw and cy-hw is
discussed. Since in [Ad02] (see also [Ad04]) it was already shown that they are not
strongly coherent on hypergraphs, we only give an easy example of a hypergraph H
with cg-ghw(H) = 2 < 3 = ¢y -hw(H). The we show that for every integer n > 0
there exists a hypergraph pair (G,,, H,,) satisfying

cp, -ghw(Gy) =1 and cp, -hw(G,) = n.

Thus, cy-ghw and cg-hw are not coherent on hypergraph pairs.

Finally, in Section 3.4 we show that deciding for fixed k¥ < w whether a given
finite hypergraph pair (G, H) satisfies cy-ghw(G) < k is actually equivalent to
solving a well known problem: The Hypergraph Sandwich Problem defined by A.
Lustig, O. Shmueli in [LS99]. It is an open question, whether the hypergraph
sandwich problem is solvable in polynomial time. We show that restriction to inputs
with bounded maximum hyperedge size leeds to a polynomial time algorithm.

IParts of this chapter are based on [Ad05a].

93
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Figure 3.1: A hypergraph pair (G, H).

3.1 Definitions and some observations

3.1.1 Hypergraph pairs
Definition 3.1.1

1. A hypergraph pair is a pair (G,H), where G and H are hypergraphs and
V(G)=V(H).

2. A hypergraph pair (Go, Ho) is an induced subhypergraph pair of (G, H) , if
Go is an induced subhypergraph of G and Hy is an induced subhypergraph
of H.

Figure 3.1 shows a hypergraph pair.? The only thing we will study for hypergraph
pairs is cy-invariants (more precisely: cy-cw, cy-ghw, and cy-hw) applied to G.
Therefore, whenever we need it, we may assume that a hypergraph pair (G, H)
satisfies G = G. Intuitively, G measures the connectivity (‘robber graph’) and H
measures the cost of covering a set of vertices of G (‘cop graph’).

Example 3.1.2 The following hypergraph pair is depicted in Figure 3.1.

Hypergraph pair (G, H)

vertices: 1,2,3,4,5,6

edges of G:  {1,2},{2,3},{3,4},{4,5},{5,6}
edges of H: {1,2},{2,3},{1,3,4,6},{4,5},{5,6}

Figure 3.2 shows a hypertree decomposition of the graph G from Example 3.1.2,
of cy-width 2. Figure 3.3 shows a generalised hypertree decomposition of G, of
cy-width 1. Each tree node t is depicted with B; on the left hand side and C; on
the right hand side. Actually, these decompositions are optimal in the sense that
cg-hw(G) = 2 and cy-ghw(G) = 1. The proof is left to the reader. In Section
3.3 we will ‘implement’ examples such as this in order to obtain hypergraphs H
satisfying cp-hw(H) > cpy-ghw(H).

2Hypergraph pairs are in fact quite natural. For example, in [FFG02] J. Flum, M. Frick and
M. Grohe define the notion of acyclicity for a conjunctive query with negation, i. e. for a formula ¢
which is a conjunction of relations and negated relations. Let at* () (and at~ (), resp.) denote
the set of all relations occurring positively (negatively, resp.) in ¢. There is a natural hypergraph
pair (Gy, Hy) corresponding to ¢:

Hypergraph pair (G, Hy)

vertex set: var ¢

edges of G,:  h Cvar(p), h € at™(p) Uat™(p)
edges of Hy,:  h C var(yp), h € at™ ()

It is straightforward to see that ¢ is acyclic in the sense of [FFG02] if and only if the hypergraph
pair (G, Hy) satisfies ¢y ,-hw(Gy) < 1.
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1,3,4,6 | 1,3,4,6

— T

1,2,3 | 1,2,3 4,56 |4,5,6

Figure 3.2: A hypertree decomposition of G from Figure 3.1 of cy-width 2. Every
node t € T is depicted by a box with B; on the left hand side and C; on the right
hand side.

3,4 1,3,4,6
2,3 |23 4,5 14,5
1,2 | 1,2 56 |56

Figure 3.3: A generalised hypertree decomposition of G from Figure 3.1 of cp-
width 1.

We obtain the following special case:
Remark 3.1.3
Let (G, H) be a hypergraph pair with E(H) = {{v} |v € V(G)}. Then
tw(G) + 1 =cpy -ghw(G) = cy -hw(G) = cg -cw(Q).

Proof. The first two equalities follow from the definitions, and the last equality holds
since by Seymour and Thomas [ST93] there is no monotonicity cost on graphs.

Example 3.1.4 Let (G, H) be a hypergraph pair. Then
e cy-hw(G) is the hypertree-width of (G, H) as defined in [Ad05a], and
o cy-ghw(G) is the generalised hypertree-width of (G, H) as defined in [Ad05a].

The games defined in [GLS01b] and [Ad05a] can be regarded as special cases®
of RC(G, f, k), and we get:

Example 3.1.5

o Let H be a finite hypergraph. Then cg-cw(H) (or cg-cWmon(H)) is the min-
imum number of marshals necessary to catch the robber in the (monotone,
respectively) robber and marshals game defined in [GLS01b].

o Let (G,H) be a hypergraph pair. Then cg-cw(G) (or cg-cWmon(G)) is the
minimum number of marshals necessary to catch the robber in the (monotone,
respectively) robber and marshals game defined in [Ad05a).

3Recall that the robber and cops game defined by Seymour and Thomas in [ST93] can also be
regarded as a special case (cf. Example 2.2.9).
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3.1.2 Properties of cy

In order to apply Chapter 2 to f = cy, we first take a look at the properties of cy
(cf. Definition 2.4.2).

Lemma 3.1.6
1. For a hypergraph pair (G, H), the width function ¢ on G is weakly sub-
modular.

mon

2. For a hypergraph H, the width function cj°" on H is weakly submodular and

additive. If H is tame, then so is cj°".

Proof. Recall that by Remark 2.4.3, weak submodularity and tameness are passed
on from f to f™°". We use this freely.

1: Weak submodularity of cy: Let (G, H) be a hypergraph pair and let X3, X
be finite subsets of V(G). If ¢ (X1) + cg(X2) = oo, then there is nothing to show.
Otherwise, there exist F1, B2 C E(H) such that |JF; = X; and |E;| = cy(X;) for
xS {1, 2} Then U(El UEQ) = X1 U X5 and thus CH(Xl UXQ) < CH(Xl) +CH(X2)

2: Weak submodularity of c¢jz°" holds by 1.

Additivity of ¢}°": Since c¢;°" is weakly submodular, we only need to show that

X UY) > ) + ()
for finite non-touching sets X, Y C V(H). If ¢5°"(X UY) = oo, then there is
nothing to show. Otherwise, let Exuy € E(H) \ {0} be such that

JExuy 2 X UY and |Exuy| = cfo (X UY).

Let Ex = {hE Exuy | hﬂX?é@} and By = {h € Exuy | hﬁY?é@} Since X
and Y do not touch, Exyy is the disjoint union Exyy = ExUEy. Since |JEx 2 X
and |JEy 2Y, we have

CHMX) + B(Y) < |Ex| + [ By| = [Bxuy| = (X UY).

Tameness of cg: If H has no isolated vertices, then every vertex v is contained
in a hyperedge h. Now clearly cy(h) = 1. O

Corollary 3.1.7

mon

e For a hypergraph pair (G, H), the width function ¢ on G satisfies Theorem
2.4.28,1 and 2.

o For a hypergraph H, the width function cj°" on H satisfies Theorem 2.4.23,1
and 2. If H is tame, then ci°" also satisfies Theorem 2.4.23,3.

In general, additivity does not hold for the width function cy of a hypergraph
pair (G, H):

Example 3.1.8 Consider the following hypergraph pair.

Hypergraph pair (G, H)
vertices: 1,2

edges of G:  {1},{2}

edges of H: {1},{2},{1,2}

The hyperedges {1} and {2} do not touch in G, but

en({1,2) =1 <1+1=cp({1})+cn({2}).
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The following theorem shows that even cy - ghw and cy - hw are linearly coher-
ent.

Fact 3.1.9 ([AGGO05]) Every finite hypergraph H satisfies
cg-hw(H) <3-cy-ghw(H)+ 1.

Lemma 3.1.10 Let f be the family of width functions cg, for all hypergraphs H.
For k > 0, define C,): := {structures M | cp,, (Hm) < k}. Then

f
o SUBSTRSkum € P, and

e HOMpum(Cl, ) € P.

Corollary 3.1.11 Let f be the family of width functions cg, for all hypergraphs
H, and let k > 0 be an integer. Then

f
1. HOM(COREDECOMPOSABLEgﬁd, ) eP,

2. HDS € P,
3. HOM(DECOMPOSEDC’J:,_) eP,
4. CS%ep.

Proof. Use Theorems 2.3.13, 2.3.16, 2.3.18, and Corollary 2.3.19. ([l

Corollary 3.1.11, 2 and 3 actually reprove results from G. Gottlob, N. Leone and
F. Scarcello in [GLS02].

3.1.3 cpy-hypertree-width is smaller than tree-width

The hypergraph invariants cy-hw(H) and card-hw(H) (= tw(H) + 1) are not co-
herent:

Example 3.1.12 For n < w consider the following hypergraph.

Hypergraph H
vertices: 1,2,....n
edges: {1,2,3,...,n}

Clearly cyp-hw(H) =1 and card -hw(H) = n.

However, when we pass from H to the underlying graph H we loose some infor-
mation. We might get better results by actually encoding H in a graph and then
taking the tree-width. Therefore we also consider the following definition.

Definition 3.1.13 For a hypergraph H, the incidence graph H* is the bipartite
graph defined as follows.

Graph H*
vertex set: V(H)UE(H)
edges: {v,e} € V(H) x E(H), wherev € e

But again we have no luck:

Example 3.1.14 For n < w consider the following hypergraph.
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Hypergraph H
vertices: 1,2,....n
edges: {1,2,3,...,n}
{i,j}, where1 <i<j<mn

Clearly cy-hw(H) =1 and card -hw(H*) =n + 1.

On the other hand we have the following inequalities.

Proposition 3.1.15 Let H be a tame hypergraph. Then
1. cg-hw(H) < card-hw(H), and
2. cy-hw(H) < card -hw(H*).
Proof. 1: Let (T, B, B) be a hypertree decomposition of H with
card - width(T, B, B) < k.

Let ¢ : V(H) — E(H) be an arbitrary function such that v € ¢(v). Define
Ci = U{pW) | v € Bt}. We claim that (T, C,C) is a hypertree decomposition of
H such that cy-width(T, C, C) < card-width(T, B, B).
We only prove the connectedness condition (TD3), as this is slightly tricky. Given
v € V(H) we have

{teT|veC}={teT]| thereis a vertex w € By such that v € p(w)}

= |J {teT|weBy}.
weV (H)
vEp(w)
Of course, the set {w € V(H) | v € p(w)} C V(H) is connected. Thus by Remark
1.1.3, the set
U {teTlweB}={teT|veC}
weV (H)
vEp(w)
is connected in 7.
2: Let (T, B, B) be a hypertree decomposition of H* with

card - width(T, B, B) < k.

Let ¢ : V(H)UE(H) — FE(H) be an arbitrary function such that v € ¢(v) and
e =p(e). Let C; = J {p(b) | b € B} as before. Again we claim that (T,C,C) is a
hypertree decomposition of H such that cy-width(T, C,C) < card-width(T, B, B).
For v € V(H),

{teT|veC}={teT]| thereisa vertexw € By NV (H) such that v € p(w)}
U{t €T | thereis a vertex w € B, N E(H) such that v € ¢(w)}
= |J {teTlweB}lu |J {teT|echB}

weV (H) e€FE(H)
vep(w) vee

Each of these sets is connected. Let e € E(H) be such that v € e. Then the sets
{teT|ee€ B:} and {t € T | v € B;} intersect because there must be a tree node
s € T such that {e,v} C B,. Similarly, if w € V(H) is a graph vertex such that
v € p(w), then {t € T | p(w) € B;} and {t € T | w € B;} intersect. O

If we have an upper bound on the size of the hyperedges, then the invariants
are linearly coherent:
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Definition 3.1.16 A hypergraph H is bounded, if there is an integer k > 0 such
that all e € E(H) satisfy |e| < k.
Remark 3.1.17 Let H be a hypergraph bounded by k. Then

1. card-hw(H) < k- cg-hw(H), and

2. card-hw(H*) < k-cy-hw(H) + 1.

Proof. The proof is left to the reader. Hint: Use the game theoretic characterisation
and the fact that x cops can cover any hyperedge of H. O

3.2 The relation of cy-cw and cy-ghw

By Theorem 2.4.23, 1 and 3, applied to f = c}°", it follows that cy-cw and
cy - ghw are linearly coherent for finite hypergraphs H. With this, in this section
we show:

e For hypergraphs H, cy-cw and ci-ghw are linearly coherent, but not strongly
coherent.

e Then same is true for hypergraph pairs (G, H) satisfying H C G.

It remains an open question, whether this is true for arbitrary hypergraph pairs.

3.2.1 Hypergraph pairs

In [Ad04] a graph G is presented with cg-cw(G) = 4 and cg-ghw(G) = 5. Are there
hypergraph pairs or even hypergraphs where these invariants differ by more than
one? In this section we will show that the answer to both questions is yes. We begin
with a hypergraph pair (G, H) with cg-cw(G) = 1 and cy-ghw(G) = 2. Then we
show how we can ‘multiply’ a hypergraph pair (G, H), to obtian a hypergraph pair
(G xn,H -n) with cg.n,-cw(G x n) =n-cy-cw(G) and cg.,-ghw(G xn) =n-cpy-
ghw(G).

Definition 3.2.1 Let H be a hypergraph. The simplicialisation of H is the follow-
ing hypergraph ¥ H .

Hypergraph Y H
vertex set:  V(H)
edges: e’, where e/ C e for an edge e € E(H)

mon

The following Remark holds due to cl
[AdO4]).

= cxpg. It was proved in [Ad02] (see also

Remark 3.2.2 A hypergraph pair (G, H) satisfies cg-ghw(G) = cop-hw(G).

Consider the following hypergraph pair (G, H) (see Figure 3.4):

Hypergraph pair (G, H)

vertices: A1,2,3,4,B

edges of G:  {A,1},{1,2},{2,3},{3,4},{4, B}, {A, B}

edges of H: {A,1,B)},{1,2,B},12,3, A, B}, {3,4, A}, {4, A, B}, {A, B}

Remark 3.2.3 The hypergraph pair (G, H) defined above satisfies

cy-cw(G) =1 and cy -ghw(G) = 2.



60 CHAPTER 3. HYPERGRAPHS

b b b
® o o * o °
2 3 4

Figure 3.4: The hypergraph pair (G, H). The hyperedges of H marked by a (resp. b)
additionally contain the vertex A (resp. B).

Proof. One cop can catch the robber chasing him from left to right. Note that the
move from {2,3, A, B} to {3,4, A} is non-monotone.

Show cg-ghw(G) = 2 by showing that cxy-hw(G) = 2 (cf. Remark 3.2.2): Tt is
easy to see that two cops can win monotonely on (G,XH). It is not hard to see
that the robber can escape from one monotone cop: consider all possible starting
positions of the cop. O

Definition 3.2.4
e For a graph G we define the graph G x n as follows.

Graph G xn
vertices: (v,1),...,(v,n), where v € V(G)
edges: {(v,1), (w, )}, where {v,w} € E(G) and1<i<j<mn

v
{(v,1),(v,7)}, wherev € V(G) and 1 <i<j<mn

If G is a hypergraph, then G x n denotes G X n.

e For a hypergraph H we define the hypergraph H -n as follows.

Hypergraph H - n
vertices: (v,1),...,(v,n), where v € V(H)
edges: hx{1},...,h x {n} where h € E(H)

Note that H - n is the hypergraph that consists of n disjoint copies of H. G x n
contains n copies of G which are pairwise connected by new edges. Figure 3.5 shows
the hypergraph pair (G x 2, H - 2) for (G, H) of Figure 3.4.

For a hypergraph pair (G, H) recall that in the game RC(G,cy, k), the cops
may only occupy subsets X C V(G) satisfying cy(X) < k. Equivalently, we can
say that the cops may only occupy sets Y C E(H) of at most k hyperedges (then
cag(UY) < k). We will use this equivalence freely throughout this chapter.

Theorem 3.2.5 Let (G, H) be a finite hypergraph pair. Then:
1. c(pn)-cw(G xn) =n- (cg-cw(G)).

2. ¢(g.n)-g¢hw(G x n) = n - (cy-ghw(G)).
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Gx2=

(b.1) o (0.1) gaD(b1y (a.1) o (a.1)
(A,l) (1,1) (2,1) (3,1) (4,1) (B,1)
(4, 2) (1,2) (2,2) (3,2) (4,2) (B,2)

0.2 ® 02 Q0. @y ® Wy

Figure 3.5: The hypergraph pair (G x 2,H - 2) for (G, H) of Figure 3.4. The
hyperedges of H - 2 maked by (a,i) (resp. (b,7)) additionally contain the vertex
(A,4) (resp. (B,1i)), for i=1,2.
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Proof. Since for any hypergraph pair cg-cw(G) = csp-cw(G) and cy-ghw(G) =
CSH-CWmon(G), during the proof we assume that H, and thus H - n, are simplicial,
i,ee H=YH and H -n=X(H - n).

Given a winning strategy (a monotone winning strategy) on (G, H) for k cops, it
is not hard to see that we obtain a winning strategy (a monotone winning strategy)
on (G x n, H - n), by moving simultaneously on each of the n copies of (G, H) in
(G xn,H-n) ason (G,H). Thus c(g.,)-cw(G x n) < n - (cy-cw(G)) and ¢(g.p)-
ghw(G x n) < n - (cg-ghw(G)).

For the converse, we define maps

o 7: V(G xn)—V(Q), n((v,7)) ==,
o 7t P(V(G xn)) = P(V(G)), 7H(R) := {r(v) | v € R},

e 1 :P(V(Gxn)) = P(V(G)), n(X) ={veV(G) |r(v) C X}
=V(G)\ 7" (V(G xn)\ X).

Suppose k cops have a winning strategy (a monotone winning strategy) on the
hypergraph pair (G x n, H - n). We obtain a winning strategy for L%J cops on
(G,H) as follows: Let X; C E(H - n) be the first position of the cops in their
winning strategy on (G x n, H - n). For the first move on (G, H), | £] cops choose a
set X C E(H) with |J X7 = 7~ (lJX1). This is possible since H is simplicial and
since there is one copy of H in H - n containing at most L%J edges of X; and these
edges must cover all copies of elements of 7~ (| X1).

Now the robber chooses an escape space R) C V(G) with respect to X{. It
is easy to see that there is an escape space Ry C V(G X n) w. r. t. X3 such
that 7+ (Ry1) = R). For the case of the robber choosing R; there is an answer
X2 C E(H -n) for the k cops according to their winning strategy on (G x n, H - n).
On (G, H), | £] cops again choose a set X} C E(H) with |JX} = 7~ (JX2). Now
it is the robber’s turn to choose a possible escape space R, C V(G). As above,
there is an escape space Ry C V(G x n) w. r. t. Xy such that 77 (Ry) = R. It
is not hard to see that since R} and R} are connected in G \ (X NUX}%), R:
and Ry are connected in (G x n) \ (X1 NJX2) as well. Hence, Ry is a possible
escape space and there is an answer X3 of the cops playing on (G x n, H - n) to the
robber’s choice of Rs, etc.

In this way we obtain a winning strategy on (G, H) for L%J cops. This winning
strategy is monotone if the winning strategy on (G x n, H -n) is monotone: R; 2 Ra
implies R} = 7T (Ry) 2 77 (Ry) = Rj. O

We conject that cp.,-hw(G x n) = n- (cg -hw(G)) holds as well, but as we do
not need this statement, we did not try to prove it.

Corollary 3.2.6 Let (G, H) be the hypergraph pair from Remark 3.2.3 and let n >
0 be an integer. Then

1. cgn-cw(G xn) =n, and

2. ¢ -ghw(G x n) = 2n.
3.2.2 Implementable hypergraph pairs
Definition 3.2.7 We say that a hypergraph pair (G, H) is trivial, if H C G.

Theorem 3.2.8 Let (G, H) be a trivial hypergraph pair. Then (G, H) can be im-
plemented by a hypergraph J(G m), i- e. there is a hypergraph Jg 1y such that

1. cy -CW(G) = CJa,m -CW(J(G,H))7



3.2. THE RELATION OF Cy-CW AND Cy-GHW 63

G= @ o o J H= @&—©@ o —©
a b C d a b c d
1
Jam= @  J
a b c d
3

Figure 3.6: A trivial hypergraph pair (G, H) with its implementation J(¢ gy as a
hypergraph. (In addition to the edges shown in the figure, in each of the three
hypergraphs shown there is a singleton edge for each of the four vertices a, b, ¢, d.)
Here the robber edge {b, ¢} is implemented by three parallel paths of length two,
because two cops can win monotonely on (G, H).

2. CH —ghW(G) = CJ(G,H) —ghW(J(G,H)),
3. ey -hw(G) = ¢y ) -hw(Jia,m))-

Proof. In a first step, we assume that {{v} | v € V(G)} C E(H). Let n > cy-
hw(G). Define the hypergraph J(g, gy as follows.

Hypergraph J g, m)
vertices: v, wherev € V(QG)
(e,1),...,(e,n), wheree € E(G) \ E(H)
edges: h, where h € E(H)
{v,(e,i)}, wherev € V(G),e € E(G)\ E(H),1<i<n, andv€e

Intuitively, we have implemented a ‘robber edge’ {u,v} € E(G)\ E(H) (i. e.
an edge which the cops cannot use) in Jig, gy by so many parallel paths of length
two between u and v, that the cops cannot catch the robber on the parallel paths
without first covering u and v. For a simple example see Figure 3.6.

1: We first show that cy-cw(G) > ¢y p -cW(J(G,m)). Suppose that k cops
can win on G. For winning on J(g, i), as long as the robber’s escape space 12 con-
tains a vertex of V(G), the cops play according to their winning strategy on G. If
RNV(G) =0, then R = {(e,i)} for some (e, i) € V(Jg, ). Then the robber can
be caught by one cop in the next step.

For ey -ew(G) < cj gy - cW(J(G,m)), assume that k cops have a winning strategy
on Jig,m. Note that since we assume that {{v} | v € V(G)} C E(H), the hy-
pergraph H is an induced subhypergraph of Jg ). The cops can win on G by
playing according to the ‘induced’ strategy. They win because for chasing the rob-
ber through an implementation in J g gy of a cop edge {u,v} € E(G) \ E(H), they
have to cover both v and v. In this way they can also chase the robber through the
robber edge {u,v}.

For showing 2, we can equivalently show that

()™ cWmon (G) = 32" - cWanon (i)

This is done similarly to the proof of 1. Note that monotonicity is maintained. 3 is
proved like 2.

In a second step, if the hypergraph H does not satisfy {{v} | v € V(G)} C E(H),
then we can define a hypergraph pair (G’, H') by replacing, for an integer N > cy-
hw(G), each vertex v € V(G) by an N-clique K, as follows.
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Hypergraph pair (G’, H')
vertices: V', where v’ € V(K,),v € V(G)
edges of G': |, V(K,), where e € E(H)
{v'}, where v’ € V(K,) for some v € V(QG)
{u',v'}, where v’ € V(K,),v" € V(K,) for some {u,v} € E(G)
edges of H':  |J,c. V(K,), where e € E(H)
{v'}, wherev' € V(K,) for some v € V(G)

Then (G', H') is again trivial, and we have
L ocg-ew(G) = cp-ew(G') =y oy -eW(J(Gr 1)),
2. cpg - ghw(G) = ey -ghw(G') = cuy) 0 -8hW(J(Gr 1)),
3. ey -hw(G) = ey -hw(G') = ¢y )y, -hW(J (G 1))

Intuitively, this follows from the fact that the singleton edges in H' cannot help the
cops to win, because they do not interrupt any connections. O

It seems plausible that for trivial hypergraph pairs, equalities similar to those
of Theorem 3.2.8 hold for the other invariants discussed in Section 2.4.

Corollary 3.2.9 Let (G, H) be a trivial hypergraph pair. Then
ca -cw(G) < cg -ghw(G) < ¢y -cWmon(G) = cg -hw(G) < 3-cy -hw(G) + 1.
Proof. By [AGGO5] this is true for the implementing hypergraph Jiq gy of (G, H),
and thus by Theorem 3.2.8 for (G, H) as well. O
3.2.3 Hypergraphs
[Ad04] contains an example of a graph G satisfying
cg-cw(@) =4 and cg-ghw(G) = 5.

We now show that we can modify G to obtain a hypergraph G’ with cg-cw(G’) = 4n
and cg-ghw(G’) = 5n.

Remark 3.2.10 If (G, H) is a trivial hypergraph pair, then (G x n, H -n) is also
trivial. O

Corollary 3.2.11 Let n > 0 be an integer. There is a hypergraph G’ satisfying
1. cgr -cw(G') = 4n, and
2. cgr -ghw(G’) = 5n.

Proof. Apply Remark 3.2.10 and Theorem 3.2.8 to the graph G from [Ad04] satis-
fying cg-cw(G) = 4 and cg-ghw(G) = 5. O

3.3 The relation of cy-ghw and cy-hw

Recall that by Fact 3.1.9, cg-ghw and cy-hw are linearly coherent on hypergraphs.
With this, in this section we will see:

e cy-ghw and cy-hw for hypergraphs are linearly coherent, but not strongly
coherent invariants.

e The invariants cy-ghw and cy-hw for hypergraph pairs are not coherent.
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Figure 3.7: The hypergraph H from Proposition 3.3.2. Not shown: Every edge
labelled A actually contains the vertex a as well, and every edge labelled B actually
contains the vertex b as well.

11,2,7,8,a,8 {1,2,a} U{7,8,}

12,6,7,a,b |{2,3,0} U{6,7,a}

12,5,6,a,b | {1,2,a} U{5,6,0}

12,3,4,5,a,8 {2,3,0} U{4,5,a}

Figure 3.8: A width 2 generalised hypertree decomposition for the hypergraph H
from Proposition 3.3.2.

3.3.1 Hypergraphs

In [Ad04, Theorem 4.1] (see also [Ad02]) it was shown that for every n < w there is a
finite hypergraph H such that ¢y -hw(H) = ¢y - ghw(H) 4+ n. In fact it is not hard
to check that the hypergraphs constructed in the proof satisfy cy-cw(H) = cgy-

ghw(H).
Fact 3.3.1 For every integer n > 1 there is a finite hypergraph H such that
cu-hw(H) =cy-ghw(H) + n.
In this section we give a simple example H with
cy-ghw(H) =2 and cy-hw(H) = 3.

Proposition 3.4.2 below shows that 2 is in fact the minimal value of c¢y-ghw(H) for
any such example. Moreover, we will use this example to prove a stronger version
of the above fact.

Proposition 3.3.2 Consider the following hypergraph H (cf. Figure 3.7).

Hypergraph H

vertices: 1,2,3,4,5,6,7,8,a,b

edges: {1,8},{3,4}
{1,2,a},{4,5,a},{6,7,a}
{2,3,b},{5,6,b},{7,8,b}
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11,2,7,8,a,8 {1,2,a} U{7,8,b}

2,3,6,7,0,8] {2,3,b} U{6,7,a} |

12,3,5,6,a,8 {1,2,a} U{5,6,b} U{2,3,b} |

12,3,4,5,a,8{2,3,b} U{4,5,a} |

Figure 3.9: A width 3 hypertree decomposition for the hypergraph H from Propo-
sition 3.3.2.

This hypergraph satisfies cy-ghw(H) = 2 and cy-hw(H) = 3.

Proof. Figure 3.8 shows a width 2 generalised hypertree decomposition of H. (Note
that the second node does not satisfy condition 3 of a hypertree decomposition.)
With this it is easy to see that cy-ghw(H) = 2. Figure 3.9 shows a width 3 hypertree
decomposition of H. Thus it remains to show that cy-hw(H) > 3. For the proof
we use the game theoretic characerisation of f-hw, Theorem 2.2.12, and Lemmas
3.3.3 and 3.3.4 below. O

We write A = {{1,2,a},{4,5,a},{6,7,a}} and B = {{2,3,b},{5,6,b},{7,8,b}}
for the subsets of E(H) consisting of those edges containing a or b, respectively.
Without restriction the cops always occupy an A edge and a B edge. More pre-
cisely:

Lemma 3.3.3 Let |JM, where M C E(H) and |M| < 2, be the position of the
cops, let A and B be as above, and suppose the cops move to position |J M', where
M' C E(H) and |M'| < 2.

e If (MNA=0orMNB=0)and (M'NA=0 or M NB=20), then the
robber can stay safely on {a,b}.

e If(MNA=0orMNB=10)and M'NA#0 and M' N B # 0, then the
robber can reach every vertex of H\|JM', so the cops could just as well have
started the game on |JM'.

e fMNA#O and MNB #0 and (M'NA=0or M NB =10), then the
robber can reach a or b and thus the robber wins (because the cops have made
an illegal move).

Lemma 3.3.4 There is no winning strategy for the cops in RCpon(H,cy,2).

Proof. By Lemma 3.3.3 we may assume that the cops always occupy an A edge and
a B edge. In the 1st move, the cops choose M C F.

o If M = {{1, 2,a},{2,3, b}} then the robber stays safely in {5,6, 7,8}, because

the cops can only make monotone moves.

o If M C {{4, 5,a},{5,6,b},{6,7,a}, {7,8,b}} then the robber stays safely in
{1,2,3}, because the cops can only make monotone moves.

o If MN{{1,2,a},{2,3,b}} # 0 and

M n{{4,5,a},{5,6,b},{6,7,a},{7,8,b}} # 0
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and (w.l. 0. g.) {1,2,a} € M, then {5,6,b} € M or {7,8,b} € M.
- If {5,6,b} € M the robber stays safely in {7,8}.
- If {7,8,b} € M the robber stays safely in {4,5}.

Thus the robber can escape. O

3.3.2 Ultramonotonicity

In this section all graphs and hypergraphs are finite. We define a new variant of
the robber and cops game on G, the ultramonotone robber and cops game on G.

Definition 3.3.5 Let G be a graph, let f be a width function on G, and k € R.
The ultramonotone robber and cops game on G, RCuia(G, f, k), is played like
RC(G, f, k), with the only difference that once a cop is placed on a vertex of G, he
cannot be removed again. A winning strategy for the cops in the ultramonotone
robber and cops game is defined as in the robber and cops game. In other words:
plays (Xo, 10, X1,...) must satisfy Xo C X1 C X2 C ... in addition to (R1), (R2)
and (C1) ((C2) easily follows from this condition).

Definition 3.3.6 The ultramonotone cop-width of a graph G, f-cwuita(G), is the
least number of cops that have a winning strategy in the ultramonotone robber and
cops game on G. (Recall that we consider the finite case only).

Remark 3.3.7 For any width function f on a graph G we have

f-cWmon(G) < f-cwyitra(G).
O

Now we show that for a hypergraph pair (G, H) and the width function cg, the
ultramonotone Robber and Cops Game can be simulated by the monotone robber
and cops game in the following sense: We modify (G, H) in such a way, that once a
cop has occupied a vertex he cannot release it during the rest of the game without
violating monotonicity. Towards this aim, we first show how to implement for given
vertices w, z € V(@) the requirement that once a cop occupies a vertex x it cannot
be released as long as w is in the robber’s escape space.

Definition 3.3.8 Let G be a graph, let f be a width function on G, let k € R, and
fixw,x € V(G).

o We call x the watched vertex and w the watch vertex. The watch game
on G, Copswatch, .)(G, f,k), is played like RCnon(G, f, k), with the only
difference that as long as the watch vertex w is in the robber’s escape space,
a cop having occupied the watched verter x is not allowed to release x. (The
robber ‘watches’ the cops’ activities on x.)

e The f-watch-width of G is

f-watchew y, +)(G) = inf{k € R | the cops have a winning
strategy in the watch game on G of f-width k}.

Remark 3.3.9 Let f be a width function on the graph G and let w,z € V(G).
Then
f-cWimon(G) < f-watchew (y, 2)(G) < f-cWuitra(G).
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G=H=@ L L L L

1 2 3 4 5

U1
1,5) _
QL5 — 1 V2 5
U3
2
4
3
H15)

Figure 3.10: A hypergraph pair (G, H) with G = H and the corresponding hyper-
graph pair (G195, H(1.5)) below.

The proof is immediate from the definitions. U

Now we construct the implementation of the watch game for a hypergraph pair
(G, H) (see Theorem 3.3.13 for the precise meaning of this intuition).

Definition 3.3.10 Let (G, H) be a hypergraph pair, w,z € V(G), and let
n=cy ‘CWultra(G) + 1.

The hypergraph pair (G, H@:®)) js defined as follows.

Hypergraph pair (G(%), Hw:))
vertices: v, where v € V(Q)
V1,. ..,V (new vertices)
edges of G(W®): e, where e € E(G)
{w,v1},..., {w,v,}
edges of H("®): h, where h € E(H) and z ¢ h
hu{vi,...,v,}, whereh € E(H) andx € h
hu{vi},...,hU{v,}, whereh € E(H) and w € h

Note that (G, H) is an induced subhypergraph pair of (G(*#), (W),
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Example 3.3.11 Consider the following hypergraph pair (G, H) with G = H (cf.
Figure 3.10).

Hypergraph pair (G, H)

vertices: 1,2,3,4,5

edges of G:  {1,2},{2,3},{3,4},{4,5}
edges of H: {1,2},{2,3},{3,4},{4,5}

Obviously, 3 = ¢ - cWuitra(G) + 1. Then for w :=1 and x := 5, we get the following
hypergraph pair (G0®) Hw2)) = (G5 F(1.5))

Hypergraph pair (GU%), H1.5)
vertices: 1,2,3,4,5
U1, V2,3
edges of G2 {1,2},{2,3},{3,4}, {4,5}
{15 Ul}’ {15 U2}7 {15 U3}
edges of H1®):  {1,2},{2,3},{3,4}
{4, 5, V1, V2, 1)3}
{1, 2, ’Ul}, {1, 2, ’1}2}, {1, 2, ’1}3}

Lemma 3.3.12 (Extension by pins) Let (G, H) be a subhypergraph pair of (G', H').
Assume that G and G’ are graphs. Let G be an induced subgraph of G' and H and
induced subhypergraph of H'. Suppose V(G') = V(G)UP. In addition we require

(a) For each vertex p € P there is one and only one vertex v, € V(G) such that
{p, v} € E(G),

(0) {p,vp} is the only edge of G’ containing p, and
(¢) For each p € P there is a hyperedge e, € E(H') such that {p,v,} C ep.
Then

1. cg-cw(GQ) > cpr-cw(G'), and

2. cg-ghw(G) > cg -ghw(G').

Intuitively, Conditions (a) and (b) express that G’ is G with some pins stuck into
its vertices.

Proof. For the first part, choose a map ¢ : E(H) — E(H') satisfying e C «(e) for all
e € E(H). Suppose the cops have a winning strategy for RC(G, ¢y, k). Then they
can win RC(G’, ¢y, k) as follows:

As long as the robber’s escape space contains a vertex v € V(G), the cops move
essentially according to their winning strategy for RC(G, cy, k). L e. if according
to their original winning strategy they should move to a set X, then X = |JY for
aset Y C F(H) of at most k hyperedges of H, and the cops occupy |J¢(Y") for one
such set Y.

If the robber’s escape space does not contain any vertex v € V(G), then it
consists of one single vertex p € P because of (b). Then the robber is caught by
one cop moving to ep,, which is possible by (c).

For the second statement, we use Proposition 2.1.21 relating f™°"-hw and f-
ghw and the game theoretic characterisation of f™°"-hw in Theorem 2.2.12. It is
sufficient to show that

(CH>mon_ CWmon(G) Z (CH/ )mon_ CWmOH(G/).

Suppose the cops have a winning strategy for RCpon (G, (cg)™°, k). Then a win-
ning strategy for RCpon(G’, ()™, k) is as follows: As long as the robber’s escape
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space contains a vertex v € V(G), the cops move according to their winning strat-
egy for RCpon (G, (i)™, k). Tt is easy to see that such a move remains monotone.
If the robber’s escape space does not contain any vertex v € V(G), then because of
(a) it consists of one single vertex p € P. There the robber is caught by the cops
moving to e. |

Note that (G, H) and (G®) H(":?)) always satisfy the assumptions of Lemma
3.3.12.

Theorem 3.3.13 For every hypergraph pair (G, H), with w,x € V(QG), the hyper-
graph pair (G(0®) HW:2)) satisfies

1. CH—CW(G) = Cy(w,x) —CW(G(w7I)>’
2. cy-ghw(G) = cgyw.=) _ghW(G(w,ﬂc))’ and
3. cp-watchew (y, o) (G) = C o) -CWinon (G(W20))).

Proof. Since G is a subgraph of G(*»*) with Remark 2.1.14 and Lemma 3.3.12 it is
easy to see that the first and the second equality hold. For the third equality, we
first show that

ey - watchew y, 2)(G) < chewe - Cwmon(G(w7I)).

Suppose the cops have a winning strategy for RCpon(G™®), ¢y(w.er, k). Then a
winning strategy for Copswatch,, (G, cu, k) is obtained as follows: The cops play
on G as if they were playing on G(*#), using a covering hyperedge hNV (G) € E(H)
if the hyperedge h € E(H (™)) was used in the original game. Thus the width does
not increase. Suppose that the robber’s escape space still contains the watch vertex
w and that there is a cop on the watched vertex z. Since any covering hyperedge
of & covers {v; | i € [n]}, the cops stand on the v; as well. But each v; is a
neighbour of w, and by the choice of n, any cover of {v; | i € [n]} in H®®) of
at most k hyperegdes covers x as well. Thus the cops cannot leave = before they
go to w without violating monotonicity. Hence we obtain a winning strategy for
Copswatch,, .) (G, cq, k).
Now we show that

e - watchew 21 (G) > Cppew.s) - cwmon(G(w’l)).
Suppose that the cops have a winning strategy for Copswatch,, .)(G,cH, k).
With n = cp-cwua(G) + 1 = [V(GW2)\ V(G)|, consider the following map
¢: BE(H) — E(HW) .

e(e) = eU{v;|i<n}, z€e al?d
e otherwise.

The cops can win as follows: As long as the robber’s escape space contains a
vertex of V(G), the cops move according to their winning strategy for the game
Copswatch,, .1 (G, ch, k), where a cover uses the hyperedge e(h) € BE(HW®) if
in the original game the hyperedge h € E(H) was used. If the robber’s escape
space does not contain any vertex of V(G), then it consists of one single vertex
v; € V(G#))\ V(G). Then the robber is caught by the cops moving from an edge
h that covers the (unique) neighbour of v; to the edge h U {v;}. O

In analogy to the definition of (G(*®) H(*#)) we can define the hypergraph
pair (Ge) {2 for w z,2' € V(G), with the result that in the game
RCmon(G(wvml),CH(w,Mr),k:), both vertices z and z’ can be watched from w. We
can even implement the requirement that every vertex of G can be watched from
every other vertex of G:
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Definition 3.3.14 Let (G, H) be a hypergraph pair. Let n > cpg - cWyira(G). We
define a hypergraph pair (G1, H) as follows.

Hypergraph pair (G, H)
vertices: v, where v € V(Q)
(v,0',1),...,(v,0v",n), where v,v’ € V(G) (new vertices)
edges of G1: e, where e € E(G)
{w, (w,z,1)},...,{w, (w,z,n)}, where w,x € V(G)
edges of H:  hU (V(G)xhx{1,...,n}) U{(w,,i)},
where h € E(H), w,x € V(G) and 1 <i<n

Theorem 3.3.15 Let (G, H) be a hypergraph pair and n > cg -cWyitra(G). Let
(G, HT) be as above. Then

1. cy -ew(G) = cyr -ew(GY),
2. cy -ghw(G) = cyr -ghw(GT), and
3. ci -cWultra(G) = g1 - CWimon(GF).

Proof. The proof is analogous to the proof of Theorem 3.3.13. O

3.3.3 Hypergraph pairs

Proposition 3.3.16 Let k < w be an integer and let Gy be the path on 2F — 1
vertices.

Graph Gj
vertices: 1,2,...,2F —1
edges: {1,2},{2,3},...{2F — 2,2 — 1}

Then
1. cg,-cw(Gg) = ), CWmon(Gr) = 1, and
2. CGk 'Cwultra(Gk) = k.

Proof. Obviously cq,-cw(Gk) = ¢g,-CWmon(Gk) = 1. First we show by induction
that the cops have a winning strategy for RCyitra(Gr, cq,, k): For k = 1 this is true.
Now suppose that the cops have a winning strategy for RCyitra (G, cay, k). Then
the cops can win RCuyitra(Gr+1,Ca,, .,k + 1) by partitioning the path as follows:
The cops occupy the edge {2*, 2% + 1} dividing the graph into two intervals. Note
that cg, ({2%,2% +1}) = 1. Since each of the remaining intervals has at most 2% — 1
vertices, for each such interval there is a width k& winning strategy by the induction
hypothesis.

Now it remains to show that the cops have no winning strategy for the game
RCultm(GkH,chH,kz): For k = 0 this is true. Now suppose that the cops have
no winning strategy for the game RCyitra(Gr,cq,, & — 1). Then the cops have no
winning strategy for RCuitra(Gri1,¢q,. 1, k), because for all subsets X C V(Gry1)
with ¢, ,, (X) < 1 the graph G41\ X contains a path on at least 2% —1 vertices. By
the induction hypothesis, the cops do not have a ultramonotone winning strategy
of width £ — 1 on such a path. O

Corollary 3.3.17 Let Gy, = Hy be the path on 2% — 1 vertices. Then
1. cqi -ew(GE) =1,

2. cpi -ghw(G}) =1, and



72 CHAPTER 3. HYPERGRAPHS

3. cpi -CWmon(GL) = k.
Proof. By Proposition 3.3.16 we have
1=cp,-cw(Gg) < cp, -ehw(Gi) < cp, - CWmon(Gr) = 1,
and cp, - cWyitra(Gr) = k. Applying Theorem 3.3.13 we obtain
CHj -ew(Gy) = CHl -ghw(Gy) =1,

and Cul - cWmon(GE) = k. O

Thus we have shown:

Theorem 3.3.18 For every integer k > 1 there is a hypergraph pair (G, Hy,) with
CHy, 'ghW(Gk) =1 and CH,y, _hW(Gk) =k. 0

3.4 The hypergraph sandwich problem

The Hypergraph Sandwich Problem was defined by A. Lustig and O. Shmueli in
[LS99]. Proposition 3.4.8 below shows that it is equivalent to deciding for fixed
k < w whether a given hypergraph pair (G, H) satisfies cy-ghw(G) < k. It is not
known whether this problem is solvable in polynomial time. Corollary 3.4.9 shows
that it can be approximated in polynomial time when we restrict it to hypergraphs
(instead of hypergraph pairs) as input, and Corollary 3.4.10 shows that we can solve
it in polynomial time for hypergraph pairs (G, H) where the edge sizes of H are
bounded.

3.4.1 Acyclicity

We start with some equivalent formulations of acyclicity. Recall that by Theo-
rem 2.1.5, for a finite hypergraph pair (G, H) there is always a finite generalised
hypertree decomposition (T, B, C) satisfying cgy - width(T, B, C) = cy - ghw(G).

Remark 3.4.1 Let (G, H) be a finite hypergraph. If G has a generalised hypertree
decomposition of cy-width k € w, then G also has a generalised hypertree decompo-
sition (T, B,C) of cy-width k, such that (T, B) is small.

Proof. Let (T', B’,C") be a generalised hypertree decomposition for the finite hyper-
graph pair (G, H) with finite 7" satisfying cy-width(7”, B',C’) = k = cy - ghw(G).
We may assume that 77 is finite. If {s,t} € E(T") with B, C B}, remove s, B, and
C! from (7", B’, C") and connect each neighbour ¢’ # t of s by an edge to t. It is easy
to see that thus we obtain a new generalised hypertree decomposition (7", B”,C")
of cy-width k for G. Since T” was finite, we can repeat this procedure finitely often
until we obtain a generalised hypertree decomposition (T, B, C) of cy-width k for
(G,H) s. t. (T, B) is small. O

Note that this is not true for infinite hypergraph pairs: Let H = (w, P<,(w)).
Then cy-hw(H) = 1 (take a one way infinite path with an increasing sequence
of pieces B; = (%), but H has no small cy-hypertree decomposition of width 1:
Each cy-hypertree decomposition (T, B,C) of H of width 1 satisfies |B;| < w for
all t € T. Therefore, for each B; there is an edge e € E(H) s. t. By ; e and e is
covered by some t' € T.

Recall that a hypergraph H is acyclic if its hyperedges can be arranged as nodes
of a tree T so that for every vertex v € V(H), the subgraph of T defined by the
nodes containing v is connected.
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Proposition 3.4.2 Let H be a finite tame hypergraph. Equivalent are:
1. cg-ghw(H) < 1.
2. cy-hw(H) < 1.
3. H 1is acyclic.

It is easy to see that 3 implies 2, and that 2 implies 1.

1= 3: Let (T, B,C) be a generalised hypertree decomposition of H = (V, E) of
cy-width at most 1. By Remark 3.4.1 we may assume that (T, B) is small. Then
B; = C for all t € T. (Otherwise B, ; C; and C; = e for some e € E. But there
must be a node s € T such that e C B,. Hence B; & B, in contradiction to (7', B)
being small.) We may assume that t = B; for every t € T. Now we can extend T
to a tree T" with V(T”) = F and such that each e € E'\ V(7)) is attached to some
teT withe €t = B;. O

(One could ask which other invariants can be added to this proposition. The
3-clique K3, although not acyclic, has ¢k, - link(K3) = ck, - branch-width(K3) = 1.
The question whether cg - bramble-no(H) < 1, or at least ¢y -cw(H) < 1, implies
acyclicity is left open.)

Section 4.5 contains another equivalent characterisation.

3.4.2 Hypergraph pairs and the HSP

In this section all hypergraphs are finite.

Definition 3.4.3 Let (G, H) be a hypergraph pair. G is a projection of H, denoted
by G < H, if for every hyperedge e € E(QG) there exists a hyperedge ¢’ € E(H) such
that e C €.

For example, H < H for every hypergraph H.

Remark 3.4.4 If the hypergraph pair (G, H) satisfies G < H, then E(G) C E(H).
If G is a graph, then the converse is also true.

In the case that G is a graph, the condition G < H is in a sense dual to triviality
of (G, H). (Moreover, the method for implementing a trivial hypergraph pair by a
hypergraph readily generalises to an implementation of arbitrary hypergraph pairs
(G, H) by a hypergraph pair (G’, H') such that G’ < H'. But we will not use this.)
Hypergraphs of this form feature in the Hypergraph Sandwich Problem [LS99]:

HSP

Input: A hypergraph pair (G, H)
Question: Is there an acyclic hypergraph A such that G < A < H?

Intuitively, G < A < H means that A is ‘sandwiched’ between G and H. This
problem clearly is in NP. It is not known whether it is in P.

Lemma 3.4.5 Let (G, H) be a hypergraph pair. Equivalent are:
1. There is an acyclic hypergraph A such that G < A< H.

2. cg-ghw(G) < 1.
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Proof. Let A be acyclic with G < A < H. By the obvious part of Proposition 3.4.2
(which holds even in the infinite case), A has a generalised hypertree decomposition
(T, B,C) of width < 1. For every t € T we set C} := €' where C; = e and
e C e € E(H). Thus we obtain a generalised hypertree decomposition (7, B,C")
of (G, H) of width < 1.

Conversely, let (T, B, C) be a generalised hypertree decomposition of (G, H) of
width < 1. We may assume that B; # () for all ¢ € T. Define a hypergraph A with
V(A) =V(GQ) and E(A) = {B, |t € T}. Tt is easy to see that A is acyclic. Since
every edge e € F(QG) is covered by some B; we have G < A. On the other hand,
by condition 2 of the definition of a hypertree decomposition of (G, H), all t € T
satisfy By C C; =€’ for some e’ € E(H). Hence A < H. O

Since the equivalence of Lemma 3.4.5 is actually a polynomial time equivalence,
we can reformulate the hypergraph sandwich problem as follows:

GHW' (PAIR)

Input: A hypergraph pair (G, H)
Question: Is cy-ghw(G) < 17

In Lemma 3.4.7 we will see that we can even reformulate the hypergraph sandwich
problem as the problem of deciding whether cy-ghw(G) < k for a fixed integer
k> 0:

CHW"(PAIR)

Input: A hypergraph pair (G, H)
Question: Is cy-ghw(G) < k?

Definition 3.4.6 For a hypergraph H and k < w, we define the following hyper-
graph H=F.

Hypergraph H=F
vertex set:  V(H)
edges: e1U...Ueg, wherees,... e € E(H)

Note that for fixed k£ and input H, we can compute H=F in polynomial time.

Lemma 3.4.7 Let H be a hypergraph. Then:
1. cg-ghw(H) < k if and only if cg<r-ghw(H) < 1.
2. cy-hw(H) <k if and only if cg<r-hw(H) < 1.

Proof. Tt is easy to see that (T, B, C) is a (generalised) hypertree decomposition of
cp-width at most k for H if, and only if, it is a (generalised) hypertree decomposition
of cg<r-width at most 1 for H. 0

Let GHW" denote that restriction of GHW"(PAIR) to hypergraphs (H, H) as
inputs. It is an open problem (stated in [GLS01b]), whether for fixed k, the problem
GHW is in P.4

4A recent result is that computing hypertree decompositions is fixed-parameter intractable (see
[DF99] for the definitions of the parametrised complexity classes and the corresponding notion of
reduction): In [GGMSS05] the authors proved that the problem of deciding whether a hypergraph
H satisfies cy-hw(H) < k, where k is part of the input, is NP complete and W[2]-hard with
respect to parameter k. The same holds for cy-ghw(H).
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Proposition 3.4.8 Let (G, H) be a hypergraph pair. Equivalent are:
1. HSP € P,
2. GHW'(PAIR) € P,
3. CHW*(PAIR) € P.

Furthermore, 3. implies GHW® € P.
Proof. Use Lemmas 3.4.5 and 3.4.7. O

The rest of this section presents two corollaries. The first is that GHW” can be
approximated in polynomial time, and the second is that GHW*(PAIR) is decidable
in polynomial time for input hypergraph pairs G, H where H is bounded.

From a theoretic point of view, f-ghw is better behaved than f-hw: It has a
simple definition and if f has finite character, it has a compactness property, which
cp-hw does not have (see Chapter 4).

Corollary 3.4.9 For a fized integer k and input a hypergraph H, there is a poly-
nomial time algorithm that correctly returns

1. cg-ghw(H) >k, or

2. cy-ghw(H) < 3k + 1 together with a generalised hypertree decomposition of
cy-width < 3k + 1, otherwise.

Proof. We can check in polynomial time, whether cgy-hw(H) < 3k+1. If the answer
is no, then, by Fact 3.1.9, cy-ghw(H) > k and we are in the first case. If the answer
is yes, we obtain a hypertree decomposition (see [GLS02]) of cy-width <3 -k +1
for H, which obviously also is a generalised hypertree decomposition of cg-width
< 3k + 1 for H and we are in the second case. O

By Theorem 3.3.18, this algorithm does not work if we admit hypergraph pairs
as input.

If the size of the hyperedges of H of the input hypergraph pair (G, H) is bounded,
we can actually decide whether cp-ghw(G) < k for fixed k.

Corollary 3.4.10 Fiz integers k,x > 0. For input (G, H) whith H bounded by k,
there is a polynomial algorithm deciding whether cy-ghw(G) < k.

Proof. Given a hypergraph pair (G, H), we can compute X H in time O(n") where
n = |(G,H)|. Then by Theorem 2.3.16 we can decide in polynomial time whether
CEH—hW(G) <k. O



Chapter 4

Compactness

Tree-width is known to be compact in the sense that
tw(G) = sup { tw(Go) | Go € G, and Gy is finite}.

This was first proved by R. Thomas in [Th]. Here we generalise C. Thomassen’s
short and elegant proof [Thsen89] of this fact to f-ghw. This is where we will need
the characterisation of chordal graphs from Section 1.2. Not surprisingly, we need
a condition on f for this to work.

Section 4.1 contains a characterisation of f-ghw(G) in terms of triangulations
of G with ‘small’ complete subgraphs, that generalises R. Halin’s characterisation
(Corollary 1.2.8).

This characterisation is used in Section 4.2 for the proof of the Compactness
Theorem! 4.2.1. As a corollary we get the extension of a result from [ST93] to
infinite graphs G: The cops have a winning strategy for RC(G, card, k) if, and only
if, they have a winning strategy for RCpon (G, card, k).

In Section 4.3 we show that for a large class of hypergraphs H the invariant
cy -ghw(H) has the compactness property. In Section 4.4 we show that there is
an infinite hypergraph H with edge size at most 3 such that cy-hw(H) = 4, but
cu,-hw(Hp) < 3 for all finite induced subhypergraphs Hy of H. Thus cy -hw(H)
is not compact.

As an application of the Compactness Theorem 4.2.1, in Section 4.5 another
characterisation of f-ghw(G) is presented. For finite graphs and f = card, this char-
acterisation is the k-decomposability as defined by S. Arnborg and A. Proskurowski
in [APS86].

4.1 Triangulations

Definition 4.1.1 Let G be a graph. A monotone width function f on G has finite
character if for all infinite X C V(G) and for all k € R there is a finite subset
Xo C X such that f(Xo) > k.

More generally, a width function f on G (not necessarily monotone) has finite
character if f™°" has finite character, i. e., if for all infinite X C V(G) and for
all k € R there is a finite subset Xo C X such that f(X() > k for all finite X
satisfying Xo C X{) C V(G).

Example 4.1.2
1. The width function card has finite character.

'In [AdO5a] the Compactness Theorem is proved for the special case of the width function
f = cg. The paper also conatins the examples from Sections 4.4.
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2. Letc € R, ¢ >0, and let f be a width function on G such that all finite subsets
Xo CV(G) satisfy f(Xo) > c¢-|Xo|. Then f has finite character.

Proof. 1: Obvious. 2: Let X C V(G) be an infinite subset, and let & € R. Choose
Xo € X with |X0| >l€% Then f(Xo)ZC|X0| > k. O

Theorem 4.1.3 Let G be a graph, let f be a monotone width function on G with
finite character, and let k € R. Then

G has a generalised hypertree decomposition (T, B,C) such that
F-width(T, B,C) < k
—
G has a triangulation G' such that every complete subgraph K of G' (is finite and)
satisfies f(V(K)) < k.

Proof. ‘=’: We may assume that C' = B. Define G’ as follows:

Graph G’
vertex set:  V(G)
edges: {u,v} CV(G), where {u,v} C B, for anodet € T.

From Fact 1.2.2 and Theorem 1.2.5, 1, it follows that G is chordal.

Now we show that a complete subgraph of G’ cannot be infinite. Otherwise by
finite character there exists a finite complete subgraph Ky C K with f (V(Ko)) > k.
Proposition 1.1.8 shows that V(Ky) C B, for some t € T. Thus

k< f(V(Ko)) < f(By),

a contradiction to f-width(7T, B, B) < k.

Thus K is finite, V(K) C B; for some t € T (Proposition 1.1.8), and again by
monotonicity, we have f(V(K)) < f(B:) < k.

‘<" Let G’ be a triangulation of G such that every complete subgraph K C G’
satisfies f (V(K )) < k. Then G is chordal, and using finite character it is easy
to see that G’ contains no infinite clique. Hence, by Theorem 1.2.5, G’ admits a
tree decomposition (T, B) into complete pieces. Since all pieces B; are complete,
by assumption all ¢t € T satisfy f(B:) < k. It is easy to see that (T, B, B) is a
generalised hypertree decomposition witnessing f-ghw(G) < k. (]

Note that we have used finite character of f in the proofs of both directions.

Corollary 4.1.4 Let G be a chordal graph and let f be a monotone width function
on G with finite character. Then

f-bramble-no(G) = f-ghw(QG).
Proof. Using Proposition 2.4.8 and Corollary 2.2.20 we get f-bramble-no(G) <
f-ghw(QG).
Conversely, if f- ghw(G) > k, then, since G itself is a triangulation of G, by The-

orem 4.1.3 there must be a finite complete subgraph K of G such that f (V(K)) > k.
Then B = {{v} | v € V(K)} is a bramble in G with f-order(B) > k. O

4.2 Compactness of f-ghw

We can now prove the main result of this chapter:

Theorem 4.2.1 (Compactness of f-ghw) Let G be a graph, let f be a width
function with finite character on G, and k € R. Then
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f-ghw(G) <k
<~
fa,-ghw(Go) < k for all finite subgraphs Go of G.

Proof. ‘=’: This follows from Remark 2.1.14.

‘<’: Note that since we may assume f to be monotone (Proposition 2.1.21),
fa, = f for any subgraph Gy of G (Remark 2.1.17). Suppose now f-ghw(Gp) < k
for all finite subgraphs Gy of G. By Theorem 4.1.3 we may equivalently show
that G has a triangulation G’ such that every complete subgraph K of G’ satis-
fies f(V(K)) < k. We prove this using Zorn’s Lemma: Let I be the set of all
supergraphs G’ of G with V(G’) = V(G) that satisfy the following condition.

(%) Every finite subgraph Gy of G’ has a triangulation Gy s. t. every complete sub-
graph K of Gj satisfies f(V(K)) < k.

I # (), since G € I: By assumption, f-ghw(Gp) < k for all finite subgraphs Gg of
G. By Theorem 4.1.3, every finite subgraph Gy of G has a triangulation G{, such
that every complete subgraph K of Gj, satisfies f(V(K)) < k. Hence, G € I.

I is ordered inductively by inclusion: For a transfinite sequence (Gg)a<s in I
with G, C G for all a < 3, |J,.5 Ga satisfies (x), since a finite subgraph Gy of
Ua<5 G, is already contained in some Gy, .

Let G’ € I be a maximal element. The following two claims finish the proof:
Claim (i): Let K be a clique in G’. Then f(V(K)) < k.

Claim (ii): G’ is chordal.

(1): If K is finite, this is true by (*). K cannot be infinite since f has finite character
and hence there would be a finite Ko C K with f(V(K,)) > k, a contradiction.
(ii): Suppose O = v1,...,Um, Uy = v1 is an induced cycle of length at least four in
G’'. By maximality of G’, we cannot add a chord {v;,v;} to O without producing
a finite subgraph G;; of G’ such that every triangulation G’ij of G;; contains a
complete subgraph K with f(V(K)) > k. Let Gy be the subgraph of G’ induced
by (U1§i<j<m V(Gij)) U O. Then G is finite and hence Gy is contained in some
G, - But Gy does not satisfy (), a contradiction. O

Corollary 4.2.2 (Compactness of tree-width) Let G be a graph and k < w.
Then

card -ghw(G) < k
<~
card - ghw(Go) < k for all finite subgraphs Gy of G.

Proof. (Recall that by Example 2.1.4, tw(G) = card-ghw(G).) The width function
card for G has finite character and thus we can apply Theorem 4.2.1. Since card is
a monotone width function, by Remark 2.1.17 a finite subgraph Gy of G satisfies
cardg, - ghw(Gp) = card - ghw(Gy). O

Corollary 4.2.3 Any graph G satisfies

card - bramble-no(G) = card - cw(G) = card - cWon(G).
Proof. With Proposition 2.4.8 it it follows that

card - bramble-no(G) < card-cw(G) < card- cwmon(G).

Conversely, let card-cwmon(G) > k. Then, using monotonicity of card and
the game theoretic characterisation (Theorem 2.2.12), we have card-ghw(G) =
card-hw(G) = card-cwmen(G) > k. Thus by Compactness of tree-width, there
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is a finite subgraph Gy C G satisfying card- ghw(Gp) > k. In [ST93], N. Robert-
son and P. D. Seymour proved that this implies the existence of a bramble B in
Gq of card-order(B) > k. Since this bramble also is a bramble in G, we have
card - bramble-no(G) > k. O

4.3 Compactness of cy-ghw
In general, cy-ghw(H) is not compact:

Proposition 4.3.1 The hypergraph H = (X1, P<,(R1)) satisfies:
1. cy,-ghw(Hp) < 1 for all finite induced subhypergraphs Hy of H,
2. cy-ghw(H) = oo.

Proof. 1 is obvious. For 2, recall that 3; = By, \ B?™*?. We show that H does not
have a tree decomposition at all. Suppose towards a contradiction that (T, B) is a
tree decomposition of H. Then

(i) Each ¢t € T has at most one successor s such that 35 # 0.
(ii) Such a successor s satisfies By C Bs.

Proof of (i): Otherwise, there are (at least) two successors s and s’ of ¢ with v €

and v’ € Bs. By connectedness, v # v'. But the edge {v,v'} € E(H) has to be

covered in some node of T, a contradiction to connectedness.

Proof of (ii): Let s be a successor of ¢t with u € 35. Suppose v € B\ B;. Again, the

edge {u, v} has to be covered in some node of T, a contradiction to connectedness.
Together, (i) and (ii) show that V(H) = N; can be obtained as a countable

union of an increasing sequence of finite subsets B; of V(H), a contradiction. [

Definition 4.3.2 A hypergraph H is locally bounded, if for all v € V(H) there is
an integer k, > 0 such that max{ le] | v E e} < K.

Recall that H is bounded, if there is an integer x > 0 such that all e € E(H)
satisfy |e] < k. Obviously, if H is bounded, then H is locally bounded.

Proposition 4.3.3 Let (G, H) be a hypergraph pair. If H is locally bounded, then
cH°" has finite character.

Proof. If (G, H) is finite, there is nothing to show. Otherwise, fix an integer
k > 0 and let X C V(G) be an infinite set. Choose a finite set Xy C X. If
o™ (Xo) > k, then we are finished. Otherwise choose a finite set X; € X \ X
satisfying |X;| > max{k, | v € Xo}. Then " (Xo U X1) > c°"(Xo), hence
™ (Xo U X1) > F°™(Xo) + 1. Again, if ¢f°*(Xo) > k, then we are finished.
Otherwise we continue in the same way until we get ¢°(XoU ... UX,) >k O

The following example shows that the converse is not true.

Example 4.3.4 Let H be the following hypergraph:

Hypergraph H
vertices: a,

(n,1),...,(n,n), where n < w
edges: {a,(n,1),...,(n,n)}, wheren <w

Obuiously, cj;°™ has finite character, but the sizes of the hyperedges containing the
vertex a are unbounded.
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Figure 4.1: The hypergraph pair (G’, H') from the proof of Theorem 4.4.1.
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Figure 4.2: The hypergraph pair (G, H) from Theorem 4.4.1.

Corollary 4.3.5 Let (G, H) be a hypergraph pair where H is locally bounded. Then

c -ghw(G) <k
<~
ci -ghw(Go) < k for all finite subhypergraphs Gy C G.

Proof. Use Theorem 4.2.1. O

4.4 Non-compactness of cy-hw

4.4.1 Hypergraph pairs

In this section, we show:

Theorem 4.4.1 There is a hypergraph pair (G, H) such that:
(i) cu-hw(G) = 2,

(i) cp,-hw(Go) < 1 for all finite induced subhypergraph pairs (Go, Ho) of (G, H),
and

(1) all hyperedges e € E(H) satisfy |e| < 3.

The rest of this section consists of the proof of this Theorem:
Let (G’, H') be the hypergraph pair defined by V(G') = {a,b,d,e, f, g, a.},
E(G') = {{a,b},{b,d},{d. e}, {e, f},{f 9}, {9,a.}} and

E(H') = {{a,b},{b,d, [}, {d, e}, {e, [}, {9}, {9, a.}} (see Figure 4.1).
For each i € Z, let (G", H") be an isomorphic copy of (G’, H') whith vertex set



4.4. NON-COMPACTNESS OF Cy-HW 81

{a®, b, d' €t, fi, g', h'}. By identifying the ‘rightmost’ vertex of the i-th copy with
the first vertex of the (i 4+ 1)-th copy, we obtain the hypergraph pair of Figure 4.2

(G,H) = J(G',H") /(al = a'*").
ez
The game theoretic characterisation of cy-hw(G) (Theorem 2.2.12) allows us to
argue game theoretically: It is easy to see that two cops have a winning strategy
on (G, H), and we will not prove this here.

Let (Go, Hp) be a finite induced subhypergraph pair of (G, H). Then one cop
player has a winning strategy: He starts by occupying the rightmost hyperedge of
(Go, Hp) and then he chases the robber to the left.

Nevertheless, one cop does not have a winning strategy on (G, H). The robber
can escape as follows: After the cop’s first move to a hyperedge h € E(H), the
robber chooses the unoccupied vertex e’ which is as far ‘left’ as possible such that
there is a vertex v € V(G) on the ‘left side’ of e’ with v € h. From then on,
the robber stays on e¢!. By monotonicity it is easy to see that each of the cop’s
following moves is uniquely determined, until at some point, the cop occupies the
hyperedge {b%,d’, f*}. Now he cannot move at all, and therefore the robber wins.
Hence (G, H) satisfies (i), (ii) and (iii).

4.4.2 Hypergraphs

In this section we prove:

Theorem 4.4.2 There is an infinite hypergraph H satisfying:
(i) car-bw(H) = 4,
(i) e, -hw(Hp) < 3 for all finite induced subhypergraphs Hy of H, and
(1) all hyperedges e € E(H) satisfy |e| < 3.

Although the presentation will be independent from the previous paragraph,
the idea of the construction is to code G and H from the previous paragraph in a
single hypergraph. So we will have to ‘implement’ the cop edges (i. e. the edges from
E(H)\E(G)) and the robber edges (i. e. the edges from F(G)\ E(H)) using ordinary
edges that can be used both by the cops and by the robber. The implementation
of the cop edges will increase the number of cops necessary to catch the robber by
two.

As in the previous section, we again construct the example by gluing together
infinitely many copies of a certain ‘module’: Let M be the hypergraph from Figure
4.3, with V(M) = PUQ U {c1,¢a,...,¢5}, where P = {a,8,7,¢,3,7'}, and
Q= {aaba d,e,f,g,a*},

E(M) = {{a,b}, {d, e}, {e, 1 £, 9}, {9, @} o B, 71 L, 8,7/}
Ui{b,eit |i=1....5 U{{ci,d} |i=1....5} U{{ea,b,a'},{B,d, 8}, {7, f.7'}}
U{{p,q} |p€ P,qe QFU{{v} |ve V(M)}.

Let (M");cz be a family of isomorphic copies of M. We denote the vertices of
M? by {v* | v € V(M)}. By identifying the rightmost vertex of the i-th copy with
the first vertex of the (i + 1)-th copy, we obtain the hypergraph

H:=J(M")/ (@l = a™).
€L
Let S = UieZ{aiabivcivdiaeia fiagiva’i}'

Proof of Theorem 4.4.2, (i). Tt is easy to see that four cops can win on H. The
following lemma shows that mon-mw(H) > 3:
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B gl
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Figure 4.3: The hypergraph M from the proof of Theorem 4.4.2. In addition to
the hyperedges shown in the figure, every vertex from P = {a,f,v,&/, 3,7’} is
connected to every vertex from Q = {a,b,d, e, f,g,a.} by a 2-edge. Also, for every
v €V (M), M contains the hyperedge {v}.
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Lemma 4.4.3 On H as defined above, the robber can win against three cops.

Proof. We describe such a winning strategy, which is similar to the robber’s winning
strategy on the hypergraph pair (G, H) defined in the previous paragraph: As long
as no vertex from S is occupied by a cop, the robber stays in the connected compo-
nent of H containing S. Sooner or later, the cops will have to first occupy one or
more vertices of S. Let v be the rightmost such. Then the robber reacts by moving
to the leftmost vertex a’ that is to the right of v. Let H' be the restriction of H to
M? together with the path from v to a® (in the sense of induced subhypergraph).
The following lemma shows that the robber can elude capture. U

Lemma 4.4.4 Let N be the following hypergraph.

Hypergraph N

vertex set:  {vp,...,v0} UV (M)

edgeS: {’Un, vnfl}v {Unfla ’Un72}, SRR {vla ’Uo}, {’Uo, a}
e, where e € E(M)

The robber can win on N against three cops, if in the first move the cops occupy vy, .

Proof. The robber remains on a until a cop occupies a. Then the robber plays
according to his winning strategy from Lemma 4.4.5 below. O

Lemma 4.4.5 The robber can win against three cops on M, if the first game po-
sition 1s (| X, a) with some X C E(M), |X| < 2 and if in the second move some
cop occupies an edge containing the vertex a.

Proof. As long as there is a vertex from P that is unoccupied by the cops, the
robber stays on such a vertex. All this time the cops have to occupy a. As soon as
the cops occupy all vertices from P (the cops still have to occupy a), we have one
of the following two situations:

e The cops occupy {«a, 3,7}, {a/, 3,7} and {a}, or
e they occupy {a, 3,7}, {’, 3',7'} and {a, b}.

In the first case the robber stays on b until the cops occupy b, by which we are
in the second case. In the second case the robber moves to e. Now the cops can
either additionally occupy a vertex ¢; (and then give up), or rearrange themselves
to occupy {a, b,a'}, {8, d, 5’} and {7, f,~'} (and then give up as well). a

Proof of Theorem 4.4.2, (ii). Three cops have a winning strategy on a finite
induced subhypergraph Hy of H: First, we may assume that Hy is the union of
finitely many ‘modules’ M;. The proof idea is that two cops occupy hyperedges
of the type {a', 3°,7'} and {a’?, 3"",4"*} almost all the time. The third cop chases
the robber from right to left, while the other two cops do not change position
except when the third cop reaches an egde of type {d’,e'}. Then the next step
for the cops is to occupy {a’,b’,a/'}, {5, d', 3"} and {7, f,4"*}. After that, the
robber is either caught on one of the vertices ¢}, ¢}, ci, ¢, ¢k, or two cops occupy the
hyperedges {a'=1, 3771 4171} and {71, 371, 4’71} and the third cop continues
chasing the robber towards the left end of the finite hypergraph, until the robber
finally cannot move.

Thus, cpy-cWmon(Ho) < 3 for all finite induced subhypergraphs Hy of H. Alto-
gether, H satisfies (i), (ii) and (iii) as required. O
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4.5 k-decomposability and f-ghw

As an application of the compactness theorem, we present a characterisation of
generalised f-hypertree-width. For finite graphs and f = card, this characterisation
is k-decomposability as defined by S. Arnborg and A. Proskurowski in [AP86].

Definition 4.5.1 Let k > 0 be an integer, and let G be a graph equipped with a
monotone width function f. The equipped graph (G, f) is k-decomposable, if

(D1) F(V(G)) <k, or

(D2) G contains a finite set S C V(G) such that the connected components of G\ S
are (Co)a<p (for some suitable ordinal 3), and all equipped graphs (Ga, fa.,)
defined as follows for a < B are k-decomposable:

vertex set: C, U S
edges: {u,v} where u,v € S, and
e where e € E(G[C, U S)),

or

(D3) for a limit ordinal X we have G = |J ., Ga, where (Ga)a<x is a family
of induced subgraphs G of G with G, C Gg for o < 3 < A, such that all
equipped graphs (Ga, fc.) are k-decomposable.

Remark 4.5.2 If (G, f) is k-decomposable and Gy C G is a subgraph, then (Go, fc,)
1s also k-decomposable.

Proof. This is easily proved by induction on the rules (D1), (D2), (D3). O

Proposition 4.5.3 Let G be a finite graph equipped with a monotone width func-
tion f.

f-ghw(G) <k
—
(G, f) is k-decomposable.

Proof. ‘=": We use induction on |V(G)|. Let (T, B,C) be a generalised hypertree
decomposition witnessing that f-ghw(G) < k. By Remark 3.4.1 we may assume that
(T, B) is small. If f(V(G)) > k, then |V(T)| > 2. Let (s,t) € E(T). Then the set
S := Bs;NB;, separates G, and every component C of G\ S satisfies |C U S| < |V(G)|.
By induction hypothesis, (G[C' U S, faicus)) is k-decomposable. Thus by (D2),
(G, f) is k-decomposable.

‘<’ We prove this direction by induction on the rules (D1) and (D2). If
f(V(G)) < k, there is nothing to show. Otherwise, by induction hypothesis, fg,-
ghw(G;) < k for i = 1...,m, witnessed by (7%, B*,C"). Since S induces a clique
in Gy, by Proposition 1.1.8, there exists a node t; € V(T") such that S C Bj,
(i=1...,m). Then (T’,B’,C") is a generalised hypertree decomposition of G of
f-width at most k, where

V(T') = VT)of,

B(T') = JE@) U {{tit} |i=1,...,m}
B! = B! for s € V(T"), Bj =S,
Cl = C" for s € V(T") and Cj:=S.
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Corollary 4.5.4 Let k € R, and let G be a graph equipped with a monotone width
function f.

1. If f-ghw(G) < k, then (G, f) is k-decomposable.
2. If f has finite character, then

f-ehw(G) <k if and only if (G, f) is k-decomposable.

Proof. If G is finite, this is true by Proposition 4.5.3. So let G be infinite.

1: Let G be a graph equipped with a monotone width function f, and let
(T, B,C) be a generalised hypertree decomposition of G with width(7T, B,C) < k.
Define the supergraph G’ of G as follows:

Graph G’
vertex set:  V(G)
edges: {u,v} where {u,v} C B; for some node t € T

Then G is a subgraph of G’, f is a monotone width function on G’, and (T, B, C)
witnesses that f-ghw(G’) < k. By Remark 4.5.2, it suffices to show that (G’, f) is
k-decomposable. We number the nodes of T', beginning with the root ty of T" in
such a way that the numbering respects the predecessor relation. Now we show by
induction that for every ordinal « the subgraph G, of G’ induced by UB<0¢ By,
together with fg_ is k-decomposable.

Since f(Bt,) < k, by (D1) this is true for Go = G'[By,]. Suppose that (G, fa.)
is k-decomposable. Since fGl[Bta+1](Bta+l) < k, it follows from (D1) that the
equipped graph (G'[By,. ], fG'[Bta+1]) is k-decomposable. By definition of G’, the
set S:= By, ,, N Bpred(tay,) S V(Ga) induces a complete subgraph in G,,. Thus we
can apply (D2) and it follows that (Ga+t1, fa.,,) is k-decomposable.

Let A be a limit ordinal. Suppose that for every a < A, the equipped graph
(Ga, fa.) is k-decomposable. Then every G, is an induced subgraph of G, and
we have G, C G for @ < 3 < A, and G\ = U, Ga- Thus by (D3), (Ga, fa,) is
k-decomposable.

2. Let f have finite character. By 1 it suffices to show that if (G, f) is k-
decomposable, then f-ghw(G) < k. Let G be (f, k)-decomposable. Then so is

every finite subgraph Gy of G. Hence by Proposition 4.5.3, every finite subgraph
Gy of G satisfies f-ghw(Gy) < k. Thus by Theorem 4.2.1, f-ghw(G) < k. O

Since rule (D2) can be used to create infinite graphs, one might ask whether
rule (D3) is redundant. A ray in a graph is a subgraph (not necessarily induced)
isomorphic to the graph shown in Figure 2.2, B. It easy to see that, regardless of
f, no graph created only using rules (D1) and (D2) can contain a ray. But a ray
equipped with f = card should, of course, be 2-decomposable. Hence (D3) is in
fact necessary.



Chapter 5

More width functions

In this chapter three more examples of width functions are given. In the first two
sections, we define two width functions that make use of functional dependencies in
databases or structures (see Section 2.3) as follows. Let o be a signature (possibly
containing partial function symbols). Let M be a o-structure and X C M. Let
(X) denote the smallest superset (X) O X that is a universe of a substructure of
M that is closed under partial functions. Then for input M and X C M we can
compute (X) in polynomial time in the size | M]|. (Starting with X we iterate
through the partial functions of o, adding an element y to X whenever p(Z) = y
for some £ C X and p € 0. We stop, when after a run through all partial function
symbols of ¢, no changes have occured. Thus we stop after at most |M| such runs,
each of which can be done in polynomial time.)

To apply Theorem 2.3.13 and Corollary 2.3.17, we need a class C; such that
we have SUBSTRS:. € P and HOMepum (C1, -) € P; and the closed substructures

enum
enumerated by SUBSTRgﬁum should be large, so that the promise and no promise
algorithms work on large classes of structures. We can achieve this by taking C; to
consist of the closures of a bounded number of elements (Section 5.1) or of unions
of a bounded number of hyperedges in the underlying hypergraph (Section 5.2).

In Section 5.1 we actually define a width function on a mized graph, i. e. on
a graph that may contain directed edges. This width function can be seen as the
directed analogue of the function card. If all partial function symbols from o are
unary, a o-structure has a natural underlying mixed graph.

Since every directed graph is a mixed graph, we thus get a new tree-width no-
tion for directed graphs. Up to now, basically two tree-width notions for directed
graphs have been defined. The directed tree-width was introduced by T. Johnson,
N. Robertson, P. D. Seymour, and R. Thomas in [JRSTO01]. They showed that
Hamiltonicity can be solved in polynomial time for directed graphs of bounded
directed tree-width'. However, the definition of directed tree-width is rather com-
plicated and it has some unfavourable properties?. Recently, D. Berwanger, A.
Dawar, P. Hunter, and S. Kreutzer introduced the notion of DAG-width of a di-
rected graph in [BDHKO05]. The directed tree-width of a digraph is at most its
DAG-width, so Hamiltonicity can also be solved in polynomial time for directed
graphs of bounded DAG-width. Moreover, the winner of a parity game on a di-
rected graph of bounded DAG-width can be determined in polynomial time. The
tree-width notion for directed graphs presented here is fundamentally different from
the two previous notions: it is coherent with neither of them.

In Section 5.2 we define a width function on directed hypergraphs, which is the

L Actually, in [Re99] B. Reed gave an alternative definition of directed tree-width, but I could
not verify that this definition is equivalent to directed tree-width.
2In [AdO5b] it was proved that taking minors can increase the directed tree-width.

86
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directed analogue for the width function cy. For an arbitrary signature o, a o-
structure M always has an underlying directed hypergraph.

Finally, in Section 5.3 we show that the fractional hypertree-width recently de-
fined by M. Grohe and D. Marx in [GMO05] can also be described by a width function.
It has been asked in [CD05, CJG05, GGMSS05, Gr03] whether there are classes C of
structures whose underlying hypergraphs have unbounded cy-hypertree-width such
that HOM(C, _-) € P. In [GMO5] this question is answered positively if we take C
to be the class of structures whose underlying hypergraphs have bounded fractional
hypertree-width. Applying our general theory we prove some inequalities between
‘fractional” hypergraph invariants, such as ‘fractional’ bramble-number, ‘fractional’
branch-width, etc.

5.1 Mixed graphs

5.1.1 Definitions and some observations

Definition 5.1.1 A mixed graph is a triple G = (V, E, D) = (V(G), E(G), D(G))
where E C P_y(V) (the set of edges of G) and D CV x V (the set of arcs of G).
Thus (V, E) is a graph and (V, D) is a directed graph.

We identify graphs (V, E) with the mized graphs (V,E,0) and directed graphs
(V, D) with the mized graphs (V,0, D).> The underlying graph G of a mized graph
G is defined as follows.

Graph G
vertex set:  V(G)
edges: e, where e € E(G)

{u,v}, where (u,v) € D(G)

Definition 5.1.2 Let G = (V, E, D) be a mized graph. The forward closure of

—

X CV(G) is the smallest superset (X) CV of X which is closed under out-edges,

i. e. if u € (X) and (u,v) € D(G), then v € (X). For a single vertex v € V we
write (v) for ({v}).

Remark 5.1.3 Let G be a mized graph. Any two vertex sets X, Y C V(é) satisfy
(XH)U(Y)=(XUY). O

Lemma 5.1.4 Let G be a finite mized graph and let (T, B) be a tree decomposition
of the underlying graph G. Then (T, (B)) is also a tree decomposition of G, where

(B) == ((Bt))ter-

Proof. Obviously, every vertex and every edge of Q is covered in (T, (B)), since
this is the case in (T, B). Therefore (TD1) and (TD2) hold. Let (u,v) € D(G).
Both « and v induce connected subtrees T, and T, of T. Since {u,v} € E(G),
{u,v} is covered somewhere in T, N T,. Therefore adding the vertex v to every
block containing the vertex u preserves connectedness of the pieces containing wv.
By induction, the connectedness condition (TD3) holds as well. Thus, (T, (B)) is a

tree decomposition of G. O

Lemma 5.1.4 would stay true for infinite graphs, if we allowed tree decomposi-
tions with infinite pieces.

3This is of course inconsistent with the usual identification of graphs with certain directed
graphs. We hope that the reader will not find this too confusing.
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3 4

Figure 5.1: A mixed graph G (cf. Example 5.1.6).

By a width function for a mixed graph G we understand a width function on its
underlying graph G.

Definition 5.1.5 For finite mized graphs G we consider the following width func-
tion.

N -
cardg: P« (V(G)) — RU{oo},
X ~ if{[Y]|YCX X=()}
— —
Note that cardz is not monotone. Also note that defining cardz in this way does

—

—_—
not make much sense for arbitrary infinite mixed graphs. We write cards-hw(G)

for ﬁé—hw(g); analogously for the other widths.

Example 5.1.6
o IfG is a graph (i.e. D(G) =0), then ca—r(ié-hw(é) = card-hw(G).

e The following mixed graph G is depicted in Figure 5.1:

Mixed graph G

vertices: 1,2,3,4

edges: {1,4},1{2,3},{2,4}
arcs: (1,2),(1,3),(3,4)

1t satisfies cardé—hw((_j) = 1: Take the tree decomposition ({t}, B) with By =
{1,2,3,4} and cover By by the forward closure of {1}.

e For an integer n > 0 consider the following mized graph I?n

Mixed graph K,

vertices: 1,2,...,n
edges: none
arcs: (i,7), wherel <i<j<n

N S -
Then cardg -hw(K,)=1 and card-hw(K,) = n.
—_—
Hence card-hw and card z-hw are not linearly coherent.

Lemma 5.1.7 For every finite mized graph G we have
— - -
1. cardz-cw(G) < card -cw(G),

N . -
2. cardg-ghw(G) < card -ghw(G), and
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3. cardg-hw(G) < card -hw(G).

—

Proof. 1,2: Here we can use the fact that f-cw(G) = f™"-cw(G) and f—ghw(é) =
= T

7)
fret-ghw(G) for all width functions f. Clearly cardz®(X) < card(X) for all

X CV(G).

3: Suppose the cops have a winning strategy for RCpon (Q, card, k). We may
assume that in every move the set of vertices occupied by the cops either increases
or decreases. The cops can clearly win RC(Q, (;%;15,16) by playing according to
this strategy, except that they occupy (X) rather than X, so it only remains to
show that this strategy is monotone. Suppose the cops would move from X to X’
according to the original strategy. Then the cops actually move from (X) to (X').
If X C X', then (X) C (X’) and the move is certainly monotone. If X O X’ and
the robber’s position is 7, then let R be the robber’s escape space with respect to X
or, equivalently, with respect to X’. It is not hard to see that RN (X) = RN (X’).
From this it easily follows that the move is monotone. 0

Let G be a mixed graph, and let (T, B,C) be a (generalised) hypertree decom-
position of Q witnessing that (;I—(ié‘- hw(é) < k. It is easy to see that all nodes
t € T satisfy C, = (C}).

The next lemma shows that for a finite mixed graph G with (;m;)lﬁ—hw(é) <k

s -
(or cardz-ghw(G) < k) there is always a particularly nice (generalised) hypertree
decomposition witnessing this. We will need this in the next section.

Lemma 5.1.8 Let k < w be an integer, let G be a jzmte mixed graph, and let
(T, B,C) be a (generalised) hypertree decomposition of G satisfying

R
cardz-width(7T', B,C) < k.

Then (T,(B),C) is also a (generalised) hypertree decomposition of G satisfying
—_—
card z-width(T', (B),C) < k.

Proof. By Lemma 5.1.4, (T, (B)) is a tree decomposition of G, so (HD1) is satisfied.
Since all t € T satisfy (Ct) = Cy, and B; C Ct, we have (B;) C Ct, and thus (HD2)
holds.

In the case that (T, B, C) is a hypertree decomposition, it remains to show that
all t € T satisfy Cy N (B)1, C (B) (condition (HD3)). Towards a contradiction,
suppose there exists a vertex x € (Cy N (B)1,) \ (Bt). Then there is a node s € T}
with @ € (Bs). Since z ¢ B and (by (HD3) of (T, B,C)) we have B; 2 C; N Br,,
it follows that @ ¢ Br,. Thus no node ¢, with € By, is in T;. But then z €
((Bt,) N (Bs)) \ (B:), a contradiction to connectedness (TD3) of (T, (B)). O

Lemma 5.1.9
The width function cardgon on a finite mized graph G (i. e. on its underlying graph

G) is weakly submodular-.

Proof. By Remark 2.4.3 it suffices to show that cardz is weakly submodular: Let

—

X1, X2 be finite subsets of V(G). If

— —
card5(X1) + card5(X2) = oo,

—

then there is nothing to show. Otherwise, there exist Vi,Va C V(G) such that
_—

(Vi) = X; and |V;| = card5(X;) for i € {1,2}. Then (V; UVz) = X1 U X5 and thus

—_— —_— —_—

cardz (X1 U X») < cardz(X1)+ cardz(X1). O
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Corollary 5.1.10 For a finite mized graph é, the width function Cardgon on G
satisfies Theorem 2.4.23,1 and 2.

In the next section we show that even more inequalities hold. This is done by
—
a different method, since—as we will now see—the width function cardgon is not
additive in general.

Example 5.1.11 Let G be the following mixed graph:

Mixed graph G

vertices: 1,2,3

edges: none

arcs: (1,2),(2,1),(2,3),(3,2)

Then the width function cardz™ on G is not additive: The sets {1},{3} do not

touch in Q, but we have

card" ({1,3}) = 1 < 2 = card 2" ({1}) + card*" ({3}).

5.1.2 Translation between hypergraphs and mixed graphs

In this section, we show that a finite mixed graph can be implemented as a finite
hypergraph and vice versa. As a corollary we obtain linear coherence of ca—r(i@-
cw and ca—r()ié—hw on mixed graphs. As another corollary we get that the (open)
recognition problem GHW* and the problem deciding, given a mixed graph é,
whether (R)l@—ghw(é) < k, are PTIME equivalent.

Implementing arcs as hyperedges

Theorem 5.1.12 For a finite mized graph G consider the following hypergraph pair
(Gg: Hg)-

Hypergraph pair_}(G@, Hg)

vertex set: V(G)

edges of G5: e, wheree € E(é)_'
(v), wherev € V(G)

edges of Hz:  (v), wherewv € V(G)

Then

1. ca—r()ié-cw(é) = cug-cw(Gg).

2. cardg-ghw(G) = cxr ,-ghw(G ).

e
—_— -
3. card@—hw(G) = CHC‘; —hW(G@)
Proof. 1: Note that Q C Gg. Thus, it is easier to catch the robber on Q;
and a cop winning strategy for RC(Gg,cn, k) is already a winning strategy for
RC(G, cardg, k).

o —
Conversely, suppose the cops can win RC(G, cardg, k). If we show that edges in

E(Gga)\ E(G) do not give an advantage to the robber, then the winning strategy
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for RC(@, Eld, k) is actually a winning strategy for RC(G g, cu, k). For {u,v} €

B(Gg)\ E(G) let

Stuwy = {x € V(G) ’ {u,v} C (z)} #0.

Note that for all z € Sy, .} there are paths in Sy, ,} connecting v to x and u to .

—

Now suppose the cops fly from X C V(G) = V(Gz) to X’ and suppose the robber
can use the edge {u,v} during the flight. Then S, .} N (X N X') = (. But this
means that u and v are connected by some x € Sg, .}, and thus the robber can also

reach u from v and vice versa on G. Therefore, the robber’s escape spaces in G5

are exactly the robbers escape spaces in é, and the cops win.
2: Is proved like 3.

3: Since G C G, a hypertree decomposition of Gz witnessing that cp -

—

hw(Gz) < k already witnesses (;m;)lﬁ—hw(G) <k ForteTletY C E(Hg)
witness that cy,(Cy) <k, i. e. [Y[ <k and

c=Jy= U &=l @) e,

(v)eYy

where the last equality holds because of Remark 5.1.3. Thus, {v | (v) € Y} witnesses
—
that cardz(Ct) < k.
Conversely, let (T, B,C) be a hypertree decomposition of G witnessing that

—

cardz-hw(G) < k. By Lemma 5.1.8 we may assume that B = (B). We show that
(T, B,C) is a hypertree decomposition of G5 witnessing cy.-hw(Gs) < k.
(HD1): (T, B) is a tree decomposition of G 5: Since (7', B) is a tree decomposi-

—

tion of Q, every vertex v € V(Gg) = V(G) is covered by some node ¢ € T'. Now let
ec BE(Gg). Ifec E(G), then e is covered in some piece of (T, B) by assumption.
If e = (v) for some v € V, then v is covered in some piece B, of T and thus
(v) C By, = (By,). Obviously, (T, B) satisfies connectedness (TD3).

(HD2) and (HD3) are satisfied by assumption.

For t € T, let X C V(G) witness that card5(Cy) <k, i. e. | X| <k and

G = (X) = J{(a) | € X),

where the last equality holds because of Remark 5.1.3. Thus, {(v) | v € X} wit-
nesses that cy (C;) < k. Altogether, (T, B, C) is a hypertree decomposition of G 5

witnessing cHé-hW(G@) <k. O

Corollary 5.1.13 FEvery finite mized graph G satisfies

— = — . —_— - —_— -
cardz-cw(G) < cardz-ghw(G) < cardz-cwmon(G) = cardz-hw(G)

— J
< 3-cardg-hw(G) + 1.
Proof. The hypergraph pair (G5, Hz) from Theorem 5.1.12 is obviously trivial, so
we can apply Corollary 3.2.9. O

Implementing hyperedges as arcs

Theorem 5.1.14 For a finite hypergraph H consider the following directed graph
Gg.



92 CHAPTER 5. MORE WIDTH FUNCTIONS

Directed graph Gu
vertex set: V(H)U E(H)
arcs: (e,v), wherev € e € E(H)

Then
—_— -
1. cardgz-cw(Gy) = cg-cw(H)
— .
2. cardz-ghw(Gy) = cg-ghw(H)

- -
3. cardz-hw(Gpy) = cy-hw(H)

Proof. Before beginning with the proof, we observe that since H is nonempty, using
Corollary 2.2.20 we have

1<cy-cw(H) <cpy-ghw(H) < cpy-hw(H).

3: First we show ﬁ@—hw(ég) < cg-hw(H). Let (T, B,C) be a hypertree decom-
position of H of cy-width < k, for some integer £ > 0. We may assume that for
each e € F(H) there exists a leaf t, € T with B;, = C;, = e. (Otherwise choose
anode t € T with e C B; and add such a leaf t. to T, connecting it with ¢.) For
t € T define

B - B, ift ¢ {t.|ec E(H)},
K B U{e} if t =t, for some edge e € E(H).

and

o C, ift¢{t.|ee E(H)},
"\ Biu{e} ift=t. for some edge e € E(H).

We now show that (7, B’,C") is a hypertree decomposition of é_H that witnesses
cardg-hw(Gp) < k:

(HD1): (T, B') is a tree decomposition for Gg: Every v € V(Gg) NV (H) is
covered by some B; C Bl.. Every e € V(Gy) N E(H) is covered in Bj_. Moreover,

every edge {e,v} € E(é_H) satisfies {e,v} C B, and connectedness obviously holds
as well.

(HD2): Obviously, each t € T satisfies B; C C}.

(HD3): We have to show that all ¢ € T satisfy C; N By, C By.
Fort € T\ {t. | e € E(H)} we have

CiN By, =CiN(Br,U{e|lec E(H), t. € T;}) = C,NBr, € B, = B.

If t = t. for some e € E(H), then t is a leaf and C} N By, = Bf. This proves (HD3).
Let t € T\ {t. | e € E}. Choose YV; C E with |Y;| < k and C; = JY;. Then

Y; C V(Gpy) and (Y;) = C, = C}. Thus cards(C}) < k. For t = t, we have
C/ = B, U {e} = (e). Thus carda(C}) <1 < cy-hw(H) < k.
Altogether, (T, B’,C") is a hypertree decomposition of @ witnessing ca—r(i@-
hw(Gy) < k.
Conversely, using the game theoretic characterisation, we show
—_— -
cardg- cCWmon(GH) > € - CWimon (H ).
e
Suppose the cops have a winning strategy for RCyon(Ga,cardgs, k). Choose a
function ¢ : V(H) — E(H) satisfying v € ¢(v). For a set X C V(Gp), define the
set (X)=(XNEH))U{pv)|ve XNV(H)}.
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The cops play on H according to their winning strategy on @ , placing the cops
on p(X) C E(H) instead of X C V(H) U E(H) = V(Gg). Then a position (X, R)
of RCumon (G, @id’ k) yields a position (| ¢(X), R") on H where R* C RNV (H),
so the cops can win. It remains to show that their strategy is monotone.

Suppose towards a contradiction, that while the move from (X, R) to (Y,5) is
monotone, the move from (|J ¢(X), R’) to (J¢(Y),S’) is not. Then there exists a
vertex v € 8"\ R'. Let u € R be the last vertex in R’ on a path from R’ to v in H
and let v be the next vertex after u on the path to v. Then (because v’ € |J p(X))
we have {e € E(H) | v € e} N(X) # D but {e € E(H) | v €e}neY) =10
(because v’ ¢ | Jp(Y)). Thus for

M:={veV(H)|u ecpw)}u{eecBH)|u e} CV(Gy)

we have MNX # (0 but M NY = (. Thus we have {v €e V(H) | v € p(v)}NX # D
or{ee E(H) |uw €e}nNX #0.
First assume that there exists a vertex

vwefveV]u ep)}nX.

Then vg ¢ Y. Since R' C RNV (H) we have u € R. Since u and u' are neighbours
in H, there exists an edge e € E(H) with {u,u'} C e. This edge e must a be free
vertex during the flight from X to Y, and thus in é_H there is a path from wu via e
to u’. Since during the cops’ flight from X to Y the set M is free, the edge ¢(vg)
as a vertex of Gy is free. By the choice of vy, we have v’ € ¢(vg) and thus there is
a path from v’ via ¢(uvg) to v, a contradiction to monotonicity of the strategy for
Rcmon(@a ﬁé, k)

Second, assume that there exists an edge e € {e € E(H) | v’ € e} N X. Then
eo is free during the flight from X to Y and the robber can reach eg via v/, a
contradiction.

Thus we have found a strategy for RCpon (H, cm, k).

—_— N AN N

2: cardé—g—h\iv(GH) < cy-ghw(H) is proved like cards-hw(Gy) < cy-hw(H)
(see 3). For cardd—ghw(éH) > cp-ghw(H) use the fact that a width function f of
a graph G satisfies f-ghw(G) = f™°"-hw(G) = f™"-cWpon(G) and show

—

T Zmon mon
cardé - CWimon(GH) > ¢ - cWmon (H).

The proof is analogous to the proof of ca—r()ié—hw(éH) > cy-hw(H) (see 3).

1: (ﬁid—cw(éhy) > cy-cw(H) follows from the proof of (ﬁid—hw(éhy) > cp-
hw(H) (see 3). For (ﬁlﬁ—cw(éhy) < cy-cw(H), assume that the cops have a
winning strategy for RC(H, ¢y, k). Note that although the robber has more vertices
and edges in G than in H, there are no new paths between vertices {u, v} C V(H).
Thus if (X, R) is a position of RC(H, cx, k), then (X, R') where R = RNV (H) is
a position of the game on Gu. Now the cops win as follows: As long as the robber’s
escape space contains a vertex of V(H ), the cops play according to this strategy on
Gy . If the robber’s escape space does not contain a vertex of V (H), then it is {e}
for some e € E(H). Then the robber is caught by one cop moving to e. g

Recall that GHW* is the problem of deciding for a given hypergraph H whether
cy-ghw(H) < k.

Corollary 5.1.15 Let k € w. The problem GHW* and the problem of deciding,
- —_— -
given a mized graph G, whether cardz-ghw(G) < k, are PTIME equivalent.
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Proof. Given a hypergraph H, we can compute Gp of Theorem 5.1.14 in polyno-
mial time. Conversely, given a mixed graph é, we compute (G5, H) from Theorem
5.1.12 in polynomial time. By Corollary 5.1.13 the hypergraph pair (G, Hz) is
trivial. Therefore we can use Theorem 3.2.8: If H 5 is not tame, then reject. Other-
wise, n := | E(Hg)|+1 satisfies n > cr-hw(G z). With this n we can even compute
the hypergraph Jig . ) of Theorem 3.2.8 in polynomial time. This completes the
proof, because

SN -
cardgs-ghw(G) = cp, -ghw(Gg) = Clig gy -ghw(Jig, 1)) O

5.2 Directed hypergraphs

Directed hypergraphs are more general than mixed graphs. While every struc-
ture has a natural underlying directed hypergraph (see Section 5.2.2), only those
structures where all partial functions are unary have an underlying mixed graph.
Moreover, directed hypergraphs H are a natural generalisation of hypergraphs if we
want to define a width function ¢ similar to (;%Ei@.

Our function ¢ defined below on directed hypergraphs seems to be more general

then (ﬁid: Only in the case that all partial functions are unary, we were able to find
an implementation similar to the implementation of mixed graphs as hypergraphs
in the last section (see Theorem 5.2.14 below).

Finally, we show that for a fixed integer k£ > 0, the mixed graphs G with E}lé—
hW(é) < k and the directed hypergraphs H with ¢ ﬁ-hw(ﬁ ) < k are recognisable
in polynomial time. Moreover, we show that the problem HOM(C, ) is solvable
in polynomial time for a class C of structures such that the underlying directed
hypergraph H of the core of each structure from C satisfies 6ﬁ—ghw(ﬁ ) < k (for
fixed k).

5.2.1 Definitions and some observations

Definition 5.2.1 A directed hypergraph is a pair H = (V(H), D(H)) consisting
of a non-empty set V(H) of vertices and a set D(H) C P, (V(ﬁ)) X Pew (V(ﬁ))
of pairs of finite sets of vertices, called the hyperarcs of H.

If (h1,h2) € D(ﬁ) is a hyperarc of ﬁ, then hi is called the source set and ho
is called the target set. We will usually write hy — hs for such a hyperarc. In the
special case where the target set he = 0 is empty, we will just write hy instead of
h1 — 0. We call such hyperarcs hyperedges.

We identify hypergraphs (V, E) with the directed hypergraphs (V, E x {0}). We
also identify mized graphs (V,E,D) with the directed hypergraphs (V,E x {0} U
{({u},{v}) | (u,v) € D}).

The underlying hypergraph E of a directed hypergraph H is defined as follows.

Hypergraph E
vertex set:  V(H)
edges: hi U hg, where (hy,hs) € D(H)

Example 5.2.2 Figure 5.2 shows the following directed hypergraph H.

Directed hypergraph H
vertices: 1,2,3,4,5
hyperarcs:  {3,4,5}
{2,3} — {1}, {4} — {2}, {5} — {3}
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Figure 5.2: The directed hypergraph H of Example 5.2.2.

It appears that the terminology around directed hypergraphs is not completely
standardised yet. The most common definition of directed hypergraphs is a bit
more restrictive than the one given above: For hyperarcs hy — hs, the set ho must
consist of precisely one element. This is not appropriate in our context, where we
also need a way to encode undirected hyperedges.

For our purposes it would be sufficient to permit only hyperarcs hy — ho where
hy € P<i(V(H)) is either empty or consists of a single vertex. This is in fact
a natural restriction for one of our applications (underlying directed hypergraphs
of structures with function symbols), but not for the other (underlying directed
hypergraphs of databases or queries, in the presence of functional dependencies).

Definition 5.2.3 Let H be a directed hypergraph. The forward closure of X C V
is the smallest superset (X) C V(H) of X which is closed under out-hyperarcs, i.

—

e. if (h1,h2) € D(H) is a hyperarc such that ha C (X), then ho C (X).

Remark 5.2.4 For a directed hypergraph H, let XY C V(ﬁ) Then
1. (XHU(Y) C(XUY).

2. If D(H) € P<1(V(H)) x Pew (V(H)), then (X)U(Y) = (X UY). O
Of course, for directed hypergraphs, (X)U(Y) = (X UY) is not true in general:

Example 5.2.5 Let H be the directed hypergraph of Ezample 5.2.2 (Figure 5.2),
and let X := {4,5} C V(H). Then

U@ =@uE)=1{2,40{3,5} S {1,2,3,4,5} = (X).

veX

It is not hard to find examples showing that the difference of the sizes ||, x (v)]
and |{X)| can actually be unbounded. We will do this below (in Proposition 5.2.13).
The following lemma is proved like Lemma 5.1.4.

Lemma 5.2.6 Let H be a finite directed hypergraph and let (T, B) be a tree decom-
position of its underlying hypergraph H. Then (T, (B)) is also a tree-decomposition
of H. O
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By a width function on a directed hypergraph H we understand a width function
on its underlying hypergraph H.

Definition 5.2.7 For finite directed hypergraphs H we consider the following width
function €.

i Pew(V(H) — RU{c0}
X — inf{|Y]|YCEWH),X=(J}
As for mixed graphs, ¢ is not monotone, and it does not make much sense to define
¢ for arbitrary infinite graphs. We write ¢ ﬁ-hw(ﬁ ) for € ﬁ-hw(ﬁ ); analogously
for the other ¢-invariants.
Example 5.2.8

e The directed hypergraph H of Example 5.2.2 (Figure 5.2) satisfies C -hw(ﬁ) =
1.

e If H is a finite hypergraph (i.e. D(H) C Py, x {0}), then

¢q-hw(H) = ¢ -hw(H).
The following example shows that cz-hw and €z-hw are not coherent.

Example 5.2.9 For every even integer n > 0 let K, be the mized graph from
Example 5.1.6, regarded as a directed hypergraph. Then

o Cp hw(K,) =1,

° hw(K,) = 5.

Lemma 5.2.10 Let H be a finite directed hypergraph. Then

. é'ﬁ-cw(ﬁ) <cg ~ew(H),

—

o Ci-ghw(H) <cp -ghw(H), and

—

o Cg-hw(H) < cp-hw(H).

Proof. This is proved precisely in the same way as Lemma 5.1.7. ([l

Lemma 5.2.11 Let k < w be an integer and Ha finite directed hypergraph with

E'ﬁ—hw(ﬁ) < k, witnessed by a hypertree decomposition (T, B,C). Then (T, (B),C)

—

also witnesses Cz-hw(H) < k.

Proof. We show that (T, (B),C) is also a hypertree decomposition witnessing ¢-
hw(H) < k. (HD1): By Lemma 5.2.6, (T, (B)) is a tree decomposition of H.
The proofs of (HD2) and (HD3) are literally as in the proof of Lemma 5.1.8. O

Example 5.2.12 For every integer n > 1 we consider the following directed hyper-
graph H,, (see Figure 5.3).
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4, 45 i 14,

14 1p Iy 1

Figure 5.3: The directed hypergraph H, of Example 5.2.12 for n = 4. Any two
vertices are connected by an undirected edge not depicted here.

Directed hypergraph H,

vertices: la,...,na, lp,...,np, 1lg,....n0%, 14,....04
hyperarcs:  {1la,1} — {24}, ..., {(n—1)a,(n—1)g} — {na}
{La; 1} = {25}, .. {(n = Da,(n = D} — {nly}
(U 14} = {28}, .., {(n = D, (n = 1)y} — {np}
{1, Va} = {24}, - {(n = D, (n = D)y} — {ny}

{u,v}, where u # v

Proposition 5.2.13 For every integer n > 1 the directed hypergraph H, from Ez-
ample 5.2.12 satisfies

S
g,
=
=
-
N
&
=

V(H,) = Uney ()} = n, and

Thus, by 1 and 3, ¢5-ghw and ¢ ﬁ—ghw are not coherent. From 1 and 2 it follows

that there is a set Y, C E(H,) showing that the difference of the sizes of ((J V)|
and |Up,cy, (h)| is unbounded.

Proof of_’Lemma 5.2.13. 1: Since ({14,15} U {1, 1%5}) = V(H,), it follows that
5 (V(H,)) < 2. It is easy to see that this is the smallest we can get, and thus
7. (V(ﬁn)) = 2. The second equality follows from this, together with the fact that
& , the underlying graph of the underlying hypergraph of ﬁn, is a clique and hence

every tree decomposition of & has a piece V(ﬁn)

2: For every h € E(&) we have |(h)| < 4. Since |V,,| = 4n, we have

oL

al

min { [Y| | Y C E(f), V(H,) = |Jm)} > 2L =n
hey
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3: For every h € E(&) we have |h[ < 3. Thus, for cg (V(H,)) > n we can
argue as in 2. The rest follows from this, together with the fact that & is a clique

and hence every tree decomposition of & has a piece V(ﬁn) O

Theorem 5.2.14 For a finite directed hypergraph H consider the following hyper-
graph H.

Hypergraph H
vertex set:  V(H)
edges: (e), where e € E(H)

Then
1. E'ﬁ-cw(ﬁ) <cg-cw(H),
2. Cz-ghw(H 1) < cu-ghw(H),

If H is actually a mized graph or, more generally, D(ﬁ) C ’Pl(V(ﬁ)) x7)<w(V(ﬁ)),
then

1. @g-cw(H) = c-cw(H),
2. 8g-ghw(H) = cp-ghw(H),
3. &z-hw(H) = cy-hw(H).

Proof. For the first inequality, observe that H

RC(H, cp, k) yields a winning strategy for RC(H,c 5, k) as follows: Whenever the
copsmove toaset | JY C V(H) on H with [Y| < k, they move to (Jey €) € V(H)
on H. By Remark 5.2.4, 1, we have Uy C <U(e>ey e), and thus the cops win.

For the second inequality, let (T, B, C') be a generalised hypertree decomposition
witnessing that cy-ghw(H) < k. Since E C H, (T, B) is a tree decomposition of
H. For every node t € T choose a set Y; C E(H) with |Y;| < k and JY; = C
Define € = (U ey, €)- Then ¢5(Cy) < k. Using Remark 5.2.4, 1, we have
B CUY; C (U(e>eYt e). Thus (T, B,C") is a generalised hypertree decomposition
of

The last three equalities are proved similarly to Theorem 5.1.12, where we use
Lemma 5.2.11 instead of Lemma 5.1.8, and Remark 5.2.4, 2, instead of Remark
5.1.3. 0

C H. A cop winning strategy for

Corollary 5.2.15 Let C be the class of all directed hypergraph H satisfying D(ﬁ) C
PL(V(H)) x Pew(V(H)). Then there is a polynomial time reduction fmm the prob-
lem deciding, given a directed hypergraph He C, whether ¢g-ghw(H ) < k, to the
problem GHW*,

Proof. Given He C, we can compute the hypergraph H from Theorem 5.2.14 in
polynomial time. O

—_—
For applying Chapter 2 to the width functions cards and ¢, we take a look at
their properties.

Lemma 5.2.16 The width function €5 on a finite directed hypergraph H (i.e.

on its underlying graph E} 18 weakly submodular.
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Proof. Let X1, X5 be finite subsets of V(H). If cE(X1) + C5”"(X2) = oo, then

there is nothing to show. Otherwise, there exist By, Ey C E(H) such that ((J E;) D
X and |E;| = &5 (X;) for i € {1,2}. Then by Remark 5.2.4,

(UEiuJE) 2 (JE)UUE) 2 X1 U X,

and thus é'gon(Xl UXy) < E’EOH(Xl) + G’gon(Xg). O
Corollary 5.2.17 For a directed hypergraph H, the width function cpt on H sat-
isfies Theorem 2.4.23,1 and 2.

It is easy to see that for the directed hypergraph G from Example 5.1.11 (which

—IMon

even is a mixed graph) the width function ¢z”" is not additive.

5.2.2 More on the homomorphism problem for non-relational
signatures
Definition 5.2.18 Let o be a signature that may contain partial function symbols

as well as rel_gtion symbols, and let M be a o-structure. The underlying directed
hypergraph Haq of M is defined as follows.

Directed hypergraph ﬁM
vertex set: M
hyperarcs:  {ai,...,a,} — {b},
where M = f(aa,...,a,) = b for a partial function symbol f,
{a1,...,an},
where M = Raj .. .ay, for a relation symbol R

If o contains only unary function symbols, then ﬁM is in fact a mized graph, and
we may call Hpq the underlying mixed graph of M.

Of course, if o is relational, then Ha = Hq is just the underlying hypergraph
of M.

Example 5.2.19

e Consider the signature o = {p, q, R} where p and q are unary partial function
symbols, and R is a binary relation symbol. Define the o-structure M by

M :={1,2,3,4},
pM = {(172)a (374)}a
™ :={(1,3)}, and
RM .= {{1,4},{2,3},{2,4}}.

Then the underlying directed hypergraph ﬁM of M 1is the mized graph depicted
in Figure 5.1.

o Consider the signature o = {p,q, R} where p is a unary partial function sym-
bol, q is a binary partial function symbol, and R is a ternary relation symbol.
Define the o-structure M by

M :={1,2,3,4,5},

pM = {(4a 2)7 (553)}7
¢V = {((2,3),1)}, and
RM .= {{3,4,5}}.
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Then the underlying directed hypergraph H Mm of M is the directed hypergraph
depicted in Figure 5.2.

Let f bg a family of width functions fﬁ , for all di}rected hypergraphs H. For
example, fH# =G4. For k > 0 we define C,]: = {M ‘ fHMm (ﬁM) <k}

Lemma 5.2.20 Let k > 0 be an integer and let f be the family of width functions
Cg, for each directed hypergraph H. Then

f
1. SUBSTRSkum € P, and
2. HOMepum(C{, ) € P.

Proof sketch. 1: Let M be a structure. For every set X C E(EM) such that | X| < k
compute (|J X). This, as well as the removal of any duplicate substructures in the
output, can be achieved in polynomial time.

2: We informally describe how to enumerate the homomorphisms from M to
N. Given M € C,f we can find a generating set X C E(H ,,) such that |X| < k.
Thus we have k tuples, each of which occurs in a relation RM in M. Under a
homomorphism every such tuple must be mapped to a tuple that occurs in R{v .
Enumerate all ways of mapping the k tuples in this way. If two of the tuples in M
overlap, form the join. (I.e. remove those mappings which are inconsistent because
one element would have to be mapped to two different elements of A'). Remove
those mappings which are not homomorphisms. It is not hard to see that all this

can be achieved in polynomial time. O
—
The same holds for the family f of width functions card, for each mixed graph

—

G, if we restrict the problem to structures where all partial functions are unary.

Corollary 5.2.21 Let k > 0 be an integer and let f be the family of width functions
Cjj, for each directed graph H. Then

f
1. HOM(COREDECOMPOSABLEgﬁd, J) eP,

2. HDS € P,

3. CSCh e P

—
Again, the same holds for the family f of width functions card s, for each mixed
graph é, if we restrict ourselves to structures where all partial functions are unary.

Proof. Use the above lemma and Theorems 2.3.13, 2.3.16, and Corollary 2.3.19. [

5.3 Fractional edge covers

In this chapter, we define the width function fcg for a hypergraph H. The corre-
sponding notion of fcy-hypertree-width of H is the fractional hypertree-width of H
as recently introduced by M. Grohe and D. Marx in [GMO05]. While the fractional
hypertree-width of a finite hypergraph is always rational, we show that for every
real number r > 0 there is an infinite hypergraph with fractional hypertree-width r.
Applying our general theory we show that the ‘fractional’ versions of the inequalities
from Theorem 2.4.23 hold.
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5.3.1 Definitions and some observations

Definition 5.3.1 Let H be a hypergraph.

. R(;:)(H)) ={¢: E(H) — Rx>¢ | ¥ is zero almost everywhere}.

e The weight of 1 € R(;)(H)) atveV(H) is

weight, () = > ¥(h).
hehl?(UH)

e The weight of ¥ € R(;;)(H)) is

weight() = Y (h) € R

heE(H)

Definition 5.3.2 Let H be a finite hypergraph.

e A fractional edge cover of H is a mapping ¢ € RE&H) such that every v €
V(H) satisfies weight, () > 1. B

e The fractional edge cover number is

fc(H) = min { weight(v) ‘ Y is a fractional edge cover of H} € Rxo U {oo}.

Observe that a finite hypergraph H satisfies fc(H) = oo if, and only if, H is not
tame.

Remark 5.3.3 For a finite tame hypergraph H the minimum fc(H) exists and is
rational.

Proof. fc(H) is the solution of the following linear programming problem in the
variables ¥ (h), h € E(H): Minimise

weight(v) = Y ¥(h)

heE(H)
subject to the conditions
W) >0 for all h € E(H)
weight, (1) = Z wh) > 1 for all v € V(H)
hethH)

This problem has a solution because H is tame. It follows from standard results on
linear programming that the solution is attained and that it is a rational number
(since the coefficients are rationals). O

Lemma 5.3.4 Let H = (V, E) be a finite tame hypergraph.
1. An induced subhypergraph H' of H satisfies fc(H') < fc(H).
2. 0<fc(H) < |E|.

VI < fe(H).

© maxperl|h| —
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Proof. 1,2: Easy. 3: Let ¥ be a fractional edge cover of H. Then

VI=3 133wt =3 > ) = 3 (v - >o1) = 3 vl - Jnl

veV veV howvw heFE veh heFE vEhR heFE
< . | = . )
< ) w(h) - max|h'| = (max|hl) - Y v(h)
heE heE

By Remark 5.3.3 there is a fractional edge cover o with fc(H) = 37, .z %o(h), and
thus we have
V]
maxpeck |h|

< 3" wo(h) = fe(H).

hekE

Definition 5.3.5 We consider the following width function on hypergraphs H :

fep: Peo(V(H)) — RU{oo}
X =  fe(HX)).

We call fepr (X)) the fractional cover number of X.

Obviously, for a finite hypergraph H we have fc(H) = fcy (V(H))

Lemma 5.3.6 Let H be a hypergraph and X C V(H) a finite subset of V(H).
Then

fe (X) = inf { weight(p) | ¢ € R(ZEO(H)), weight, (@) > 1 for all z € X }.

Proof. For ¢ € R(EEO(H)) satisfying weight, (¢) > 1 for all x € X, define the function
by € RgE)H[X]) by

dolex)= > ple).

ecE(H)
ex=eNX

Note that

o weight, (¢,) = weight,(¢) > 1 for every 2 € X, and thus v, is a fractional
edge cover of H[X], and

o weight(t,) = weight(yp).

Conversely, choose a function 7 : E(H|[X]) — E(H) satisfying ex = 7(ex)NX. For
a fractional edge cover ¢ € RI;E)H[X]) define ¢y € R(Z%(H)) by

Y(ex) if e=r7(ex) for an edge ex € E(H[X]), and
pu(e) = :
0 otherwise.

Note that

o weight, (¢y) = weight, (1)) > 1 for every z € X, and

o weight(py) = weight(1)).
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Then we have

ferr (X) = inf { weight(y)) |y € RE™ D weight, (v

)>1forallz e X}
E(H[ ) >

1fora]l$€X}

inf { weight(¢y) ‘ P € RY D , weight_ (¢

(
(
mf{ weight(p) ‘ pE R(E(H)), weight,
(
(

| \/

% ZlforaH:cGX}
R(E(H))

Y]

inf { weight(vy) | ¢ € ,  weight, (p

)
)>1forallz e X}
H[X]) ) >

foraHxEX}

Y

inf { weight(v) ’ (NS R
fCH(X).

, weight_ (¢

O

The following result is based on an idea of M. Weyer. For every real number
r > 0 we construct a hypergraph H, such that fcy-ghw(H) = r. Of course, if r is
irrational then H, must be infinite by Remark 5.3.3.

Example 5.3.7 Let 1 <k <n be integers. Consider the hypergraph Hz given by

Hn = ({1,...,n}, P=c({1,...,n})),

consisting of n vertices and all k-element subsets as hyperedges. Then
ch% -ghw(Hz) = —.

Proof. Note that since H is a complete graph, every tree decomposition (T, B) of H

contains a piece By = V(H), and thus fcyr, - ghw(Hz) = fep, (V(Hz)) = fc(Hz).
k k

We first show that fc(H») < 7, by defining a fractional edge cover with weight 7.

Note that ‘E(Hn = (}), and that each v € V(Hz) is contained in exactly (}~ 1)
hyperedges of E(Hz). Define ¢ : E(H) — [0,00) by

a
N
(21
for all e € E(H). Then each v € V(Hz) satisfies » ., t¥(e) = 1, and hence ¢ is a
fractional edge cover for Hz. The weight of v is

: 1 n! (k—D!n—k)! n
wEht(¥) = 2, wle ( ) N R R I G TR

eGE(Hn k—1

Ple) =

Therefore fc(H» ) < . Conversely, by Lemma 5.3.4 we have

V(H)] _n
fe(fy) = max {|e| |e € E(Hx)} K’

Corollary 5.3.8 For every r € R there is a hypergraph H, with
fey, -ghw(H,) = r.

Proof. Choose a sequence (g )n<w of rational numbers satisfying ¢, < r such that
limy, o g, = r. Define H, to be the disjoint union

H, = H

n<w dn>

where each Hy, is as in Example 5.3.7. It is easy to see that fcy, -ghw(H,) =r. O
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5.3.2 Properties of fcy

Lemma 5.3.9 For a hypergraph H, the width function fcy of H is monotone,
additive and weakly submodular. If H is tame, then so is fcyy.

Proof. Monotonicity: Suppose X,Y are finite sets such that X CY C V(H). By
Lemma 5.3.6 we have

fey (X) = inf { weight(p) | ¢ € R(E( ), weight, () > 1 for allz € X }
< inf { weight(p) ‘ pE IR(E(H)), weight, (o) > 1 for ally € Y'}
= fCH(Y)

Weak submodularity: Let H be a hypergraph and let X,Y be finite subsets of
V(H). By Lemma 5.3.6 we have

fer (X UY) =inf { weight(p) | ¢ € R( ( , weight (p) > 1 for all z € X UY '}
<inf { weight(px + ¢y) | ¢x, ¢y € R(ZEO(H))a
weight, (¢x) > 1 and Weighty(cpy) >1forallz e X,y € Y}
=inf { weight(¢x) | ¢ € R(;;)(H)), weight, (¢x) > 1 for all v € X }
+ inf { weight(ey) ‘ pE R(;;)(H)), weight, (py) > 1 for ally € Y}
=fey(X) + feu(Y).
Additivity: By weak submodularity we only have to show that
feg (X UY) > feg(X) + feu(Y)

for finite, non-touching sets X, Y C V(H). For ¢ € R(;:)(H)) with weight, () > 1
for all z € X UY, define px, py € R(E%(H)) by

ple) ifenX #0, and
px(e) = .
0 otherwise,

and
{gﬁ(e) ifenY # 0, and

0 otherwise.
Then for x € X we have
weight, (px) = > ex(e)= > ¢le)>1,
€€ E(H) wcecE(H)
and similarly for y € Y and ¢y . Since by assumption,
{e€ BE(H)|en(XUY)#0} ={ec E(H)|enX #0}U{e € E(H) | enY # 0},
we have ¢ > px + ¢y. Thus,
fer (X UY) =inf { weight(p) | ¢ € R(;:)(H)), weight, (@) > 1 for all z€ X UY'}
> inf { weight(¢x + ¢y ‘ Ox,py € R(ﬁfH”,
weight, (¢x) > 1 and weighty(goygz lforallze X, yeY}
> inf { weight(1)) | ¢ € R(E(H)), weight, () > 1 for all z € X }
+ inf { weight(y’) | ¢’ € R(Z%(H)), weight, (') > 1 for all y € Y'}
=fey(X) +feu(Y).
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Tameness: If H has no isolated vertices, then every vertex v is contained in a
hyperedge h. Now clearly fcy(h) = 1. O

Corollary 5.3.10 For a finite hypergraph H, the width function fcg on H satisfies
Theorem 2.4.23,1 and 2. If H is tame, then fcy also satisfies Theorem 2.4.23,3.

Proof. Use that fcy = fcg™". O

Remark 5.3.11 Let H be a hypergraph. Let X C V(H) be a finite subset of V(H).
Then fCH(X) S CH(X)

Proof. Suppose cy(X) < k . Then there is a subset Ex C FE(H[X]) satisfying
|[Ex| <k and X = Ex. Therefore the function v € RI;E)H[X]) given by

1 ifee Ex, and
e g
vle) {0 otherwise

is a fractional edge cover of H[X] satisfying weight(v)) = > c p(px)) ¥(e) = k. O

Remark 5.3.12 Any hypergraph H satisfies
feg -hw(H) = fey -ghw(H) < cg -ghw(H) < cy -hw(H).
Proof. This follows from Remark 5.3.11 and monotonicity of fcg. g
By Theorem 2.4.23,3, for a tame hypergraph H and k& € R we have
feg-cw(H) <k = fey-hw(H) <3k +2.

This reproves a result of M. Grohe and D. Marx in [GMO05]. They also show that
fc-hypertree-width and cpg-hypertree-width are not coherent:

Fact 5.3.13 (Grohe, Marx) For every integer n > O there is a hypergraph H,
with feg, -hw(H,) < 2 and cy-hw(H,) = n.

If we only consider classes of hypergraphs that are bounded by some fixed integer
K > 0, then we get linear coherence:

Proposition 5.3.14 Let H be a hypergraph bounded by x > 0.
1. If H is tame, then fcy -hw(H) < card-hw(H) < - (foy -hw(H)).
2. fey -hw(H) < ¢y -hw(H) < k- (fey -hw(H)).

Proof. 1: Since fcy is monotone, tame, and weakly submodular, by Remark 2.4.5,
4 we have fcy-hw(H) < card-hw(H). For the second inequality, by Remark 5.3.12
it suffices to show that card-hw(H) < - (fcy -ghw(H)). Let (T, B, B) be a gen-
eralised hypertree decomposition of H with fcy - width(T, B, B) < k. Then every
node t € T satisfies fcyy (Bt) < k. Thus with Lemma 5.3.4, 3, we get

B B
Bl Bl < requi)) = ten(3) < v
K~ maXeepH(s,) ||

Therefore, for every t € T we have |B;| < k- k, and (T, B, B) witnesses that card-
hw(H) < & - k.
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2: By Remark 5.3.12 we have fcy-hw(H) < cy-hw(H). If H is not tame,
then cy -hw(H) = fey -hw(H) = 00, so we now assume that H is tame. Then the
second inequality is proved by

cg-hw(H) < card-hw(H) < k- (fcy - ghw(H)),

which follows from 1 and 3.1.15, 1. 0
In [GMO5, Theorem 5], M. Grohe and D. Marx proved the following fact.

Fact 5.3.15 Let k € R and let f be the family of width functions fcy, for all hyper-
graphs H. Let C{; = {structures M | fcg,,(Ham) < k}. Then HOMenum(C{:, _) eP.

f
It is an open problem, whether SUBSTR %y € P.

Corollary 5.3.16 Let f be the family of width functions fcg, for all hypergraphs
H. Then HOM(DECOMPOSEDCH, ) € P.

Proof. Use Theorem 2.3.18. 0

Corollary 5.3.17 (Compactness of fcy-ghw) Let H be a hypergraph such that
fcy has finite character. For example, this is the case if H is bounded. Then

fcy -ghw(H) < k
<~
fen, -ghw(Hp) < k for all finite induced subhypergraphs Hy of H.

Proof. Use Remark 2.1.17 and Theorem 4.2.1. If H is bounded, then fcy has finite
character by Lemma 5.3.4 and Example 4.1.2, 2. 0

5.3.3 Fractional edge covers and directed hypergraphs

In analogy to cards and €, we can define the width function fo 7 on a directed
hypergraph H. More generally, for a width function f on the underlying graph g

of H we can define a width function ?ﬁ as follows.

Definition 5.3.18 Let Hi be a directed hypergraph, and let f be a width function
on the underlying graph H of H. Then the width function f; is given by

fi: P (V(H) — RU{cx},
X — inf{f(Y)|Y CV(H), X = ()}

Combining the examples of Example 5.2.12 and Fact 5.3.13, it is easy to find
a class C of directed hypergraphs such that the ¢;z-hypertree-width and the fcg-

N
hypertree-width of C are unbounded, but the fc z-hypertree-width is bounded.
—_—
Recall that card is monotone, but cards is not. Thus f being monotone does

not imply that fﬁ is monotone. Moreover, for a directed hypergraph H we have
already seen, that—although the width function CEOU is additive (Lemma 3.1.6)—

the width function ¢Z°" need not be additive (cf. Example 5.1.11). Submodularity
and tameness are passed on:

Lemma 5.3.19 Let H be a directed hypergraph, and let f be a monotone width
function on the underlying graph H of H.
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n

1. If f is weakly submodular, then so is FISO .

2. If f is tame, then so is f{;}m

Proof. 1: Let f be weakly submodular, and let X7, X5 be finite subsets of V(ﬁ ).
For € > 0 choose Y1,Y; C V(H) such that X; C (V;) and ?ﬁ(Xl) +e > f(Y;) for
i=1,2. Then

f5(X1) +15(X1) 426 > f(V1) + f(Y2) > f(Y1 U Ya) > [5(X1 U Xa),

where the second inequality holds because f is weakly submodular, and the last
inequality holds because X; U Xao C (Y7 UY3).
2: Obvious. O

Corollary 5.3.20 For a finite directed hypergraph ﬁ, the width function gﬁ on
E satisfies Theorem 2.4.23,1 and 2. O

N
Example 5.1.11 also shows that fc 5 is not additive in general.
It is easy to see that the tractability results from Section 2.3 are passed on from

C,f to C,f . In particular, for the family f of width functions fﬁ for every directed
hypergraph H, we have HOM(DECOMPOSEDC’{, _)€P.



Epilogue

The focus of this thesis is on generalised hypertree-width, its generalisations and
related! invariants. Of the related invariants known so far, cop-width and hypertree-
width are closest to generalised hypertree-width, bounding it from below and from
above. Therefore they were also examined in detail. Two very basic questions had
to be left open even in the finite case:

e Under what conditions is f-bramble-no(H) = f-cw(H)? Is f = " suffi-
cient?

e cy-ghw(H) and cy-hw(H) are linearly coherent by [AGGO5]. Is there a nat-
ural class of equipped graphs (G, f) (larger than that of those of the form
(H, ™)) such that f-ghw(G) and f-hw(G) are (linearly) coherent?

The infinite case is much more complicated. Open questions include:

e Is it true that in the games RCyon (G, f, k) and RC(G, f, k), one of the players
must have a winning strategy?

e Is it true that if the cops have a winning strategy for RC(G, f, k), then they
also have a positional winning strategy?

e Is it true that if the robber has a winning strategy for RCuon(G, f, k) or
RC(G, f, k), then he also has a positional winning strategy? (This should be
easy for RCpon(G, f, k).)

e How about compactness properties for the other invariants defined in Section
2.47

e Is f-ghw(G) = k always witnessed by a single generalised hypertree decom-
position? (This is true if f only takes values in a well-ordered set such as
w U {oo}. But how about fractional hypertree-width?)

e If H is locally bounded, does it follow that fcy has finite character?

e Conjecture. If H contains no infinite complete subgraph, then cy has finite
character.

Tree decompositions of infinite graphs

There is more than one way of defining tree decompositions for infinite graphs. For
this thesis we have settled on one of them.

P. D. Seymour and R. Thomas in [ST93| have a more restrictive definition, the
only difference being that the tree T' in a tree decomposition (7', B) must be rayless,
i.e. it must not contain a ray (a graph isomorphic to Figure 2.2, B) as a subgraph.
Apart from the fact that a ray is a tree which does not have a tree decomposition

1In the sense of being linearly coherent.
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in this sense (and apart from the necessary failure of the compactness property),
this approach seems to work remarkably well. If we had followed this line, then of
course we would have had to adapt some other definitions as well. The winning
condition in RC(G, f, k) and RCuon (G, f, k) would have been much simpler: The
robber wins every infinite play. Brambles and tangles would have been defined
without condition (B3) and k-decomposability without condition (D3). It is not
clear how we could have fixed the definition of k-trees.

We could also generalise our definition of tree decompositions, admitting infinite
pieces B;. But then we would have to consider width functions defined on arbitrary
(possibly infinite) sets of vertices. In this context it would also be natural to permit
infinite hyperedges in hypergraphs. Every attempt to define ca—r()ié or Cz on infinite
mixed graphs or infinite directed hypergraphs naturally leads to this generalisation.

There is also one point that only affects hypertree decompositions. In order
for condition (HD3) to make sense we need T to be a directed tree. However, our
definition of infinite directed trees is unnecessarily restrictive in that it requires a
root. The root has no in-edge, while every other node has precisely one in-edge.
But an infinite tree which is not rayless can also be directed in such a way that
every node has precisely one in-edge. (Intuitively, the root of such a tree is the
limit of an inverse ray.) Therefore, let us call an ordered tree every tree the edges
of which are directed in such a way that every node has at most one in-edge.

Condition (HD3) makes sense if T is an ordered tree. Therefore we could say
that (T, B,C) is a weak hypertree decomposition if T is an ordered tree (not nec-
essarily a directed tree), and T satisfies (TD1), (TD2), (TD3), (HD2), (HD3). On
finite graphs every weak hypertree decomposition is of course a hypertree decom-
position. But the hypergraph H from Theorem 4.4.2; which has cy-hw(H) = 4,
has a weak hypertree decomposition of cy-width 3. Thus it seems likely that the
resulting notion of ‘weak hypertree-width’ is compact for locally bounded graphs.
On the other hand, it seems to be hard to find a game characterisation for this new
notion, unless along the lines of: ‘First, the robber player chooses a finite induced
subhypergraph’.

The homomorphism problem

Of course one would like to have an analogue of M. Grohe’s classification theorem
Fact 2.3.15 in terms of the underlying hypergraph rather than the underlying graph.
This seems to be rather hard, since the proof of the theorem uses the deep Excluded
Grid Theorem from [RS86b]. We are still far from having an analogous theorem
for hypergraphs. In fact, it is not even clear what a good definition of hypergraph
minors should be.

Going in a different direction, one could try to find an analogue of Fact 2.3.15
in terms of the underlying mixed graph of a structure with relations and unary

functions, with cardz-ghw instead of tw.
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