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Abstract
Purpose: To extend quantitative susceptibility mapping to account for microstruc-
ture of white matter (WM) and demonstrate its effect on ex vivo mouse brain at
16.4T.
Theory and Methods: Previous studies have shown that the MRI measured Lar-
mor frequency also depends on local magnetic microstructure at the mesoscopic
scale. Here, we include effects from WM microstructure using our previous results
for the mesoscopic Larmor frequency Ω

Meso
of cylinders with arbitrary orienta-

tions. We scrutinize the validity of our model and QSM in a digital brain phantom
including Ω

Meso
from a WM susceptibility tensor and biologically stored iron with

scalar susceptibility. We also apply susceptibility tensor imaging to the phantom
and investigate how the fitted tensors are biased from Ω

Meso
. Last, we demonstrate

how to combine multi-gradient echo and diffusion MRI images of ex vivo mouse
brains acquired at 16.4T to estimate an apparent scalar susceptibility without sample
rotations.
Results: Our new model improves susceptibility estimation compared to QSM
for the brain phantom. Applying susceptibility tensor imaging to the phan-
tom with Ω

Meso
from WM axons with scalar susceptibility produces a highly

anisotropic susceptibility tensor that mimics results from previous susceptibility
tensor imaging studies. For the ex vivo mouse brain we find the Ω

Meso
due to

WM microstructure to be substantial, changing susceptibility in WM up to 25%
root-mean-squared-difference.
Conclusion: Ω

Meso
impacts susceptibility estimates and biases susceptibility ten-

sor imaging fitting substantially. Hence, it should not be neglected when imaging
structurally anisotropic tissue such as brain WM.
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1 INTRODUCTION

QSM1–4 is a commonly utilized MRI methodology for
mapping tissue susceptibility. Its application in disease
is highly promising for imaging changes in tissue iron,
calcium and myelin.5–8 Voxel-specific tissue magnetic sus-
ceptibility can be estimated from the gradient-recalled
echo (GE) signal phase. By assuming the slope of the
GE phase (the Larmor frequency shift Ω) relates to the
induced magnetic field of the magnetized tissue, the mag-
netic susceptibility can be estimated by inverting this
measured magnetic field offset as a simple Fourier space
product of the main-field induced magnetization with the
Lorentz-corrected dipole kernel9 𝚼. This relation holds
however in general only for isotropic media with scalar
susceptibility.

One of the shortcomings of the current QSM frame-
work is the neglect of mesoscopic field effects associated
with microstructure and anisotropic susceptibility. This
assumption is especially challenged in white matter (WM)
tissue, where field perturbations from WM axons have
been observed to depend on the orientation to the external
field.10–15

A measurable orientational dependence of the mag-
netic field – here termed magnetic anisotropy – may orig-
inate from different underlying length scales. On the
macroscopic scale, the overall sample shape gives rise
to an orientation dependent field–including the effect of
multiple tissue regions with different magnetic proper-
ties such as WM and gray matter. Such types of mag-
netic anisotropy are already considered in QSM or sus-
ceptibility tensor imaging16 (STI), which extends QSM
to a tensor valued susceptibility. A measured magnetic
anisotropy can also stem from microscopic field effects
far below the sampling resolution (sub-voxel). This natu-
rally occurs due to microscopic susceptibility anisotropy,
such as the alkyl chains in the myelin sheaths.17–19 How-
ever, anisotropy also arises in systems with only a scalar
susceptibility arranged in a microscopically anisotropic
structure. We refer to these two distinct origins of mag-
netic anisotropy as microscopic susceptibility anisotropy
and microscopic structural anisotropy, respectively, to sep-
arate from macroscopic effects. Note that macroscopic
strategies, such as STI, are affected by both micro- and
macroscopic magnetic anisotropy but cannot distinguish
between the two, as mesoscopic field effects are unac-
counted for in the STI framework. Wharton and Bowtell20

measured the frequency shift outside a fresh porcine optic
nerve, and estimated the contribution from the sample,
assumed to have both isotropic and anisotropic suscepti-
bility components, with high precision. They found that
the susceptibility anisotropy contributed around five times

less to the measured frequency shift than the isotropic sus-
ceptibility component. This suggests that a minimal exten-
sion to QSM that captures magnetic anisotropy should
incorporate mesoscopic field effects arising from structural
anisotropy but could neglect susceptibility anisotropy to a
first approximation. This would also account for the effects
of WM orientation dispersion, which can greatly affect
mesoscopic frequencies21 and constitute a substantial part
of the total Larmor frequency20 shift.

Recently, we outlined a framework describing the MRI
measured Larmor frequency shift ΩMRI(R).21 We investi-
gated microstructural effects for a population of long solid
cylinders with scalar susceptibility and arbitrary orien-
tation dispersion and found that the mesoscopic contri-
bution depends on l = 2 Laplace expansion coefficients,
p2m, of the fiber orientation distribution function (fODF).
These findings bridge the gap between fully parallel and
uniformly dispersed cylinders previously used to describe
microstructural field effects from cylinders,10–13 without
the need to assume a low volume fraction.10

Here we use this framework to address one of the
shortcomings of QSM, namely, the unaccounted for meso-
scopic frequency shifts, to present a minimal biophysi-
cal model of the MRI measurable Larmor frequency off-
set. We combine Larmor frequency measurements with
fODF information (p2m) obtained by fiber ball imag-
ing22 (FBI) diffusion MRI (dMRI). This enables estima-
tion of the voxel-averaged (bulk) scalar magnetic sus-
ceptibility of our model that includes orientation depen-
dent mesoscopic frequency shifts in WM but without
the need for imaging at multiple sample orientations.
This is different to previous studies23,24 using informa-
tion from DTI25 to estimate the orientation of the STI
susceptibility tensors, which neglected any form of struc-
tural anisotropy and mesoscopic frequency shifts. To our
knowledge, only one previous study15 has included a
mesoscopic frequency shift from axially symmetric WM
axons with scalar susceptibility to QSM, where the fit-
ted susceptibility from the standard QSM-part reflected
the total bulk scalar susceptibility from WM myelin, iron
etc. Estimating both parameters required sample rota-
tions and the orientation dependence was approximated
by the primary eigenvector of the DTI diffusion ten-
sor. Corrections due to the local frequency shift from
chemical exchange has also been considered previously26

in QSM.
Here we use the estimated fODF to determine a WM

specific local mesoscopic contribution to the MRI Lar-
mor frequency, representing a novel contrast based on
combined information from susceptibility and fODF. We
argue that this model captures the predominant effects
contributing to the measured Larmor frequency shift,
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SANDGAARD et al. 701

equivalent to making the following three approximations
(P1–P3), which we justify in the Theory section:

P1) Magnetic anisotropy of myelin is mainly caused by
microscopic structural anisotropy with the magnetic
susceptibility approximated as a scalar.

P2) The variance in the voxel-wise bulk susceptibilities
of iron in highly structurally anisotropic WM is less
than the variance in bulk susceptibility of myelin.

P3) Additional exchange-related frequency effects in
myelin water are subdominant to the total measured
Larmor frequency related to susceptibility.

For this, we extend our model21 for solid cylinders
to multi-layered cylinders to describe the mesoscopic fre-
quency shifts from the WM microstructure with approxi-
mately scalar susceptibility.

Here, we investigate the parameter accuracy of QSM
compared to our new framework by constructing a digi-
tal susceptibility brain phantom from dMRI images that
includes both isotopic and anisotropic susceptibility of
WM, and an iron-related scalar susceptibility in both WM
and gray matter (GM). We find that our model improves
fitting over QSM as long as the variance of myelin bulk
susceptibility is greater than that of bulk WM iron sus-
ceptibility. This is also true when the absolute mean of
bulk WM iron is lower than the myelin bulk susceptibil-
ity. We further simulate the frequency shift acquired at
multiple sample directions, where frequency shifts from
WM susceptibility anisotropy are turned on or off. By
applying STI,16,27,28 we investigate the fitted tensor suscep-
tibility originating exclusively from unaccounted meso-
scopic frequency shifts from the WM microstructure with
only scalar susceptibility. This reveals a major bias in the
apparent susceptibility tensor from microscopic structural
anisotropy, which turns out to be much greater than the
effect from actual susceptibility anisotropy (microscopic
and macroscopic). Last, we apply our model framework
for the frequency shift ΩMRI(R) to experimental MGE and
dMRI data obtained in ex vivo mouse brain. We esti-
mate the voxel averaged Larmor frequency, and show that
mesoscopic frequency shifts can be of the same order of
magnitude to the measured frequency shift, and change
susceptibility estimation in highly structural anisotropic
WM.

2 THEORY

We start by outlining the considered system, along with
a brief summary of the framework for the MRI measured
position-dependent Larmor frequency21 ΩMRI(R) based on

the principle of coarse graining and by using a meso-
scopic Lorentz sphere construction.29–32 Then we extend
our solution for the Larmor frequency from infinite solid
cylinders with arbitrary orientation dispersion to include
multilayer cylinders as shown in Figure 2.

2.1 System of consideration

We describe the macroscopic sample of volume V as a
porous medium consisting of impermeable microscopic
magnetic inclusions, for example, myelin lipid bilayers.
The spatial organization of the inclusions is represented by
the microscopic indicator function v(r), which is 1 inside
inclusions and 0 otherwise. This defines the microstructure
(depicted as cylinders in Figure 1D). We assume inclu-
sions are dia- or paramagnetic, and uniformly magnetized
along the applied field B0 = B0̂B, where ̂B is a unit vector
(as are all hatted vectors in what follows). The magnetiza-
tion is described by a microscopic magnetic susceptibility
𝝌(r) ∝ v(r) being on the order of ppm and given relative to
the susceptibility of water (see Supporting Information S1
for a detailed description of referencing).

2.2 Modeling a population
of multilayered cylinders

The MRI measured Larmor frequency shift ΩMRI(t;R) of
the gradient-echo signal S(t;R) is perturbed by local mag-
netic field variations induced by the tissue. Here R denotes
the center of the voxel, t the echo time (TE), and the bar
denotes averaging on the sub-voxel mesoscopic scale. As
shown in previous studies,21,30,31,33 ΩMRI(R) can be decom-
posed into two contributions depending on the distance to
R and t (in the absence of background sources).

ΩMRI(t;R) = Ω
Meso

(t;R) + Ω
Macro

(R) + ΩRef(R) (1)

whereΩ
Macro

(R) captures the time independent frequency
induced by distant sources on the macroscale (Figure 1C)
and depends on the sample shape,

Ω
Macro

(R) = 𝛾B0̂B
T∑

R′

𝚼
(
R − R′)

𝜒

(
R′)

̂B (2)

where 𝚼
(
R − R′) is the voxel-averaged dipole kernel cen-

tered at every sampling position R′
. ΩRef(R) defines the

frequency offset21 at R from the chosen reference suscep-
tibility and is removed upon background field removal.34

The dipole field is denoted 𝚼 to underscore its relation to
l= 2 spherical harmonics Ym

2 and the symmetric trace-free
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702 SANDGAARD et al.

F I G U R E 1 Model of the MRI Larmor frequency. (A): Myelin-stained coronal slice of mouse brain. (B): The MRI measured Larmor
frequency ΩMRI(R), coarse grained on the mesoscopic scale and sampled at discrete points R. Sampling is described by the
point-spread-function (PSF), here shown as a blue sinc-function, whose width is macroscopic. For a slowly varying magnetic microstructure,
ΩMRI(R) can be approximated by the following two contributions: (C) The macroscopic contribution approximated at the scale of the
sampling resolution capturing contributions at macroscopic distances; and (D) the contribution from nearby magnetic microstructure within
a mesoscopic Lorentz sphere. The latter contains here randomly placed multi-layered cylinders, one of which is depicted in (E). Mouse brain
image is reproduced from © 2011 Allen Institute for Brain Science, Allen Mouse Brain Connectivity Atlas, https://connectivity.brain-map.org.

tensors (STF)𝓨2m corresponding to an irreducible rank-2
representation of SO(3).35 Supporting Information S1 (see
Figure S1) explains this referencing in more detail, includ-
ing a simulation demonstrating the removal of ΩRef(R).
Ω

Meso
(t;R) is a time dependent frequency offset induced

by explicit magnetic microstructure in the mesoscopic
vicinity of R (Figure 1D).36 When S(t;R) is measured in
either the static dephasing regime or diffusion narrow-
ing regime,37 Ω

Meso
(t;R) = Ω

Meso
(R) + 𝒪(t) is a power law

series in time, where the time independent termΩ
Meso

(R)t
approximates the first signal cumulant for weak dephas-
ing. This result is also valid for non-exchanging compart-
ments in the weak static dephasing and diffusion narrow-
ing regime. The first cumulant is convenient as it describes
the mean frequency sampled by the point-spread-function.
Assuming that the magnetic microstructure varies slowly
compared to the imaging resolution, with a locally uniform
scalar magnetic susceptibility (as shown in Figure 1A),

Ω
Meso

(R) ≈ 𝛾B0̂B
T

L(R)̂B, (Slowly varying microstructure).
(3)

Here L(R) is the mesoscopic Lorentzian tensor.13,21,33 For
uniform susceptibility L(R) = −𝜒(R)N(R) where N(R) is
a mesoscopic demagnetization tensor21 depending only
on structural correlations near R, and 𝜒(R) is the local
magnetic susceptibility of cylinders. We previously derived
N(R) for a population of solid long cylinders exhibit-
ing arbitrary orientation dispersion.21 In WM fibers,

water resides not only outside cylinders, but also in the
intra-axonal space and myelin bilayers. In Supporting
Information S2 we extend our cylinder model to include
multilayer cylinders (as shown in Figure 2) and show that
N(R) is in fact identical to the result for solid cylinders.
This means that the mean Larmor frequency in any water
compartment is indistinguishable from that in any other
for this magnetic microstructure. The model-specific MRI
Larmor frequency ΩMRI(R), Eq. (1), finally becomes

ΩMRI(R) = 𝛾B0

(
−𝜒(R)1

3

2∑

m=-2
p2m(R)Y2m(̂B)MWM(R)

+̂B
T∑

R′

𝚼
(
R − R′)

𝜒

(
R′)

̂B

)
+ ΩRef(R). (4)

The first term in Eq. (4) isΩ
Meso

(R).Here 𝜒(R) defines
the mesoscopically averaged (bulk) magnetic susceptibil-
ity, MWM(R) is a binary mask of WM (not to be mistaken
for the magnetization). The orientation dependence is cap-
tured by the l = 2 Laplace expansion coefficients p2m(R)
of the fODF measurable with dMRI,22,38,39 and Y2m is the
l = 2 spherical harmonics. Eq. (4) differs from the conven-
tional QSM by the presence of a mesoscopic contribution
from local magnetic microstructure,13,21,33 and by using a
voxel averaged dipole field 𝚼 as opposed to the elemen-
tary field4𝚼. We have previously shown with simulations21

that both can have a substantial effect on estimating Lar-
mor frequencies.
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SANDGAARD et al. 703

F I G U R E 2 Structural model of the WM mesoscopic environment: Each fiber is modelled as M concentric cylinders of radii r
𝑗

to R
𝑗

(small/capital letters indicate inner/outer radii) with 𝑗 = 1, … ,M. The cross-sectional volume fraction of the m’th fiber is
𝜁m = 𝜋

∑
𝑗

(
R2
𝑗

− r2
𝑗

)
. The mesoscopic environment consists of N fibers with overall cross-sectional volume fraction 𝜁 =

∑
m 𝜁m and a given

orientation dispersion assumed to be independent of fiber positions and radii. Cylinders are impermeable with water uniformly distributed
intra- and extra-cylindrical, and in between bilayers.

2.3 Frequency contributions from WM
susceptibility anisotropy

The microscopic susceptibility tensor 𝛘 for a single lipid
pointing along û constituting the myelin sheet of a multi-
layer cylinder with axial direction n̂ is

𝛘 =
(
𝜒 − 1

3
Δ𝜒

)
I + Δ𝜒ûûT (5)

whereΔ𝜒 defines the susceptibility anisotropy along û and
𝜒 = Tr[𝛘]∕3 is a third of the trace.

Averaging over lipids and cylinders (denoted by ⟨⋅⟩),
the bulk magnetic susceptibility 𝛘 of many multilayer
cylinders with arbitrary orientations is

𝛘 = 𝜁⟨𝛘⟩ = 𝜁
(
𝜒I −

Δ𝜒
2

(
T− 1

3
I
))

=

(
𝜒I −

Δ𝜒
3

2∑

m=-2
p2m𝓨2m

)

(6)

where 𝜁 is the volume fraction of the cylinders. Here we
utilized the axial symmetry of the lipids for each multi-
layer cylinder and

⟨
ûûT

⟩
= 1

2
(I − T), where T =

⟨
n̂n̂T

⟩

is the scatter matrix.40 Using the relation n̂n̂T = 1∕3I +
8𝜋∕15

∑2
m=−2𝓨2mYm

2 (n̂), where 𝓨2m are the symmetric
trace-free tensors (STF) corresponding to an irreducible
rank-2 representation of SO(3),35 and representing ⟨⋅⟩ as
an integral with the fODF,21 the scatter matrix T could be
rewritten in terms of p2m, the Laplace expansion coeffi-
cients of the fODF T = 1∕3I + 8𝜋∕15

∑2
m=−2𝓨2mp2m, lead-

ing to the last equality in Eq. (6).
The macroscopic contribution Ω

Macro
𝛥𝜒

(R), Eq. (2), due
to non-zero Δ𝜒 is thus

Ω
Macro
Δ𝜒 (R) = −1

3
̂B

T∑

R′

𝚼
(
R − R′)Δ𝜒

(
R′)MWM(R′)

×
2∑

m=-2
p2m

(
R′)𝓨2m

̂B (7)

Eq. (7) gives an explicit description of the dependence
of the macroscopic frequency shift on fiber orientation
through p2m and susceptibility anisotropy through Δ𝜒 .
The mesoscopic contributionΩ

Meso
χ (R) from 𝜒 is found by

extending our previous model21 to multilayer cylinders,
cf. Eq. (4). However, no analytical results for the meso-
scopic contribution Ω

Meso
Δ𝜒 (R) from orientationally dis-

persed multilayer cylinders with susceptibility anisotropy
𝛥𝜒 exist. However, as described in previous work,21 it
is given by a Lorentzian tensor LΔ𝜒 which depends on
a cross-correlation tensor 𝚪v𝛥𝜒 between the reporting
NMR-visible fluid and the anisotropic susceptibility.

2.4 Minimal model framework
for susceptibility estimation

It is well known that WM myelin includes susceptibil-
ity anisotropy due to lipid chains,17–19 but also contribu-
tions from other sources such as iron.41,42 In addition, a
high frequency shift in myelin water is usually ascribed to
exchange.12,13,43–45 Estimating all parameters is a daunting
task, especially when mesoscopic frequency shifts must be
accounted for, and would generally require active sample
rotations, which might not be clinically feasible.

In the pursuit of rotation-free susceptibility estima-
tion, we propose Eq. (4) as a minimal biophysical model
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704 SANDGAARD et al.

framework to account only for major susceptibility sources
in each voxel. This model includes the mesoscopic
frequency shifts from the WM microstructure albeit
with scalar susceptibility, and thus neglects susceptibility
anisotropy (P1) – just like QSM. Neglecting WM suscepti-
bility anisotropy as a first approximation can be justified by
a previous study20 estimating the magnitude ratio between
the isotropic and anisotropic parts of WM susceptibility to
be around 5:1 with high precision. WM iron, in the region
of MWM where we explicitly model susceptibility sources as
myelin, is assumed to be uniformly distributed (P2). This
is justified when the mean magnitude in bulk suscepti-
bility of WM iron is lower than the bulk susceptibility of
WM myelin, or when the variance in bulk susceptibility of
WM iron is subdominant compared to the variance in bulk
susceptibility of WM myelin susceptibility41 (see simula-
tion, cf. Figure 5). As shown in Section 1 in the Supporting
Information (S1), we can then neglect WM iron suscepti-
bility in ΩMRI(R), as it re-appears in ΩRef(R) and as a shift
in susceptibility in GM and CSF. Then, after estimating
the susceptibility and referencing it to the found CSF sus-
ceptibility, WM susceptibility represents a sum over iron
and myelin bulk susceptibility referenced to CSF. The con-
tribution from myelin water (P3) can be disregarded by
exploiting its very fast relaxation rate,46 that is, by estimat-
ing the Larmor frequency only at TEs much greater than
its relaxation time.

Next, we investigate these assumptions and the param-
eter accuracy of our framework compared to QSM.

3 METHODS

3.1 Ex vivo brain imaging

All animal experiments were preapproved by the compe-
tent institutional and national authorities and carried out
according to European Directive 2010/63.

3.1.1 Animal preparation

Animal experiments were performed on a perfusion-fixed
C57BI6 mouse brain. Briefly, a mouse was euthanized
prior to the experiment with pentobarbital, transcardially
perfused with phosphate-buffered saline (PBS) followed
by a 4% paraformaldehyde (PFA) solution. The brain was
then extracted and stored in 4% PFA for about a week in a
fridge at 4◦C, and 37◦ 1 day prior to imaging so the brain
could reach thermal equilibrium with the scanner room.
Before imaging, the brain was washed with PBS to mini-
mize relaxation-effects induced by the fixative.47 The brain

was subsequently placed axially in a 10 mm NMR tube and
filled with Fluorinert (Sigma Aldrich, Lisbon, Portugal).

3.1.2 MRI experiments

Experiments were performed on a 16.4T Bruker Ascend
Aeon (Bruker, Karlsruhe, Germany) interfaced with an
Avance IIIHD console and a 10 mm Micro5 probe
equipped with gradients capable of delivering up to 3T/m
in all directions. Remmi sequences (Remmi) were used
to acquire 3D gradient-recalled multi-echo images (MGE)
and 3D dMRI images. For all acquisitions, repetition
time was kept at 20 ms, flip angle at 20◦, and band-
width of 150 kHz. The FOV for these 3D acquisitions was
10.2× 17.0× 10.2 mm3, matrix size 102× 170× 102, which
resulted in an isotropic resolution of (100 μm)3. For MGE,
the TEs were 1.75, 3.5,… , 17.50 ms, while dMRI was
acquired at 11, 12.55,… , 19.75 ms. Two experiments with
four averages were acquired for the MGE leading to an
SNR in WM up to 40 and 45 in GM. dMRI was acquired
with b-values ranging from 1 to 3 ms/μm2, with 30 direc-
tions (exp1). In another experiment with identical acqui-
sition parameters, the diffusion parameters were set to
b= 5 ms/μm2 and 10 ms/μm2 along 75 directions (exp2).
One average was performed for dMRI experiments leading
to an SNR in WM up to 15 and 5 in GM for b= 5 ms/μm2,
and 10 in WM and 2 in GM for b= 10 ms/μm2. Diffu-
sion times for all dMRI experiments were 𝛿∕𝛥 =3/6 ms.
The sample was kept at 37◦C constantly during acquisi-
tion. Acquisition time was 2 h for MGE and 53 h for dMRI,
where the sample should retain its tissue structure. No
histology was performed after imaging.

3.1.3 Data processing

Data processing was done in Matlab (The MathWorks, Nat-
ick, MA, USA). All complex MRI images were denoised
using tensor MP-PCA48,49 with a window size of [7 7 7], and
subsequently Gibbs-unrung50 using the complex denoised
images.

3.1.4 MGE pipeline

The complex signal phase was fitted to a linear function
𝜙(t) =

[
ΩMRI + ΩBgf + ΩRef

]
t + 𝜙0 based on the TEs above

20 ms, where 𝜙0 accounts for unwanted B1 effects. The
frequency ΩMRI + ΩBgf + ΩRef was then unwrapped using
SEGUE,51 and the Laplacian Boundary Value method52

(LBV) was utilized for removing ΩBgf + ΩRef. Figure S2 in
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SANDGAARD et al. 705

the supporting material gives an overview of the MGE
pipeline showing both raw images, and the different pro-
cessing steps for the phase.

3.1.5 dMRI pipeline

Figure S3 in the supporting material gives an overview
of the dMRI pipeline. We averaged the dMRI across all
TEs using singular value decomposition (SVD), to extract
the diffusion-weighted signal component. After this we
used the signal magnitude for fODF fitting. Due to sam-
ple drift between acquiring dMRI and MGE signals, a rigid
co-registration of the dMRI signal to the MGE signal was
necessary to align the fODF with the MGE signal.

3.1.6 DKI and fODF fitting algorithms

We estimated mean diffusivity (MD) and fractional
anisotropy (FA) by fitting exp1 data to the Diffusion Kurto-
sis Imaging53,54 (DKI) signal expression. The fODF Laplace
coefficients plm were estimated from exp2 data using
FBI,22 which is based on the “Standard Model” of diffusion
in WM38 (SM) and assumes the extra-axonal water signal
is negligible for high gradients. We set the intra-axonal dif-
fusivity to 2 μm2/ms. However, the effect of using a lower
diffusivity on the fODF is small.22 We used lmax = 6 for all
methods.

3.1.7 Susceptibility fitting algorithms

Susceptibility fitting was done using an iterative linear
least squares algorithm (LSMR).55 When fitting ex vivo
images, where no ground truth is available, we regularized
the LSMR algorithms by selecting the number of itera-
tions that maximized curvature of the L-curve,56,57 which
depicts the trade-off between the least squares norm and
the norm of the solution. Susceptibility was referenced
to the PBS fluid in the lateral and third ventricles (see
Supporting Information S2 for more on referencing).

Three different frequency models were considered in
this study:

• MACRO 𝜒QSM:

argmin
𝜒QSM

‖‖‖‖
ΩMRI(R) − 𝛾B0MBrain(R)̂B

T ∑
R′𝚼

(
R − R′)

𝜒QSM
(
R′)

̂B‖‖‖2

(8)

where 𝜒QSM denotes the susceptibility fit without meso-

scopic contribution (i.e.,Ω
Meso

(R) = 0) and corresponds to

standard QSM. Notice that we here used the elementary
dipole field9 𝚼

(
R − R′) (no bars). MBrain(R) is the sample

mask (not magnetization) enforcing the spatial distribu-
tion of measurements inside the brain.58

• MESO+MACRO 𝜒QSM+:

argmin
𝜒QSM+

‖‖‖ΩMRI(R) − 𝛾B0MBrain(R)

×

(
−1

3

2∑

m=−2
p2m(R)Y2m(̂B)MWM(R)𝜒QSM+(R)

+̂B
T ∑

R′

𝚼
(
R − R′)

𝜒QSM+
(
R′)

̂B

)‖‖‖‖‖‖2

(9)

where 𝜒QSM+ denotes susceptibility fit proposed here and
includes mesoscopic contribution estimated using the p2m
of the fODF, as well as the voxel-averaged dipole field
𝚼. Here MWM(R) is a WM mask based on the FA of the
scatter matrix generated from the fODF threshold at 0.45.
When p2m are known from independent data prior to sus-
ceptibility fitting, only a single degree of freedom remains
to be determined in each voxel, namely 𝜒QSM+, just as
in QSM.

• STI 𝝌STI:

argmin𝝌STI

‖‖‖‖‖‖

∑

̂B

{
ΩMRI(R;̂B) − 𝛾B0MBrain(R)̂B

T

×
∑

R′𝚼
(
R − R′)

𝝌STI
(
R′)

̂B
} ‖‖‖‖2

(10)

where 𝝌STI denotes susceptibility fitting using STI. As for
QSM, it is a purely macroscopic model, with the only dif-
ference being that now we fit a rank-2 susceptibility tensor
using multiple sample (or ̂B) orientations.

3.1.8 MRI experiment with multiple
sample orientations

In Supporting Information S4 we have included an MRI
experiment on an ex vivo rat brain at 9.4T. Here, MGE
was acquired at five different sample orientations and
dMRI at one orientation. Acquisition parameters are
described in S4, with imaging and data processing sim-
ilar to the mouse brain. Susceptibility fitting was done
using Eqs. (8) and (9) for each sample orientation,
and including all orientations at once corresponding to
COSMOS59 with and without incorporating mesoscopic
frequency shifts.
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706 SANDGAARD et al.

F I G U R E 3 Susceptibility phantom: Synthesized magnetic susceptibility of WM and spheres (iron). WM mask MWM(phantom) is
generated from a high FA mask with a threshold of 0.4. For fitting we used an FA mask MWM with a threshold of 0.45 to emulate an
unsuccessful estimation of the total mesoscopic contribution. This is here demonstrated by their sum to show their overlap.

3.2 Digital brain phantom simulation

We tested the accuracy in susceptibility fitting of the
two models (QSM vs. QSM+) on a digital phantom (cf.
Figure 3) with piece-wise constant susceptibility based
on the FA and MD maps. The phantom includes both
anisotropic myelin susceptibility and iron sources. We seg-
mented the brain into WM and GM by creating a binary
mask MWM(R) from high FA regions of the fODF scatter
matrix threshold at 0.35. Notice this is lower than used in
the fitting algorithm to emulate an unsuccessful segmen-
tation of WM when fitting. From these, we synthesized
four orientation invariant susceptibility parameters and
computed their frequency contributions.

Δ𝜒(R) = −1 ⋅ FA(R) ⋅MWM(R) → Ω
Meso
Δ𝜒 (R) + Ω

Macro
Δ𝜒 (R)

𝜒(R) = 5 ⋅ FA(R) ⋅MWM(R) → Ω
Meso
𝜒

(R) + Ω
Macro
𝜒

(R)

𝜒

S
WM(R) = 𝜒

S
WM ⋅MD(R) ⋅MWM(R) → Ω

Macro
𝜒

S
WM

(R)

𝜒

S
GM(R) = 𝜒

S
GM ⋅MD(R) ⋅

(
1 −MWM(R)

)
→ Ω

Macro
𝜒

S
GM

(R).
(11)

The sum of all frequencies defines the ground truth
ΩMRI(R) of the phantom, assuming the reference fre-
quency ΩRef(R) has been removed and no background
fields were present. The ratio 𝜒∕Δ𝜒 between the two WM
susceptibilities is based on previous findings,20 while 𝜒S

WM
and 𝜒S

GM enable us to vary ratios of spherical susceptibility
compared to WM. We assume mesoscopic contributions
from spheres to be uniformly distributed in each voxel, so
their mesoscopic contribution is zero. Ω

Macro
𝜒

S
GM

(R) is com-

puted like Ω
Macro
𝜒

(R) in the second term of Eq. (4).
Due to the absence of an analytical result for Ω

Meso
Δ𝜒 ,

we simulated the Lorentzian tensor LΔ𝜒 for uniformly

dispersed cylinders up to a cut-off angle 𝜃c, as done
in a similar manner in our previous study21 (cylinder
configurations can be seen in Figure S4 in Support-
ing Information). Randomly positioned, non-overlapping
single-layered cylinders, with a ratio between inner and
outer radii of 0.6, are packed with a volume fraction of
15%. Their radii are varied following a gamma distribu-
tion (see Figure S4). To compute a mesoscopic contribu-
tion Ω

Meso
Δ𝜒 (R) in our phantom, we used the major fiber

direction of the fODF along with its dispersion angle
𝜃p2

60 to define a new axially symmetric and cone shaped
fODF with cut-off angle 𝜃p2. We then used our simu-
lation as a look-up table to estimate Ω

Meso
Δ𝜒 (R). To treat

the Ω
Meso
𝜒

(R) and Ω
Meso
Δ𝜒 (R) on equal footing, we used the

same cone shaped fODF to compute their mesoscopic
contributions.

Three phantoms of increasing complexity were inves-
tigated with different combinations of susceptibility. The
three ground truths (GT) are shown in Figure 5 while the
titles indicate the added sources. We generated the cor-
responding frequency shift for each phantom and added
noise corresponding to an SNR= 50. We then estimated
the susceptibility using either Eqs. (8) or (9). We optimized
the LSMR fitting algorithm for each GT and Eqs. (8) or (9)
individually, by fitting with l2 (Tikhonov) regularization
ranging from 1 to 0.002 in 50 logarithmically distributed
steps. Through each iterative step in the LSMR algorithm,
we computed the RMS error (RMSE) between our fitted
susceptibility and the isotropic susceptibility sources of
the GT, normalized to the norm of isotropic susceptibility
sources.61 The solution used for further analysis was then
chosen based on the regularization and iteration step that
minimized the RMSE. This was done to ensure a fair com-
parison with minimal bias caused by the ill-posed nature
of the fitting problem. Upon fitting, the susceptibility maps
were referenced to CSF, which we defined as having zero
susceptibility.
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SANDGAARD et al. 707

3.2.1 STI phantom

We also synthesized an STI phantom including only
WM for simplicity. We computed the Larmor frequency
(including mesoscopic frequency contributions) at 21
unique sample orientations using electrostatic repulsion,62

both with and without susceptibility anisotropy, and then
performed STI to estimate an apparent susceptibility ten-
sor using Eq. (10). We then compared the two cases
in terms of their mean magnetic susceptibility MMS =
1
3
(𝜒1 + 𝜒2 + 𝜒3), susceptibility anisotropy index MSI =

|𝜒1 − 𝜒3| and color-coded MSI from the eigenvector of the
eigenvalue closest to zero.16,27

4 RESULTS

4.1 Digital brain phantom

Figure 4 shows the eigenvalues for the Lorentzian ten-
sor LΔ𝜒 from susceptibility anisotropy and isotropic sus-
ceptibility used to compute the mesoscopic frequency
shift. Figure 5A shows the resulting susceptibility fits for
all three phantoms with different susceptibility sources
along with the difference to ground truth. It is clear from
the residuals that WM is less biased for QSM+ com-
pared to QSM. Figure 5B shows the normalized RMSE
for all three phantoms for different ratios of variances
𝜎

2
(
𝜒

S
WM(GM)(R)

)
∕𝜎2(𝜒(R)) between the spherical and

cylindrical susceptibility in WM (variance within MWM).
Here we find that our constrained model has the low-
est RMSE if 𝜎2(𝜒(R)), associated with the bulk isotropic
axonal susceptibility, is greater than 𝜎

2
(
𝜒

S
WM(R)

)
of the

WM iron related susceptibility. The same was true when
the ratio between the mean magnitude susceptibilities⟨|||𝜒

S
WM(GM)(R)

|||
⟩
∕⟨|𝜒(R)|⟩was less than 1 (here ⟨⋅⟩ denotes

average across MWM). Figure S5 shows the optimal num-
ber of iterations and Tikhonov regularization for QSM and
QSM+. Here we find that QSM+ required more iterations
but much less regularization than QSM.

4.1.1 STI brain phantom

Figure 6 shows MMS, MSI, and color-coded MSI for the
phantom with and without WM susceptibility anisotropy
Δ𝜒 . MMS and MSI only change 10% and 12% RMSE,
when adding anisotropy. This shows that the mesoscopic
contribution of WM fibers with susceptibility 𝜒 are the
main source of anisotropy and not actual susceptibility
anisotropy.

F I G U R E 4 Simulation of the mesoscopic contribution from
different orientation distributions: Eigenvalues

(
𝜆

⊥

, 𝜆∥
)

of the
Lorentzian tensor from WM susceptibility L

𝜒

∕𝜒 and susceptibility
anisotropy L

𝛥𝜒

∕𝛥𝜒 are presented for various levels of dispersion set
by the maximum allowed polar angle 𝜃c. L

𝛥𝜒

∕𝛥𝜒 was simulated for
12 different dispersions, while L

𝜒

∕𝜒 is reproduced from previous
study.21 The black line shows the interpolation of the data to a
second order polynomial, which was used as a look-up table for
computing the mesoscopic frequency shifts from different fiber
directions. The depicted perpendicular eigenvalue is the mean of
the two perpendicular eigenvalues.

4.2 Ex vivo brain imaging

4.2.1 Magnetic susceptibility 𝜒

Figure 7 shows the susceptibility maps from two different
coronal slices of the mouse brain (Sagittal and horizontal
slices can be seen in Figures S6 and S7, respectively). The
last two rows show the susceptibility difference 𝛿𝜒 of𝜒QSM
compared to 𝜒QSM+ with the fODF estimated from FBI at
different b-values. We observed increased hyperintensity
in highly anisotropic WM parallel to the main field such
as the anterior commissure. Here we found a mean bulk
WM susceptibility and SD to be around−98± 10 ppb (com-
pared to−75± 8 when mesoscopic contributions from WM
are not included), which is closer to previous findings14,20

than QSM.

4.2.2 Larmor frequency contributions

The macroscopic and mesoscopic contributions to the Lar-
mor frequency were calculated using the forward relation
in Eq. (3) with the estimated susceptibility and p2m of the
fODF as input. The result is shown in Figure 8. Figure 8A,
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708 SANDGAARD et al.

F I G U R E 5 Fitting with and without adding mesoscopic frequency shifts: Three different phantoms considered with different
susceptibility contributions (as shown in titles). 𝜒 is the white matter (WM) axon susceptibility, while 𝜒S

WM and 𝜒S
GM is the spherical

susceptibility in WM and gray matter (GM), respectively. (A) The first row shows the ground truth susceptibility for each of the three
phantoms. Middle row shows fitting without adding mesoscopic contributions (QSM), while the bottom row shows fitting with (QSM+).
Differences from ground truth are shown in the adjoining columns. SNR here is 50 with a 3/5 ratio between 𝜎2(𝜒) and 𝜎2

(
𝜒

S
WM

)
. (B) shows

bar plot of normalized (compared to isotropic susceptibility of ground truth) RMSE referenced to CSF. The x-axis shows various ratios in
variance where 1/5–3/5 are WM plausible, while the remaining are GM/thalamus plausible. When 𝜎2(𝜒) is greater or comparable with
𝜎

2
(
𝜒

S
WM

)
, the lowest RMSE is achieved including mesoscopic frequency shifts to the model, even though it neglects the spatial heterogeneity

of 𝜒S
WM and WM susceptibility anisotropy.

clearly show that the mesoscopic contribution is non-zero
in white-matter regions, and when the field is parallel to
the axon, it is positive and opposite in sign to the macro-
scopic contribution, as expected from theory. Figure 8B
shows a 3D maximum intensity projection of ΩMRI, Ω

Meso

and Ω
Macro

(at b= 10 ms/μm2). This demonstrates that
Ω

Meso
provides a novel contrast by combining information

of both p2m and 𝜒 .

4.2.3 MRI experiment with multiple
sample orientations

In Supporting Information S4, we show that the suscep-
tibility obtained from COSMOS (cf. Figures S8 and S9)
including mesoscopic frequency shifts produces slightly
lower residuals with visually less structural bias in com-
parison to conventional COSMOS. We also find that WM
susceptibility becomes more negative by the mesoscopic
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SANDGAARD et al. 709

F I G U R E 6 Tensor eigenvalues of susceptibility tensor
imaging (STI) phantom: Fitting results from applying STI to the
measured Larmor frequency (Eq. 10) of a digital phantom sampled
at 21 orientations, including both mesoscopic and macroscopic
frequency shifts. The upper panel shows fitting the phantom with
susceptibility anisotropy, while the bottom panel has no
susceptibility anisotropy. Both phantoms include structural
anisotropy due to the mesoscopic contribution. Comparing the
mean magnetic susceptibility (MMS), anisotropy (MSI), and
color-coded MSI using the eigenvector of the most positive
susceptibility eigenvalue, we find that the source of anisotropy and
tractography contrast stems not from susceptibility anisotropy, but
rather a bias from pure structural anisotropy from the mesoscopic
contribution with scalar susceptibility 𝜒 .

correction, in agreement with the effect observed on the
single orientation fit of the mouse brain (cf. Figure 7). For
the single orientation susceptibility fits, we observed only
a small improvement in the residuals (cf. Figure S10).

5 DISCUSSION

5.1 Incorporation mesoscopic field
effects into QSM

Estimating magnetic susceptibility is challenging for many
reasons. In particular, the MRI measured Larmor fre-
quency shift ΩMRI depends on the local organization of
magnetized tissue at the mesoscopic scale. This contri-
bution has so far not been included in standard quan-
titative susceptibility (QSM) models, but can potentially
be responsible for a frequency shift on the same order of
magnitude as the contribution from neighboring voxels,
the only contribution considered in QSM.21 In fact, this is
why the average field outside long parallel randomly posi-
tioned cylinders in a cylindrical container is zero as the
mesoscopic frequency shifts are equal to and opposite the
macroscopic frequency contributions.

5.1.1 Minimal magnetic microstructure
model

The purpose of this study was to develop a minimal model
framework for the measured Larmor frequency when sam-
pling at multiple orientations is not feasible. Our model
includes frequency shifts from the WM microstructure
with microscopic isotropic susceptibility and structurally
isotropic sources with isotropic susceptibility in gray mat-
ter. In reality, WM voxel contains multiple sources, for
example highly aligned myelinated axons and non-heme
iron.63 However, our model offers an improvement in sus-
ceptibility estimation compared to QSM as long the vari-
ance or the mean magnitude in bulk susceptibility of, for
example, WM iron is lower than for the isotropic bulk sus-
ceptibility of myelin–no matter if susceptibility anisotropy
is present or not (see simulation in Figure 5).

5.1.2 Future extensions of the biophysical
model

A reasonable next step will be to analytically include
mesoscopic frequency contributions from microscopic
WM susceptibility anisotropy to extend our model frame-
work. Estimating model parameters for such a model
requires sampling at multiple orientations. While our
model includes myelin water (MW), evidence43,44,64 sug-
gests a large frequency shift in MW that goes beyond
our proposed susceptibility model. For that reason, we
assumed MW to be fully relaxed. This is a reasonable
assumption since we only considered the signal phase at
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710 SANDGAARD et al.

F I G U R E 7 Susceptibility maps of
mouse brain at 100 μm isotropic
resolution: Coronal slices from the
medial and anterior parts of the brain
are shown. 𝜒QSM corresponds to zero
mesoscopic contribution (analogous to
quantitative susceptibility mapping
[QSM]), and 𝜒QSM+ corresponds to a
non-zero mesoscopic contribution
calculated using this method. Largest
differences are visible near the
cingulum and corpus callosum (green),
cerebral peduncle (light blue), and
anterior commissure olfactory limb
(red) and mammalithalamic tract (dark
blue).

(A)

(B)

F I G U R E 8 Macroscopic and
mesoscopic Larmor frequencies (using
𝜒QSM+ at b= 10 ms/μm2): (A) The
frequencies are calculated using the
forward relation in Eq. (3). The biggest
mesoscopic contributions to the Larmor
frequency are found in regions of
highly anisotropic white matter. This is
especially visible near the cingulum
and corpus callosum (green), cerebral
peduncle (light blue), and anterior
commissure olfactory limb (red) and
mammalithalamic tract (dark blue). (B)
Horizontal 3D rendition of mesoscopic
frequency Ω

Meso
at b= 10 ms/μm2 based

on the maximum intensity projection.

TEs above 20 ms, where MW should be absent at 16.4T
due to its fast relaxation rate. Different mechanisms have
been proposed to explain this observation,45,65,66 and we
aim to investigate it in the future in order to include
MW in our model. Additional frequency shifts from var-
ious randomly oriented magnetic inclusions with scalar

susceptibilities, for example, to model the effect of iron,
will also be considered in the future. Modelling the sig-
nal relaxation within the same biophysical picture can
also add additional information, which could be used to
include for example, an iron-related susceptibility without
sample rotations.67
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SANDGAARD et al. 711

5.2 Limitations

5.2.1 Susceptibility and frequency
contributions

We estimated the bulk scalar magnetic susceptibility of
an ex vivo mouse with and without including mesoscopic
frequency contributions from WM (Figure 7). The suscep-
tibility maps revealed noticeable differences in contrast
and large quantitative differences. In the anterior commis-
sure, the RMS difference in 𝜒 was 25%, when mesoscopic
contributions from WM are not considered. A similar sus-
ceptibility difference was observed in an ex vivo rat brain
(Figures S8–S10 Supporting Information S4) where we
included multiple sample orientations in the susceptibility
fit. This underscores the impact of including microstruc-
tural field effects when quantifying magnetic susceptibil-
ity, even without including tensor 𝛘. However, it is impor-
tant to understand these mechanisms better in the future,
before attempting to achieve robust susceptibility estima-
tions and resolve multiple types of inclusions in a single
voxel.

While our model only includes a single degree of free-
dom, we found that the ill-posed nature associated with the
dipole field eroded the effect of the mesoscopic frequency
shift. This was evident when comparing single orienta-
tion fits with a multi orientation fit (See Figures S8–S10
in Supporting Information S4). Here we found that the
iterative LSMR algorithm used required many iterations
(on the order of 100 iterations without any regulariza-
tion due to having multiple orientations) in order for the
residuals to be lower when incorporating the mesoscopic
correction in WM. For the single orientation fits on the
rat brain, we observed that the noise corrupted the fit
after around 5–10 iterations, when no regularization was
included. When including an l2 Tikhonov regularization,
a higher number of iterations could be reached, but at
the expense of a larger bias in susceptibility values and
in the residuals in Larmor frequency–especially in WM
where the susceptibility was highest, ultimately eroding
the improvement by the mesoscopic correction. Hence,
while our model only includes one degree of freedom, it
still benefits from acquiring images at multiple sample ori-
entations to make the inverse problem better posed, or
by using better fitting algorithms with more sophisticated
regularization schemes than Tikhonov regularization.

Nevertheless, while our WM model is simple com-
pared to actual magnetic tissue microstructure, we believe
the model’s apparent susceptibility gives an important
first insight into the relationship between mesoscopic and
macroscopic frequency contributions in real data.

5.2.2 fODF

The fODF was estimated by doing spherical decomposi-
tion of the dMRI signal at high b using FBI.22 As a flavor
of the Standard Model of diffusion in white matter38 (SM),
it models WM axons similarly to our proposed WM axon
model. In comparison to DTI-derived metrics, such as
FA and the primary diffusion eigenvector which describe
the diffusive dispersion from both intra- and extra-axonal
diffusion anisotropy, SM-derived methods estimating
the fODF allows estimating the actual fiber orientation
dispersion.

SM considers dispersion between bundles of parallel
axons, while our susceptibility model considers dispersion
between individual fibers. Nevertheless, our model is con-
sistent with the axon configuration in SM, since bundles of
randomly positioned parallel cylinders does not give rise
to any additional frequency shift.21

Even though misestimation of the fODF will bias sus-
ceptibility estimates, only the l= 2 expansion coefficients,
p2m, of the fODF are necessary to estimate the mesoscopic
frequency shifts. These are typically rather robust against
noise, and with less variation across different diffusion
times.68

It took around 53 h to acquire dMRI signals used for
fODF estimation. While this is far beyond a reasonable
timeframe in a clinical setting, a normal FBI protocol
could be done in around 10 min on a clinical scanner.69

Hence, QSM+ could be performed in around 12 min at
2 mm isotropic resolution in vivo. The large scan time
here was chosen to achieve ultra-high isotropic resolution
(100 μm isotropic) with high SNR, to reduce image arti-
facts and achieve optimal co-registration between dMRI
and MGE voxels. For this we used a 3D acquisition with no
partial Fourier acceleration or acceleration scheme such
as EPI.

5.2.3 Fixation effects

As imaging was performed on ex vivo mouse brains, effects
related to fixation may also affect the estimated parame-
ters due to structural alterations, increased chemical shifts
and changes in chemical composition.14,19,47,70 Suscepti-
bility values have earlier been found to be numerically
smaller in vivo compared to ex vivo.14,71 For example, PBS
and PFA solution can lead to increased macro-molecular
exchange, earlier found to lead to shifts on the order
of −0.013 ppm and 0.05 ppm, respectively.14 Secondly,
PFA susceptibility differs by −0.028 ppm compared
to CSF.14
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5.3 Implications for QSM and STI

So far, QSM has been regarded as the best option for sus-
ceptibility estimation, when rotating the sample is not pos-
sible. Our simulations indicate that the best strategy for the
simplest possible susceptibility model is to include only the
largest contributor to the Larmor frequency in each voxel.
In WM, this is believed to be the isotropic component of
the myelin susceptibility tensor.20,41 Eq. 3 represents the
Larmor frequency shift in our model framework includ-
ing mesoscopic frequency shifts from WM microstructure.
As it is seen from our ex vivo fitting, including mesoscopic
frequency shifts in WM can substantially change suscep-
tibility estimation. This requires estimating the fODF at
high b-value, optimally around b= 10 ms/μm2.

STI represents a natural extension of QSM to include
macroscopic tensor anisotropy while still neglecting meso-
scopic frequency shifts. Numerous studies have applied
the STI model as a demonstration of WM susceptibility
anisotropy.16,27,28 However, microstructurally related fre-
quency shifts in WM produce a large bias in STI.20 This was
corroborated in a recent work28 incorporating orientation
dependent WM frequency offsets in STI fitting, resulting
in a large decrease in susceptibility anisotropy on human
brain. However, the susceptibility and fODF dependence
in these local frequency offsets, which was demonstrated
here (Figure 4) and in previous work,21 was not included.

Our simulations reveal that a predominant source
of anisotropy in the STI tensor arises instead from the
mesoscopic frequency from WM microstructure with only
scalar susceptibility, that is, microstructural anisotropy. In
fact, the apparent anisotropy was the same order of mag-
nitude as the mean susceptibility, and in line with experi-
mental findings for STI.16,27,28 We also compared our maps
to known STI tractography studies,16,27,28 and found results
strikingly similar to previous studies, including their char-
acteristic deviation from standard DTI tractography. Sec-
ond, when we include actual susceptibility anisotropy, we
found that this only changed the measured STI tensor
around 10% root-mean-squared-difference, indicating that
a large sources of anisotropy in STI may originate from a
mesoscopic contribution of WM microstructure, and not
magnetic susceptibility anisotropy.

6 CONCLUSIONS

We developed a novel minimal framework for includ-
ing mesoscopic Larmor frequency contributions in QSM,
especially relevant when imaging at multiple orientations
is not an option. This was done by modeling the frequency
induced from WM magnetic microstructure as organized
in long multi-layered cylinders with orientation dispersion

and scalar susceptibility. Through computer simulations,
we find that our model improves susceptibility estimation
compared to QSM, and STI are substantially biased by the
unaccounted-for structural anisotropy due to the meso-
scopic frequency contribution, indicating the observed STI
tensor might not represent susceptibility anisotropy as
expected. Our experimental results show that local WM
microstructure induces a substantial frequency shift in
WM and should not be ignored in QSM. Susceptibility
estimation based on our minimal framework could be per-
formed in around 12 min at 2 mm isotropic resolution in
vivo. We believe our results will advance the pursuit of
a full characterization of magnetic microstructure of ner-
vous tissue, with the goal of faithful parameter estimations
that can be used actively in clinical research.
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FIGURE S1. Susceptibility phantom WM iron and myelin
including external fields: (A) shows the ground truth
susceptibility 𝛿𝜒GT(R) from WM iron, WM myelin, GM
iron, while the ventricles have zero susceptibility. (B)
shows the corresponding frequency shift ΩMRI(R) from
𝛿𝜒GT(R) including frequency shifts from a uniform exter-
nal and internal susceptibility. (C) shows ΩMRI(R) after
background field removal, which removes both contribu-
tions from the internal and external uniform susceptibility.
(D) Shows the difference between the fitted susceptibil-
ity 𝛿𝜒Fit(R) (after referencing to CSF in ventricles) and
ground truth susceptibility 𝛿𝜒GT(R).
FIGURE S2. Overview of pipeline for MGE processing:
All the complex MGE images were MP-PCA denoised,
and Gibbs-unrung. The complex phase was extracted,
unwrapped and background-field corrected, and subse-
quently fitted to extract ΩMRI. ΩBackground shows the sub-
tracted background frequency. Representative signal mag-
nitude (left plot) and unwrapped and background-field
corrected phase (right plot) are plotted for a white matter
(cingulum in blue) and gray matter (thalamus in orange)
voxel, respectively. Magnitude is shown in semi-log scale
to illustrate the mono-exponential behavior of both signals
are predominantly mono exponential. The phase behaves
linearly in both WM and GM.
FIGURE S3. Overview of dMRI pipeline for data pro-
cessing: The Complex dMRI images were tensor MP-PCA
denoised for each echo time individually followed by
Gibbs-unringing. The signal magnitudes were then aver-
aged over echo times using SVD, and the resulting images
were then fitted with DKI or FBI for tensor or fODF esti-
mation. Color-coded FA maps from diffusion tensor (FAD)
and scatter matrices (FAT, cf. Equation (12) in Supple-
mentary Information S2) from FBI are shown for various
protocols. S(b,ĝ) denotes the dMRI signal with b-value
along ĝ, here the in-plane direction ẑ (green on sphere).
FIGURE S4. Populations of cylinders with different levels
of orientation dispersion are shown in (A). (B) shows the
probability density function (pdf) of the resulting cylinder
parameters for each configuration. The cylinder radius 𝜌
is gamma-distributed, while 𝜃 and 𝜑 are uniformly distri-
bution in the full range of azimuthal angle and from zero
to the maximum polar angle 𝜃c, respectively. Colors are
used to represent different populations with orientation
dispersion indicated by the colorbar.
FIGURE S5. Optimal number of iterations and Tikhonov
in phantom simulation: The optimal number of itera-
tions and Tikhonov regularization are shown for each
algorithm and for each configuration of magnetic sus-
ceptibility. QSM+ requires more iterations to converge to

the optimal solution but requires less regularization than
QSM.
FIGURE S6. Susceptibility maps of mouse brain at 100 μm
isotropic resolution: Horizontal slices from the medial and
anterior parts of the brain are shown. 𝜒QSM corresponds
to zero mesoscopic contribution (analogous to QSM), and
𝜒QSM+ corresponds to a non-zero mesoscopic contribution
calculated using this method.
FIGURE S7. Susceptibility maps of mouse brain at 100 μm
isotropic resolution: Sagittal slices from the medial and
anterior parts of the brain are shown. 𝜒QSM corresponds
to zero mesoscopic contribution (analogous to QSM), and
𝜒QSM+ corresponds to a non-zero mesoscopic contribution
calculated using this method.
FIGURE S8. COSMOS Susceptibility fitting of rat brain
at 150 μm isotropic resolution: The plot to the left show
voxel-by-voxel comparison of the residuals 𝛿ΩMRI for fit-
ting including all orientations. The red line corresponds
to the unit line, while the blue shows a linear fit, with
slope below 1, indicating lower residuals with QSM+.
𝜎

2
̂B

(
𝛿ΩMRI

)
shows the variance in the residuals for a coro-

nal slice of the rat brain in the anterior part of the brain.
FIGURE S9. COSMOS Susceptibility maps of rat brain
at 150 μm isotropic resolution: Coronal slices from the
anterior part of the brain are shown. 𝜒QSM corresponds
to zero mesoscopic contribution (conventional COSMOS),
and 𝜒QSM+ includes a non-zero mesoscopic contribution
calculated using this method.
FIGURE S10. Susceptibility fitting of rat brain at 150 μm
isotropic resolution at five different orientations: The plots
to the left show voxel-by-voxel comparison of the residuals
𝛿ΩMRI for each sample orientation labeled in the title. Nan
corresponds to no rotation (two individual experiments are
shown), and here the field is along the sagittal orienta-
tion of the brain. The red line corresponds to the unit line,
while the blue shows a linear fit, with slope slightly below
1, indicating lower residuals with QSM+. 𝜎2

̂B

(
𝛿ΩMRI

)
and

𝜎

2
̂B
(𝛿𝜒) show the variance in the residuals and susceptibil-

ity fits, respectively, for a coronal slice of the rat brain in
the anterior part of the brain.
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